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A b s t r a c t

The conditions of seed movement in a string sieve set into reciprocating motion have been
formulated for cereal, vetch, pea, lupine and faba bean seeds. In the analyzed string sieve, seed
movement was determined by a combination of the following parameters: angular velocity of the
crank, crank radius, seed size, seed’s coefficient of external friction, string diameter and angle of
inclination of the separator screen. A string sieve for cleaning and sorting most farm-produced seeds
was analyzed. The width of the separating groove was set at 1 mm at the beginning of the screen and
11 mm at the end of the screen, and the strings had the diameter of 4 mm. Our results indicate that
seeds cannot be effectively graded in the modeled string sieve. The angular velocity of the crank
exceeds the velocity which is applied to power conventional separator buckets, and it could damage
the separator. A reduction in the angular velocity of the crank to the recommended level caused seeds
to become jammed directly before the screening site. The above problem can be solved by propelling
seeds into motion with the use of special sweeping brushes.

Symbols
as – horizontal longitudinal acceleration of the screen, m · s–2,
d – equivalent diameter of seeds, mm,
ds – string diameter, mm,
g – gravitational acceleration, m · s–2,
G, Gy, Gz – gravity force and gravity force components, N,
F, Fy, Fz – inertia force and inertia force components, N,
m – seed weight, kg,
N1, N2 – the string’s normal ground reaction forces, N,
r – crank radius, m,
s – width of the groove in a given screen location, mm,
T1, T2 – frictional force components, N,
Ts, Ws, Ls – thickness, width and length of a seed, mm,
vs – horizontal longitudinal velocity of the screen, m · s–1,

* Corespondence: Zdzisław Kaliniewicz, Katedra Maszyn Roboczych i Metodologii Badań, Uniwer-
sytet Warmińsko-Mazurski w Olsztynie, ul. Oczapowskiego 11/B112, 10-719 Olsztyn, phone: 48 89
523 39 34, e-mail: zdzislaw.kaliniewicz@uwm.edu.pl



x, SD – mean value and standard deviation of physical parameters characterizing different seed
groups,

xmin, xmax – minimum and maximum value of a parameter,
α – angle of inclination of a string sieve, o,
μs – coefficient of static friction of seed on steel,
ϕ – included angle between a seed’s gravity force component and a string’s normal ground reaction

force, o,
ω – angular velocity of the crank, s–1.

Introduction

String sieves are applied in the process of cleaning and sorting seeds
(GROCHOWICZ 1994, RAWA 1992, RAWA et al. 1990, WIERZBICKI et al. 1991). The
separator bucket is the main operating element of a string sieve. Mesh screens
are made of wire or metal sheet, and they feature openings of regular shape
and size across the entire screen. A single mesh screen can be applied to
separate seeds into two fractions only: seeds that are captured by the mesh and
seeds that pass through the mesh. Several mesh screens are placed in the
separator bucket to separate seeds into the desired number of fractions. A seed
mixture is separated by choosing a set of screens with mesh openings that
correspond to the dimensions (width and/or thickness) of graded seeds. In
practice, different screens are used to separate various seed species or differ-
ently sized seeds of the same species (GROCHOWICZ 1994).

Some screening operations, in particular in the mining industry, involve
groove or rod separators (DOMAGAŁA 1976, LEŚKIEWICZ et al. 1971, SKIRŁO et al.
1989, WITKOWICZ et al. 1974, 1977) where rods or wires are fixed perpendicu-
larly to the longer sides of the screen frame. The resulting grooves have
identical dimensions across the entire screen. When seeds are graded into
several fractions, a set of mesh screens grouped in a large separator bucket
may be required.

The above problems are not encountered in the string sieve designed by
KALINIEWICZ (2011, 2013a). In this solution, strings are stretched between two
horizontal bars. This arrangement creates separating grooves between strings
whose size changes gradually with distance from the beginning of the screen.
Seeds are sorted into various size fractions by changing the position of
collecting buckets under the screen. In view of the average size of farm-
produced seeds, the width of the separating groove should be set at 1 mm at the
beginning of the screen and 11 mm at the end of the screen. In sieves designed
for grading cereal seeds, the width of the separating groove can be set at 1 mm
and 5 mm, respectively (KALINIEWICZ 2013a). The results of a preliminary
study (KALINIEWICZ 2013d) demonstrated that in separators with a fixed
screen, the working surface should be set at an angle of 45o to propel seeds into
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motion and at 50o to ensure the continuity of the screening process. Such
a large setting angle is not recommended, however, because the graded
mixture contains plump seeds with a small coefficient of external friction
which will travel at high speeds. The above deteriorates the quality of the
separation process. The screen should be set at a small inclination angle and it
move in reciprocating motion to ensure that seeds move along the screen.

The majority of seeds produced on agricultural farms are ellipsoid in shape.
This group of seeds includes cereal seeds (wheat, rye, barley, oats and triticale),
lupine and faba bean seeds, as well as spherical flattened seeds such as pea and
vetch seeds. Since the average coefficient of sliding friction is higher that the
average coefficient of rolling resistance (KALINIEWICZ 2013c), it is much more
difficult to set ellipsoid seeds in motion, compared with spherical seeds. Thus,
a string sieve whose operating parameters have been adapted to ellipsoid seeds
can also be used to separate spherical seeds.

In this study, the movement of ellipsoid seeds on the working surface of
a string sieve moving in reciprocating motion was described to support the
selection of optimal operating parameters of a string sieve.

Theoretical analysis of the separation process

The analyzed string sieve was developed according to the concept proposed
by KALINIEWICZ (2103a). In the original solution, the working surface is made
of steel wires, rods or strings with circular cross-section. The conceptual
diagram of the discussed device is presented in Figure 1. The separator bucket
is supported by two rockers, and it is set into reciprocating motion by a crank
system powered by an electric motor. Deflection amplitude and frequency are
controlled by changing crank radius and rotational speed. The crank radius is
much smaller than rocker length (1:100 ratio), therefore, it can be assumed
that the sieve screen moves in linear motion. Due to a significant difference in
the dimensions of the crank and the connecting rod (1:50 ratio), it can also be
assumed that the motion is harmonic (GROCHOWICZ 1994). In extreme posi-
tions of the separator bucket, the differences in absolute acceleration do not
exceed 4%.

The working surface of the string sieve was set at angle α relative to the
horizontal plane (Fig. 1), which was smaller than the smallest coefficient of
static friction of the analyzed seeds, to immobilize the seeds when the screen
was not in motion. For the sake of simplicity, the following angles were
disregarded: opening angle between strings in bottom rows, angle of inclina-
tion of bottom strings in the first row relative to top strings, and angle of
inclination of bottom strings in the second row relative to top strings. The
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Fig. 1. Conceptual diagram of a string sieve: 1 – electric motor with a crank, 2 – connecting rod,
3 – frame of the screen bucket, 4 – front rocker, 5 – mesh screen, 6 – rear rocker, α – screen’s angle of
inclination relative to the horizontal plane

above angles did not exceed 1.5o (KALINIEWICZ 2013a). Assuming that the sieve
is set into motion beginning from the position indicated in Fig. 1, horizontal
longitudinal velocity and acceleration of the screen can be determined with the
use of the below formulas:

vs = r · ω · cos ω t (1)

as = –r · ω2 · sin ω t (2)

It was assumed that seeds would be fed in a narrow stream to the initial
section of the string sieve. The elastic strain of screen strings, the interactions
between seeds and the influence of centripetal acceleration on seed motion
were not taken into account for the sake of simplicity. This study analyzed only
the sliding motion of seeds across the surface of a string sieve, therefore, the
geometric model of the analyzed seeds was adopted in the form of a rotating
ellipsoid (GASTON et al. 2002, GROCHOWICZ 1994, HEBDA, MICEK 2005, 2007,
ŻABIŃSKI, SADOWSKA 2010). The major axis of the ellipsoid was seed length, and
the minor axis was the average of seed thickness and width. The seeds had
a circular cross-section whose equivalent diameter was determined based on
the following equation:

d =
Ts + Ws (3)

2

In the first stage of the analysis, a seed was placed on the surface of a string
sieve with its longitudinal axis parallel to the strings (Fig. 2), i.e. the seed was
supported by two adjacent strings. The following forces acted upon the seed:
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– gravity G,
– normal ground reaction force, as the resultant force exerted by strings N1

and N2,
– friction, as the resultant force exerted by T1 and T2,
– inertia F, in a direction opposite to acceleration, calculated from the

following formula:

F = m · r · ω2 · sin ω t (4)

Fig. 2. Distribution of forces acting upon an ellipsoid seed in the first quarter of a string sieve’s
operating cycle

Gravity force components can be expressed with the use of the below
formulas:

Gy = m · g · sinα (5)

Gz = m · g · cosα (6)

The string’s normal ground reaction force was determined based on the
below formula:

N1 = N2 =
Gz – Fz =

m · g · cosα – m · r · ω2 · sinωt · sinα
(7)

2 cosϕ 2 cosϕ
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Frictional forces counteract the movement of seeds across strings, and in
extreme cases, they can reach:

T1 = μs · N1 = μs · N2 = T2 (8)

In the critical position of a seed (at the beginning of motion across the
screen), frictional forces were projected to the y-axis to produce:

–2T1 + Gy + Fy = 0 (9)

Dependencies (8), (7) and (5) were substituted into equation (9), the inertia
component was introduced and seed weight was reduced to produce:

μs · g · cosα – μs · r · ω2 · sinωt · sinα
= g · sinα + r · ω2 · sinωt · cosα (10)

cosϕ

Assuming that seeds should remain in motion at least upon the achieve-
ment of extreme delay (at ωt = 90o), equation (10) can be transformed to

μs · r · ω2 · sinα + r · ω2 · cosα · cosϕ = μs · g · cosα – g · sinα · cosϕ (11)

The above formula can be used to determine the angular velocity or the
radius of the crank when the values of the remaining parameters are known.
The remaining parameters condition the sliding motion of seeds across the
surface of the string sieve, which is a prerequisite for separation. Formula (11)
was used to determine the angular velocity of the crank:

ω = √ g · (μs · cosα – sinα · cosϕ)
(12)

r · (μs · sinα + cosα · cosϕ)

Angle ϕ is determined from a geometric function given by KALINIEWICZ

(2013d):
ϕ = arc sin

s + ds (13)
d + ds

Materials and methods

A comprehensive analysis of seed motion across the working surface of
a string sieve requires the determination of the physical parameters of selected
seed species, including dimensions (length, width, thickness) and the coeffi-
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cient of external friction. The studied cereal species were wheat, rye, barley,
oats and triticale, which were classified into a homogenous group of cereals.
Other seed species (vetch, pea, lupine and faba bean) were analyzed as
separate groups. One hundred and twenty seeds of each species were randomly
selected for analysis. Oblong seeds which met the set criteria, in particular
seeds whose motion was initiated by sliding (KALINIEWICZ 2013b, 2013c), were
selected manually. The final sample sizes were as follows: cereals – 600 seeds,
vetch – 60 seeds, pea – 46 seeds, lupine – 103 seeds, faba bean – 89 seeds. The
length, width and thickness of seeds were determined under the MWM 2325
laboratory microscope, and the coefficient of external friction was determined
with the use of a device described by KALINIEWICZ (2013b). The equivalent
diameter of seeds was determined.

The results were processed statistically to determine differences between
the mean values of geometric parameters and the correlations between equiv-
alent diameters and coefficients of static friction (for a given group of seeds).
The results were processed by one-way analysis of variance with a post-hoc test
and correlation analysis (LUSZNIEWICZ, SŁABY 2008, RABIEJ 2012).

The analysis was carried out for a sieve with steel strings where the width
of the separating groove was set at 1 mm at the beginning of the screen and
11 mm at the end of the screen (KALINIEWICZ 2013a).

Results and Discussion

Seed dimensions and the results of the comparison of the analyzed seed
groups are presented in Table 1. In most cases, different results were reported
for the examined seed groups (species). Significant differences were not
observed only in a comparison of the length of pea seeds and lupine seeds and
in a comparison of the coefficients of static friction of pea seeds and cereal
seeds. A comparison with other authors’ findings (ALTUNTAS, DEMIRTOLA 2007,
COBORU 2012, LEMA et al. 2005, RYBIŃSKI et al. 2009, SADOWSKA, ŻABIŃSKI

2011, TASER et al. 2005, YALÇIN, ÖZARSLAN 2004, YALÇIN et al. 2007) indicates
that vetch seeds were characterized by low plumpness, faba bean seeds – by
medium plumpness, and lupine and pea seeds – by high plumpness. The
analyzed seed groups were arranged in the following ascending order based on
the average values of the equivalent diameter: cereals, vetch, lupine, pea and
faba bean.

KALINIEWICZ (2013b, 2013c) demonstrated that physical dimensions
(length, width, thickness), weight, volume, density and shape of seeds do not
significantly affect their frictional properties. Similar results were reported
during attempts to determine correlations between the seeds’ equivalent
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Table 1
The results of measurements and statistical calculations of selected physical properties of the

analyzed seed groups

Seed group Physical property xmin xmax x SD

thickness, mm 1.75 3.41 2.67e 0.30
width, mm 1.83 4.40 3.23e 0.49

Cereals length, mm 5.40 13.70 8.24b 1.51
equivalent diameter, mm 1.79 3.81 2.95e 0.37
coefficient of static friction 0.23 0.33 0.34a 0.06

thickness, mm 2.60 3.64 3.16d 0.28
width, mm 3.42 4.70 4.15d 0.29

Vetch length, mm 3.63 5.14 4.45d 0.34
equivalent diameter, mm 3.13 4.11 3.66d 0.25
coefficient of static friction 0.23 0.43 0.30b 0.04

thickness, mm 4.73 6.93 6.08b 0.49
width, mm 5.71 8.06 7.02b 0.56

Pea length, mm 6.56 8.83 7.66c 0.49
equivalent diameter, mm 5.35 7.44 6.55b 0.49
coefficient of static friction 0.29 0.42 0.34a 0.03

thickness, mm 4.37 6.02 5.15c 0.35
width, mm 5.40 7.55 6.33c 0.43

Lupine length, mm 6.16 8.80 7.58c 0.51
equivalent diameter, mm 5.03 6.70 5.74c 0.34
coefficient of static friction 0.23 0.36 0.28c 0.03

thickness, mm 5.55 8.91 7.39a 0.71
width, mm 6.55 10.20 8.63a 0.84

Faba bean length, mm 7.38 13.00 10.34a 1.13
equivalent diameter, mm 6.05 9.54 8.01a 0.75
coefficient of static friction 0.19 0.36 0.22d 0.03

a, b, c, d, e – values marked with the same letters in the superscript do not differ statistically

diameter and their coefficients of external friction. Significant correlations
where the coefficient of correlation exceeded 0.4 were not observed, and the
results of the cited studies are not discussed in this analysis. Every seed from
a given group can be thus assigned a coefficient of sliding friction from the
entire range of values determined for a given cereal species.

In the analyzed string sieve, string diameter was ds= 4 mm (KALINIEWICZ

2013a). Formulas (12) and (13) contain a total of 6 variable parameters. For
this reason, only exemplary minimum angular velocities of the crankshaft
were presented as a function of one of the parameters, where the value of the
remaining parameters was kept constant (Fig. 3). An analysis of changes in the
examined parameters indicates that the minimum angular velocity of the
crank which is required to set seeds into motion increases rapidly at the place
where the width of the working groove becomes equal to the seeds’ equivalent
diameter, i.e. at the potential screening site. The above results from a rapid

Zdzisław Kaliniewicz, Jerzy Domański260

Technical Sciences 16(4)2013



Fig. 3. The correlation between the minimum angular velocity of the crank in a string sieve,
structural parameters and seed parameters

increase in normal ground reaction forces, which leads to the formation of
powerful frictional forces that counteract seed motion across the screen. The
crank radius significantly affects minimum angular velocity which is required
to propel seeds into motion. Minimum angular velocity decreases with an
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increase in radius, and the higher the crank radius, the slower the decrease in
angular velocity. According to published data (GROCHOWICZ 1994), the ampli-
tude of bucket deflections should range from 5 to 12 mm, which implies that
the crank should have the radius of 2.5 to 6 mm. To initiate the motion of seeds
with a high coefficient of friction, the minimum angular velocity should be
nearly twice that required for seeds with a low coefficient of friction. In the
analyzed range of constant values, the sieve’s angle of inclination does not
significantly influence the minimum angular velocity of the crank. Minimum
angular velocity decreases with an increase in the angle of inclination, and the
noted change is nearly linear.

In the final stage of seed movement, i.e. when seeds reach the location
where they pass through the screen, the required crank angular velocity
increases rapidly. The equation (12) noted in the potential screening sites are
presented in Fig. 4. Within the set range of values of the sieve’s inclination
angle and crank radius, the angular velocity of the crank can be estimated in
the range of 83 to 530 s–1. The above velocities significantly exceed the
recommended values. According to GROCHOWICZ (1994), the angular velocity of
a crank in a string sieve should range from 30 to 63 s–1. Higher velocities can
damage the separator bucket. Even the highest angular velocity values given in
literature will not guarantee continuous seed motion, therefore the structure

Fig. 4. Diagram illustrating changes in the minimum angular velocity of the crank which enables
seeds to pass through the screen, subject to the crank radius and the angle of inclination of the sieve

screen
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of the string sieve should be modified accordingly. This can be achieved by
motion with the use of sweeping brushes, elements that strike the screen or
cause it to vibrate, or by equipping the sieve with divergent strings.

Conclusions

The following parameters affect seed movement across the working surface
of a string sieve when the separator bucket is set into reciprocating motion:
angular velocity of the crank, crank radius, angle of inclination of the
separator screen, string diameter, seed size and the seeds’ coefficient of
external friction. If cereal, vetch, pea, lupine and faba bean seeds are to pass
through the screen, the frequency of screen movement has to be significantly
higher than that recommended for separator buckets. Thus, the string sieve
modeled in this study cannot be used for cleaning and grading of the analyzed
seed mixtures because seeds will be jammed between strings even when sieve
parameters are set at maximum values within the recommended range. The
above problem can be solved by choosing a different transmission system to
power the separator bucket, using special brushes to sweep layers of seeds or
by equipping the sieve with divergent strings.
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A b s t r a c t

Single-epoch positioning is a great challenge in recent research related to GNSS data processing.
The Modified Ambiguity Function Approach (MAFA) method can be applied to perform this task.
This method does not contain a stage of ambiguity resolution. However the final results take into
account their integer nature. The functional model of the adjustment problem contains the conditions
ensuring the integer nature of the ambiguities. A prerequisite for obtaining the correct solution is
a mechanism ensuring appropriate convergence of the computational process. One of such mechan-
isms is a cascade adjustment, applying the linear combinations of the L1 and L2 signals with the
integer coefficients and various wavelengths. Another method of increasing the efficiency of the
MAFA method is based on the application of the integer de-correlation matrix to transform
observation equations into equivalent, but better conditioned, observation equations. The next
technique of improving the MAFA method is search procedure. This technique together with the
de-correlation procedure allows to reduce the number of stages of the cascade adjustment and to
obtain correct solution even in the case when a priori position is a few meters away from the actual
position. This paper presents some problems related to search procedure. The results of single-epoch
positioning using improved MAFA method are presented.

Introduction

The MAFA method is based on the least squares adjustment (LSA) with
condition equations in the functional model of the adjustment problem (CEL-

LMER et al. 2010, CELLMER 2012a). This ensures that the condition of the
ambiguity ‘integerness’ is satisfied in the final results. The functional model
for the carrier phase adjustment is relatively weak. Therefore different linear
combinations (LC) of L1 and L2 GPS carrier phase observations are applied in

* Corespondence: Sławomir Cellmer, Instytut Geodezji, Uniwersytet Warmińsko-Mazurski,
ul. Oczapowskiego 1, 10-719 Olsztyn, phone: 48 89 524 52 83, e-mail: slawomir.cellmer@uwm.edu.pl



the cascade adjustment so that the appropriate convergence of the computa-
tional process can be assured (HAN, RIZOS 1996, JUNG, ENGE 2000). Another
method of improving the efficiency of the MAFA method was proposed by
CELLMER (2011b). This technique exploits an integer de-correlation procedure.
After transformation of the observation equations with an integer de-correla-
tion matrix, a model of an adjustment problem turns into an equivalent model,
but a better conditioned one. There are some limitations in applying the MAFA
method. CELLMER (2012a) derived the necessary condition for obtaining cor-
rect solution with MAFA method. This condition describes the relationship
between the accuracy of the a priori position and the wavelength of LC forming
an observation set. The a priori position must be placed inside a certain region
around the actual position. Therefore the approximate position in carrier
phase process should be as good as possible. The accuracy of the approximate
position can be increased using Network Code DGPS Positioning (BAKUŁA

2010). However this accuracy can be still insufficient for MAFA method, even if
the de-correlation procedure and the cascade adjustment are applied. There-
fore, the search procedure is proposed, as the technique of overcoming this
problem. This procedure is based on testing the objective function values for
different vectors of misclosures in the functional model of the adjustment
problem. This procedure allows obtaining correct solution, even if the a priori
position is a few meters away from the actual position. The next section
presents the theoretical basis of the MAFA method followed by the description
of the techniques improving its efficiency. In the third section the search
procedure is presented. In the last part of the paper a numerical example, the
results of the tests and some conclusions are given.

Theoretical basis of the MAFA method

The following simplified form of the observation equation for double
differenced (DD) carrier phase observable is assumed (HOFMANN-WELLENHOF

et al 2008, LEICK 2004, TEUNISSEN 1998):

Φ + ν =
1 ρ(Xc) + N (1)
λ

where:
Φ – DD carrier phase observable (in cycles)
λ – length of the carrier wave
ν – residual (measurement noise)
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Xc – receiver coordinate vector
ρ(Xc) – DD geometrical range
N – integer number of cycles (DD initial ambiguity)

Then taking into account the integer nature of the ambiguity parameter
N and assuming that the residual values are much lower than half a cycle
(HOFMANN-WELLENHOF et al. 2008), the Eq. (1) can be rewritten in the
following form:

Φ + ν –
1 ρ = round (Φ –

1 ρ) (2)
λ λ

or

ν = round (Φ –
1 ρ) – (Φ –

1 ρ) (3)
λ λ

where round is a function of rounding to the nearest integer value. The
residual (3) takes into account the integer nature of ambiguities. The right side
of the Eq. (3) can be expressed in the form of the following, differentiable and
continuous function (CELLMER 2011b):

�
�

�

�
�

�

�
–

1
arcsin [sin(π s)] for s ∈ {s : cos (π s) ≥ 0}

λ
Ψ = round(s) – s = (4)

1
arcsin [sin(π s)] for s ∈ {s : cos (π s) < 0}

λ

where s is an auxiliary variable:

s = Φ –
1 ρ (5)
λ

Each of the nonlinear observation equation for double differenced carrier
phase observables is linearized. After linearization, the general formula of the
residual equations can be shown in the following form (CELLMER et al. 2010):

V =
1

AX + Δ (6)
λ
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with:
∂ρ1 ∂ρ1 ∂ρ1

∂x ∂y ∂z

∂ρ2 ∂ρ2 ∂ρ2

A = ∂x ∂y ∂z (7)
· · ·· · ·· · ·

∂ρn ∂ρn ∂ρn

∂x ∂y ∂z

Δ = round (Φ –
1 ρ) – ( Φ –

1 ρ) (8)
λ λ

where:

V – residual vector (n × 1),
X – parameter vector (increments to a priori coordinates vector X0),
A – design matrix (n × 3),
Δ – misclosure vector (n × 1),
ρ0 – DD geometric distance vector computed using a priori position and

satellite coordinates.

The LS solution of the formula (6) is:

X = –λ(ATPA)–1ATPΔ (9)

with P standing for the weight matrix.

In order to assure the convergence of the computational process to the
correct solution, in classic form of MAFA method, three linear combinations
(LC) of L1 and L2 GPS carrier phase observables, preserving integer nature of
ambiguities and long wavelengths are applied in the cascade adjustment
(CELLMER et al. 2010). The efficiency of the MAFA method can be also
improved using the de-correlation procedure. The ambiguities (N) are usually
strongly correlated. Hence, fixing one value of ambiguity through rounding
value s in (5) to the nearest integer as in (2), has an impact on the rest of the
ambiguities. Therefore, the correlation between ambiguities should be taken
into account at rounding the right side of the equation (2) or alternatively the
observation equations should be transformed into the equivalent form with
de-correlated ambiguities.

Let us assume that Z is the integer de-correlation matrix (LIU et al. 1999,
TEUNISSEN 1995):
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QNz = ZQNZT (10)

where:
Z – integer de-correlation matrix
QN – ambiguity covariance matrix
QNz – diagonal transformed ambiguity covariance matrix.

By multiplying Eq. (1) with Z, one can obtain a new equation with a new
integer ambiguity vector Nz:

Φz + Vz =
1 ρz(Xc) + Nz (11)
λ

The above formula can replace equation (1). Further considerations are the
same but de-correlated observation equation (11) in the place of equation (1)
increases the probability of obtaining the correct solution. The subsequent
part of the computation process results from this equation. There are many
various methods of finding the Z decorrelation matrix (HASSIBI, BOYD 1998,
JONGE, TIBERIUS 1996, LIU et al. 1999, XU 2001). In order to find the Z matrix,
the ambiguity covariance matrix (QN) is required. This matrix can be evaluated
on the basis of the system of observation equations (1) after linearization:

V = AX + BN – L (12)

where:
L – misclosures (observed minus computed) vector
B – ambiguity functional model matrix

The covariance matrix of the unknown vector XΩ = [X, N]T can be pres-
ented as:

–1
ATPA ATPB QX QXN

CXΩ = = (13)
BTPA BTPB QNX QN

where:

QN = [BTPB – BTPA(ATPA)–1ATPB]–1 (14)
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In the case of the single epoch data, matrix B is an identity matrix and QN

computed according to formula (17), is not positive definite. It causes difficul-
ties with the de-correlation procedure and leads to incorrect solutions. There-
fore, an additional coefficient k is inserted (CELLMER 2011a, 2011b, 2012b):

QNk = [P – kPA(ATPA)–1ATP]–1 (15)

The use of the coefficient k is equivalent to the simulation of additional
observations, e.g. code observations, as in the generalized least squares model
presented in WIELGOSZ (2011). The matrix QNk can be applied to the de-
correlation procedure as an approximation of the ambiguity covariance matrix.

Search procedure in MAFA method

In (CELLMER 2012a) the necessary condition for applying MAFA method
was described. This condition can be formulated as follows:

N = round(Φ –
1 ρ0) (16)
λ

where:
N – true ambiguity
ρ0 – DD geometric distance computed using a priori position coordinates.

If the above condition is not satisfied then the observation equation (2)
takes the following form:

Φ + ν –
1 ρ = round(Φ –

1 ρ) + Ne (17)
λ λ

with integer Ne.

Hence in place of Eq. (3) and (4) are adequately:

ve = round(Φ –
1 ρ) – (Φ –

1 ρ) + Ne (18)
λ λ
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and

�
�

�

�
�

�

�
–

1
arcsin [sin(π s)] + Ne for s ∈ {s : cos (π s) ≥ 0}

λ
Ψe = round(s) – s = (19)

1
arcsin [sin(π s)] + Ne for s ∈ {s : cos (π s) < 0}

λ

Based on linearization of the function Ψe, the observation equation (6) is
rewritten as follows:

V =
1

AX + Δe (20)
λ

with the new misclosures vector:

Δe = round(Φ –
1 ρ0) – (Φ –

1 ρ0) + Ne (21)
λ λ

Due to the integer values of the vector Ne the search procedure is necessary.
The search procedure will consist of testing the values of the objective function
VTPV for different vectors Ne. It is proposed that the vector Ne will consist only
of the following values -1, 0 and 1. This assumption significantly reduces of the
search region. All possible vectors Ne can be represented by column vectors ei
forming matrix E. The vectors ei consists of the elements -1, 0 or 1 in all
possible combinations. Generally the matrix E can be formed using the
following recursive formula:

E1 = [-1 0 1]

E1 ⊗ 1 (22)
En =

1×3n–1

1 ⊗ En–1
1×3

where:
1 – k-element row vector of ones

1×k

⊗ – Kronecker product symbol
n – number of ambiguities.
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The dimension of matrix E is n × m with the number of columns:

m = 3n (23)

The example of the matrix E for n = 3 is:

-1-1-1-1-1-1-1-1-1 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1
E3 = -1-1-1 0 0 0 1 1 1 -1-1-1 0 0 0 1 1 1 -1-1-1 0 0 0 1 1 1 (24)

-1 0 1 -1 0 1 -1 0 1 -1 0 1 -1 0 1- 1 0 1 -1 0 1 -1 0 1 -1 0 1

Each column of the E matrix is substituted into (21) for Ne and the criteria
VTPV = min is tested. The value of ei minimizing VTPV is chosen to final
positioning according to formula (9). Delta expression in this equation is
calculated by (21) and contains the optimal value of Ne from the search
procedure. Summarizing, the search procedure is based on the misclosure
vector modifications followed by the test of the objective function value. The
misclosures vector consists of the actual measurements minus predicted
measurements. In consecutive tests, the different values of the predicted
measurements are substituted taking into account the integer nature of the
ambiguities. As it was mentioned in section 2, in classic form of the MAFA
method, the three stage cascade adjustment is applied. However due to the
search procedure the efficiency is increased and therefore the cascade process
can be limited to two stages: only widelane L1-L2 and single L1 observations
are employed in the cascade adjustment (definitely both observation sets
consist of double differenced observations). The MAFA method together with
the search procedure can be used for processing of the observations obtained
from a single-epoch.

The processing algorithm in this case will consist of the following stages:
– a priori position determination (e.g. using code observations)
– forming double difference of L1, L2, geometric ranges, model matrix

A and weight matrix P
– de-correlation procedure
– search procedure
– final position determination (vector of the coordinates)
When using cascade adjustment two last stages are repeated for each LC.

The solution obtained from L1 is assumed as the final position. However as it is
shown in the next section, sometimes in the last step of cascade adjustment the
criterion of VTPV minimization can indicate on wrong solution. Therefore, it is
proposed to apply search procedure only in the first step of the two-steps
cascade adjustment (for L1-L2). This optimal approach was determined on the
basis of tests presented in section 5.
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Case study – numerical example

The test of the presented algorithm was based on the real data. This
example relates to a special case – when a search procedure does not give
a correct solution in the final step of cascade adjustment. Taking into account
this special case, a general algorithm was modified. The input data are listed in
Tables 1 and 2. In the first row of Table 1, the coordinates of an a priori
position are placed. In the second row, there are coordinates obtained from an
8-hour static session processing using Bernese software (DACH et al. 2007).
These values are presented for the purposes of comparison with the single
epoch processing results. The first column of the Table 2 contains the design
matrix. The second and third columns contain double differenced carrier phase
observations of the signals L1 and L2. In the fourth column there are
double-differenced geometric distances computed from a priori position.

Table 1
A priori and ‘true’ coordinates

X [m] Y [m] Z [m]

a priori (DGPS) 3,717,669.061 1,254,116.079 5,011,896.056

True 3,717,669.167 1,254,115.775 5,011,894.647

Table 2
Input data

A DD–L1[cycles] DD–L2[cycles] DD–dist [m]

0.039 0.233 -0.048 1,818,996.301 1,096,262.797 -483.100
-0.271 0.102 0.878 -7,995,014.281 -6,203,167.191 -37.579
0.494 -0.524 -0.020 7,721,422.793 5,631,992.707 1,226.360
0.368 0.746 -0.037 8,635,207.515 6,393,878.608 -1,439.328
0.814 -0.680 0.138 -10,839,038.439 -8,774,623.852 1,693.053
-0.055 -0.365 0.300 17,445,922.208 13,280,625.091 825.281

The weight matrix was obtained as an inverse of the LC double differenced
carried phase covariance matrix:

P = C–1 (25)

with the following structure of matrix C:
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4 2 2 2 2 2
2 4 2 2 2 2
2 2 4 2 2 2

C = m2σ 2
2 2 2 4 2 2 (26)

2 2 2 2 4 2
2 2 2 2 2 4

where:

σ – instrumental accuracy of the carrier phase observation (σ = 0.01 cycle)
m – LC noise, dependent on LC coefficients (m2 = i2 + j2, where i = 1, j = -1

for wide lane and i =1, j = 0 for L1 only).

The processing was carried out using MAFA method. A two-step cascade
adjustment preceded by de-correlation process was carried out. A search
procedure was also applied. The ambiguity covariance matrix was obtained
using formula (15) with the coefficient k = 0.9. The decorrelation procedure
was performed using algorithm of united ambiguity decorrelation (LIU et al,
1999) implemented by the author in Matlab for the purpose of this contribu-
tion. As a result of this procedure the following integer transformation matrix
was obtained:

1 0 0 0 0 0
0 0 0 0 0 1
0 0 –1 0 1 0

Z = 0 0 1 0 0 0 (27)

–1 0 1 1 –1 1
1 1 0 – 0 –2

The results of the search procedure on each stage of the cascade processing
are listed in the Table 3.

Table 3
The search procedure results

With search on LC1,-1

and without search on L1
LC# Without search With search

ei VTPV ei VTPV ei VTPV

LC1,-1 [0 0 0 0 0 0]T 208.65 [0 0 0 0 0 –1]T 2.18 [0 0 0 0 0 –1]T 2.18

LC1,0 = L1 [0 0 0 0 0 0]T 7.11 [0 1 1 0 1 1]T 7.11 [0 0 0 0 0 0]T 7.93
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The first column contains the name of linear combinations at each stage of
cascade processing. The next two columns contain the results of computations
without using search procedure. The fourth and fifth columns concern the
scenario of implementing the search procedure in every step of cascade
adjustment. The results in the last two columns concern the case of using
search procedure only in the first step of cascade adjustment. The columns
labeled ‘ei’ contain the constant vector that must be added to the vector Δ in
order to obtain minimum value of VTPV. Minimum values of VTPV relating to
ei are listed in the columns labeled ‘VTPV’.

Table 4 contains the residuals, referenced to the ‘true’ coordinates at each
stage of the cascade processing for three scenarios: without search procedure,
with search procedure and with search procedure only on the first stage of
cascade adjustment. The graphical representations of the ΔX, ΔY, ΔZ values are
depicted in Fig 1. The horizontal axis on the zero level depicts the ‘true’ value
of the coordinates. The blue, red and green lines show the residuals of the
coordinates referenced to their ‘true’ values. In the first scenario (without
search procedure) in the first step of cascade adjustment (for LC1,-1), the VTPV
value is 208.65, whereas in the second and third scenarios (with search
procedure) this value equals 2.18 (for ei = [0 0 0 0 0 –1]).

Table 4
The results of elaboration

With search on LC1,-1 and
without search on L1

LC# Without search With search

ΔX ΔY ΔZ ΔX ΔY ΔZ ΔX ΔY ΔZ

DGPS -0.107 0.304 1.410 -0.107 0.304 1.410 -0.107 0.304 1.410

LC1,-1 0.070 0.150 0.979 0.007 -0.009 0.026 0.007 -0.009 0.026

LC1,0 = L1 0.231 0.182 0.925 0.231 0.182 0.925 -0.008 -0.005 0.002

The residual values (Tab. 4 and Fig. 1) are much lower if using search
procedure in the first step of cascade adjustment (for LC1,-1). There was
a significant improvement as a result of applying the search procedure on this
stage of processing. However on final stage of cascade adjustment (for L1) the
search procedure gave wrong solution. The correct solution is obtained without
search procedure (ei = [0 0 0 0 0 0], VTPV = 7.93) although minimum of VTPV
equals 7.11 (for ei = [0 1 1 0 1 1]). The above example shows that criterion:
VTPV = min can sometimes lead to incorrect solution. Especially when dealing
with L1 data. Therefore it is proposed to modify the general algorithm by using
search procedure only on the first stage (for LC1,-1) of cascade adjustment.
Tests presented in the next section confirm this finding.
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Fig. 1. Residuals of the position coordinates referenced to their ‘true’ values
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Fig. 2. The location of the test surveys http://www.asgeupos.pl/webpg/graph/dwnld/map–pl–EN.jpg
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Experiment design

In order to test the efficiency of the proposed algorithm, the real GPS data
of three baselines were used. Tha data come from campaign performed in order
to monitor local deformation in open-pit mine ‘Adamów’ in Central Poland.
This project is managed by Dr. Radoslaw Baryła from the Chair of Satellite
Geodesy and Navigation of University of Warmia and Mazury in Olsztyn.
Figure 2 depicts the location of the surveys. One GPS station of ASG-EUPOS
(Polish part of European Positioning System active geodetic network) was used
in test surveys (‘KONI’). The surveys were performed on December 9th, 2008,
on 30.7 km, 10.2 km and 2.1 km baselines, with a 30-second sampling rate.
Data sets of each baseline consisted of 120 epochs. The data were processed
according to the proposed approach independently for each epoch. The ambi-
guity covariance matrix was formed according to formula (15), as a basis for
the de-correlation procedure. The ‘true’ coordinates were derived using Be-
rnese software based on an 8-hour data set.

Test results

Figure 3 presents the comparison of the results of 120 single epoch data
processing for different scenarios: without search procedure, with search
procedure on each stage of cascade adjustment and for scenario with search
procedure only on the first stage of cascade adjustment.

The horizontal lines on Fig. 3 depict the linear residuals of the position
obtained independently in each epoch using MAFA method, with respect to the
‘true’ position. The residuals were computed as: √ΔX2 + ΔY2 + ΔZ2, where ΔX, ΔY
and ΔZ are components of the residuals with respect to the ‘true’ position. The
blue lines relate to the first scenario (without search procedure), the red lines
relate to second scenario (with search procedure on each stage of cascade
adjustment) and the green lines relate to third scenario (search procedure only on
the first stage of cascade adjustment). In most cases, a priori position was farther
than 1m from the ‘true’ position. For each case the percentage of correct solutions
is shown in text box. There were 20%–40% correct solutions in first scenario
(without search procedure) depending on length of baseline. In second scenario
the percentage of correct solutions ranged from 76% to 82%. There has been
a significant improvement of the results. Further improvement can be obtained
using third scenario of data processing- through applying search procedure only in
the first step of cascade adjustment. In this case the percentage of correct
solutions reaches even 92%. Summarizing, the number of correct single-epoch
solutions using optimal scenario of data processing varied from 85% to 92%.
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Fig. 3. Linear residuals of the final position for three baselines expressed in meters

Conclusions

The MAFA method was improved with implementing a search procedure.
The detailed algorithm of such procedure was elaborated and presented in this
paper. The computational process allows obtaining precise position even on the
basis of only single observational epoch. The results of the tests show the
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usefulness of the proposed solutions. The high efficiency of the proposed
algorithm was confirmed by tests performed for short and medium baselines
(shorter than 30 km).
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A b s t r a c t

The aim of this work was to determine selected physical properties of wheat grain which are of
significance in transport, separation and storage processes as well as to assess the correlations
between them and the technological properties of wheat.

The grain of two wheat varieties (Eta and Banti) which are popular in Poland was used as
research material. The tested properties included: vitreousness, test weight, thousand kernel weight,
true density, geometric parameters (thickness, width, length), static friction coefficient of wheat
kernels against steel and glass, protein and gluten content and the Zeleny sedimentation value.

The grain of the investigated wheat varieties differed in most physical and technological
properties. The average length, width and thickness kernels were 6.31 mm, 3.31 mm and 3.03 mm for
vr. Banti and 6.05 mm, 3.33 mm, 2.97 mm for vr. Eta. The test weight ranged from 75.68 (Banti) to
78.29 kg · hl–1 (Eta), the thousand kernel weight from 36.3 (Eta) to 39.2 g (Banti) and vitreousness
was from 13 (Banti) to 81% (Eta).

A correlation between the physical and technological properties of wheat was found. The
vitreousness of the wheat grain was positively correlated with protein content (the correlation indices
were 0.58 for Banti variety and 0.67 for Eta) and the volume was positively correlated with the true
density of grain (r = -0.69 Eta, r = -0.64 Banti). The static coefficient of the friction of wheat grains of
two structural materials (metal or glass) is insufficient to predict its technological properties.

Symbol list
m1 – pycnometer mass with toluene [g],
m2 – pycnometer mass with toluene and grain on a scale [g],
m3 – pycnometer mass with toluene and grain in pycnometer [g],
ρtl – toluene density [g · cm–3],
ρg – single grain specific mass [g · cm–3],
Vg – grain volume [mm3],
V – variability [%],

* Corespondence: Małgorzata Warechowska, Katedra Podstaw Bezpieczeństwa, Uniwersytet
Warmińsko-Mazurski, ul. Heweliusza 10, 10-719 Olsztyn, phone/fax: +48 89 524 56 13



L – length [mm],
W – width [mm],
T – thickness [mm],
TW – test weight [kg · hl–3],
TKW– thousand kernel weight [g],
KV – kernel virtuousness [%],
PC – protein content [%],
TD – true density [g · cm–3],
GC – gluten content [%],
SV – Zeleny sedimentation value [ml].

Introduction

In transport, the separation and storage processes of the physical proper-
ties of grain mass and single kernels are of great significance. Knowledge of
important physical properties such as mass density, test weight, internal angle
of friction and static coefficient of friction is necessary to design various
separating, handling, storing systems (HORABIK 2001). The static coefficient of
friction is used to determine the angle at which chutes must be positioned in
order to achieve a consistent flow of materials through the chute. Single grain
properties, such as shape, linear sizes and volume, should also be considered
for optimizing technological processes (GRUNDAS 2004, KHEIRALIPOUR et al.
2008, MOHSENIN 1986). Grain geometrical properties are of special significance
during the separation and removal of impurities. Cereal transport, purifica-
tion, drying and storage are operations in which grain quality changes may
occur (MARKOWSKI et al. 2006, AL-MAHASNEH, RABABAH 2007, MARKOWSKI et al.
2007, SYPUŁA, DADRZYŃSKA 2008).

Grain quality is characterized based on indicators of storage durability and
technological value such as: moisture, falling number, gluten and protein
content and the Zeleny sedimentation value (DELWICHE 1998, RACHOŃ et al.
2011). Since grain processing requires increasingly stringent standards for raw
material quality, it has become imperative to identify the correlations between
physical and technological properties to develop better methods for grain
quality assessment (ZAPOTOCZNY 2009). Knowledge of these correlations may
find application in designing and monitoring technological processes in the
cereal-milling industry (DZIKI, LASKOWSKI 2005).

The physical properties of wheat grain at different moisture levels were
tested by TABATABAEEFAR (2003), AL-MAHASNEH, RABABAH (2007), KARIMI et al.
(2009). An increasing moisture content was found to increase axial dimensions,
mass of 1000 kernels, kernel volume and static friction coefficient, while
decreasing bulk density, true density and porosity.

The correlation between the physical and technological properties of cereal
grain was tested by DZIKI, LASKOWSKI (2002), who found a significant correla-
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tion between the test weight and grain shape factor. The correlations between
physical and technological properties were also investigated by RÓŻYŁO, LAS-

KOWSKI (2007a, 2007b), who found correlations between hardness index and
grain squeeze strength for durability threshold and Zeleny sedimentation
value, protein and gluten content. The protein content of the grain was
significantly correlated to the hardness of the grain. Thus, vitreous kernels are
usually harder and have a higher protein content than the non-vitreous
(starchy) kernels (SYMONS et al. 2003). A positive correlation between hardness
index and protein content was also observed by RÓŻYŁO et al. (2003) and
KONOPKA et al. (2005).

Wheat grain physical properties are essential in transport, separation and
storage processes. These properties include specific density, bulk density and
friction angle against construction materials. Knowledge of the correlations
between physical and technological properties of wheat grain is important for
designing and optimizing the processing stages. There is insufficient informa-
tion on this subject in the literature.

The aim of the study was to determine selected physical and technological
properties of wheat grain and investigate the correlations between them.

Materials and Methods

The kernels of spring wheat varieties (Eta and Banti) used in this study
were procured from the Experimental Station of the University of Warmia and
Mazury in Olsztyn, in north- eastern Poland (Tomaszkowo; 53o73’N 20o41’E).

The sample was cleaned and pooled together to obtain approximately 20 kg
samples of each variety. The initial moisture content of seeds was determined
by ICC Standard No. 110/1. The physical properties of wheat grain were
determined with a moisture content in the range of 8.2–9.9%. All measure-
ments were taken using at least 30 replications.

Thousand kernel weight (TKW) was measured for each variety using an
electronic kernel counter (Kernel Counter LN S 50A, UNITRA CEMI) and an
electronic balance WPE 120 Radwag (PN-68/R-74017). The grain test weight
was also determined (PN-ISO 7971-2:1998). The vitreousness of grain was
evaluated based on an analysis of the cross-sections of kernels and expressed as
the percentage of vitreous kernels in a sample of 50 elements. The partially
vitreous kernels were classified as semi-vitreous kernels and their number in
the sample was multiplied by 0.5 (PN-70/R-74008). The static friction coeffi-
cient was determined with respect to different surfaces: steel and glass. The
sample was then placed on a slab and the inclination angle was slowly
increased. At the moment of movement, the angle was read from the scale and
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the friction coefficient was calculated according to the following formula
(SHARMA et al. 2011):

μ = tan(α) (1)

where μ is the coefficient of friction and α is the angle of tilt in degrees.

The kernels were measured along the three principal axial dimensions, i.e.
length (L), width (W) and thickness (T), using an electronic caliper (Limit
company) (Δ = ±0.05 mm). True density and volume were measured for
singular kernels using a 25 cm3 volume pycnometer and an analytical balance
(AS 110/C/2 Radwag). The true density was determined using the toluene
displacement method in order to avoid absorption of water during the experi-
ment (JHA 1999, COSKUNER, KARABABA 2007). The true density and volume
measurements were taken at 20oC. The results of measurements of pyc-
nometer mass with toluene (m1), pycnometer mass with toluene and grain on
a weighing pan (m2), and pycnometer mass with toluene and grain in pyc-
nometer (m3) were used to calculate the grain true density according to the
following formula (2):

ρz =
m2 – m1 (2)
m2 – m3

Grain volume was calculated as:

V =
m2 – m3 (3)ρtl

Kernel density measurement was performed in 100 replications for each
variety and the technological properties of the grain were also determined.
Protein and gluten content and Zeleny sedimentation value measurements
were taken with the near-infrared method (NIR) on an Inframatic 8100
apparatus.

Statistical analysis of the results was performed and a variation analysis
was made with STATISTICA for Windows v. 10 (StatSoft Inc.) software. The
significance of differences was determined with a Tukey test. Linear correla-
tion coefficients were calculated along with the variability coefficient as
a standard deviation and the average value quotient. Statistical hypothesis
were tested at the significance level α = 0.05.
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Results and Discussion

The kernels of each wheat variety differed significantly for most of the
physical and technological properties (Table 1). The test weight, an important
parameter of wheat technological value, was significantly correlated with
wheat variety.

Table 1
Physical and technological properties of spring wheat grain

BANTI ETA

mean min. max V [%] mean min. max V [%]
Feature

TW [kg · hl–1] 75.68a 74.4 76.8 0.8 78.29b 76.8 80.0 1.0

steel 0.42a 0.40 0.47 3.1 0.43b 0.41 0.46 2,2

glass 0.27a 0.25 0.29 2.7 0.28b 0.26 0.30 2.4
Static friction coefficient

of wheat kernels [–]

TKW [g] 39.2b 35.75 45.64 4.7 36.3a 33.42 37.96 2.8

KV [%] 13a 7 20 23.4 81b 61 90 8.9

L [mm] 6.31b 5.7 7.15 5.9 6.05a 5.5 6.7 4.1

W [mm] 3.31a 2.80 3.80 8.2 3.33a 2.85 3.85 6.3

T [mm] 3.03a 2.55 3.65 7.9 2.97a 2.60 3.25 5.1

Vg [mm3] 36.8a 22.7 57.8 26.2 34.8a 23.0 57.7 24.5

TD [g · cm–3] 1.250a 1.038 1.731 16.8 1.281a 1.040 1.739 17.9

PC [%] 13.1a 12.3 13.9 4.0 13.6b 11.5 14.6 5.9

GC [%] 27a 25 28 2.5 28b 23 30 4.5

SV [ml] 19a 10 28 27.6 42b 26 61 20.0

a, b – differences of values in lines marked with the same letters are insignificant at α = 0.05.

The static coefficient of friction is important for designing storage bins,
hoppers, pneumatic conveying systems, threshers, forage harvesters, etc.
(SHARMA et al. 2011). The static coefficient of friction, which affects the design
of the processing machine, was determined based on two different contacting
materials (steel sheet, glass). The static coefficient of friction is higher for steel
sheet than for glass. It was demonstrated that the static coefficient of friction
of wheat kernels on two surfaces was higher for wheat Eta variety (0.43 steel
sheet; 0.28 glass). KHEIRALIPOUR et al. (2008) showed that this coefficient of
wheat grains increased linearly against the surface of three structural ma-
terials (0.33–0.4 for glass, 0.46–0.55 for plywood and 0.34–0.54 for galvanized
iron).

Thousand kernel weight is one of the basic indices of sowing potential and
commodity quality of cereals and indicates the ripeness of grain. The statistical
evaluation indicated the statistically significant influence of the variety and
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a Banti vr. (39.2) had the highest thousand kernel weight of all the analyzed
varieties.

The average length, width and thickness kernels were 6.31 mm, 3.31 mm
and 3.03 mm for vr. Banti and 6.05 mm, 3.33 mm, 2.97 mm for vr. Eta.
Significant differences were observed in kernel length between wheat var-
ieties. The true density value of wheat vr. Eta (1.281 g · cm3) was higher than
that of wheat vr. Banti (1.250 g · cm–3). Grain was characterized by a high
variability of volume (V = 24.5% for Eta and 26.2% for Banti vr.) and Zeleny
sedimentation value (respectively V = 20% and 27.6%).

Only such geometrical parameters as width, thickness and volume were
comparable for each variety. There were no significant differences in the true
density of kernels between the analyzed wheat varieties.

An analysis of the obtained results found a correlation between the physical
and technological properties of wheat grain. The vitreousness of the inves-
tigated samples was between 13% and 81%. This property is dependent on
protein content (Table 2). The correlation indices were 0.58 for Banti vr. and
0.67 for Eta vr. A significant positive correlation of grain protein content with
vitreousness was reported by EL-KHAYAT et al. (2003), EL-KHAYAT et al. (2006),
MARTINEZ et al. (2005), FIGIEL et al. (2011), RÓŻYŁO, LASKOWSKI (2007a). It was
found that wheat of higher vitreousness also had a higher protein content.

The influence of protein content on other physical properties was not as
clear as in the case of virtuousness. There were weak negative correlations
between protein content and the test weight of wheat (r = -0.39), but only for
the Eta variety. A significant negative correlation between grain protein
content and test weight was reported by MATSUO and DEXTER (1980) and
RHARRABTI et al. (2003), while a positive correlation was reported by SCHULER

et al. (1995). A significant positive correlation was observed between grain
protein content and the static coefficient of friction of wheat kernels on glass
(r = 0.54) for vr. Banti. For vitreous variety (Eta), as in other studies (RÓŻYŁO

and LASKOWSKI 2007a), a significant correlation between virtuousness and
gluten content was observed (r = 0.50).

The relationship between Zeleny sedimentation value and grain physical
properties is unclear for all varieties. A correlation between Zeleny sedimenta-
tion value and the static coefficient of friction of wheat kernels on glass
(r = -0.55) and vitreousness for the Banti variety (r = -0.61) was observed. For
Eta vr., a correlation between sedimentation volume and test weight (r = 0.50)
and thousand kernel weight (r = 0.39) was observed.

The correlations between the physical properties of investigated grain
wheat types are shown in Table 2. A statistical analysis of the results showed
a significant correlation between test weight and the static friction coefficient
of wheat kernels on glass. The correlation coefficients were r = -0.46 and
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r = -0.56 for Banti and Eta varieties, respectively. With the increase in test
weight, the static coefficient of friction on glass decreased. The basic factors
that affect the test weight of wheat are kernel size and shape and kernel
density (POMERANZ 1964). Positive correlations between test weight and
thousand kernel weight were also observed. Stronger correlations were demon-
strated for a variety of larger grains (r = 0.73). A correlation between thousand
kernel weight and static coefficient of friction for glass was also found (the
correlation coefficients were -0.55 and -0.50 for Banti and Eta varieties,
respectively).

A comparison of the physical properties for investigated cereal grains
indicates that correlation coefficients values are relatively small, which is not
good for determining regression equations with a high degree of explained
variability.

A correlation between volume and true density of grain (r = -0.69 Eta,
r = -0.64 Banti) was also found (Table 2) as well as between basic linear sizes of
wheat grain. These correlations were not as significant as those reported by
other authors (HEBDA, MICEK 2005, 2007). The strongest correlation was
calculated for grain length and thickness (r = 0.68 and r = 0.41 for vr. Banti
and vr. Eta respectively). HEBDA and MICEK (2005) found the strongest
correlation between the length and width of the grains.

Conclusions

The studied wheat varieties differed in most physical and technological
properties. An analysis of the obtained results found correlations between the
physical features and technological properties of the grain:

1. Banti variety wheat had significantly longer grains than Eta variety
wheat.

2. Grain vitreousness is positively correlated with grain protein content.
3. The static friction coefficients for glass and steel are not useful for

determining grain technological properties.
4. Test weight increased linearly with a thousand kernel weight increase.

Stronger correlations were found for a variety of larger grains.
5. The higher the volume of wheat grain for Banti and Eta varieties is, the

lower the true density will be.
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quality in Mediterranean environments. II. Influence of climatic variables and relationships
between quality parameters. Field Crops Research, 80: 133–140.

RÓŻYŁO R., LASKOWSKI J., GRUNDAS S. 2003. Badania zależności indeksu twardości i energochłonności
rozdrabniania od zawartości białka w pszenicy. Acta Agrophysica, 2(1): 173–178.

RÓŻYŁO R., LASKOWSKI J. 2007a. Analiza zależności pomiędzy fizycznymi i technologicznymi
właściwościami ziarna pszenicy jarej. Acta Agrophysica, 9(2): 459–470.

RÓŻYŁO R., LASKOWSKI J. 2007b. Wpływ właściwości pszenicy jarej na wodochłonność mąki. Acta
Agrophysica, 9(3): 755–765.

SCHULER S.F., BACON R.K., FINNEY P.L., GBUR E.E. 1995. Relationship of test weight and kernel
properties to milling and baking quality in soft winter wheat. Crop Science, 35(4): 949–953.

SHARMA V., DAS L., PRADHAN R.C., NAIK S.N., BHATNAGAR N., KUREEL R.S. 2011. Physical properties of
tung seed: an industrial oil yielding crop. Industrial Crops and Products, 33(2): 440–444.

SYMONS S.J., VAN SCHEPDAEL L., DEXTER J.E. 2003. Measurement of hard vitreous kernels in durum
wheat by machine vision. Cereal Chemistry, 80: 511–517.

SYPUŁA M., DADRZYŃSKA A. 2008. Wpływ czasu przechowywania ziarna pszenicy na zmianę jego cech
jakościowych. Inżynieria Rolnicza, 1(99): 371–376.

TABATABAEEFAR A. 2003. Moisture-dependent physical properties of wheat. International Agrophysics,
17: 207–211.

ZAPOTOCZNY P. 2009. Dyskryminacja odmian ziarna pszenicy na podstawie cech geometrycznych.
Inżynieria Rolnicza, 5(114): 319–328.

Małgorzata Warechowska et al.290

Technical Sciences 16(4)2013



Technical Sciences 16(4), 2013, 291–307

ESTIMATION OF COVARIANCE PARAMETERS
FOR GNSS/LEVELING GEOID DATA
BY LEAVE-ONE-OUT VALIDATION

Wojciech Jarmołowski
Department of Satellite Geodesy and Navigation

University of Warmia and Mazury in Olsztyn

Received 2 August 2013; accepted 6 November 2013; avilable on line 12 November 2013

K e y w o r d s: GNSS/leveling, geoid, least squares collocation, leave-one-out (LOO), covariance,
noise.

A b s t r a c t

The article describes the estimation of covariance parameters in Least Squares Collocation (LSC)
by Leave-One-Out (LOO) validation, which is often considered as a kind of cross validation (CV). Two
examples of GNSS/leveling (GNSS/lev) geoid data, characterized by different area extent and
resolution are applied in the numerical test. A special attention is focused on the noise, which is not
correlated in this case. The noise variance is set to be homogeneous for all points. Two parameters in
three covariance models are analyzed via LOO, together with a priori noise standard deviation, which
is a third parameter.

The LOO validation finds individual parameters for different applied functions i.e. different
correlation lengths and a priori noise standard deviations. Diverse standard deviations of a priori
noise found for individual datasets illustrate a relevance of applying LOO in LSC. Two examples of
data representing different spatial resolutions require individual noise covariance matrices to obtain
optimal LSC results in terms of RMS in LOO validation. The computation of appropriate a priori
noise variance is however difficult via typical covariance function fitting, especially in the case of
sparse GNSS/leveling geoid data. Therefore LOO validation may be helpful in describing how the
a priori noise parameter may affect LSC result and a posteriori error.

List of abbreviations

LSC – least squares collocation
LOO – leave-one-out validation
ECF – empirical covariance function
CV – cross-validation
GNSS/lev – GNSS/leveling geoid height
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SSH – sea surface heights
C0 – signal variance parameter in covariance model
δn – a priori noise standard deviation in covariance model
CL – correlation length in covariance model
CG – Gaussian covariance model
CGM2 – Gauss-Markov second order covariance model
CGM3 – Gauss-Markov third order covariance model
RMS – root mean square
RMSL – root mean square in leave-one-out validation

Introduction

GNSS/leveling (GNSS/lev) data provide an independent source of geoid
height information, aside from the gravity data. Both sources may be used to
calculate the same functional of disturbing potential with comparable accu-
racy. However, the spatial resolution of GNSS/lev is usually worse than gravity
data sampling. Therefore a special attention is focused in the article on the
relation of the horizontal data distribution with the modeling accuracy.
GNSS/lev data constitute irreplaceable source of geoid information, used most
frequently for an assessment of local gravimetric models (DARBEHESHTI,
FEATHERSTONE 2010, ILIFFE et al. 2003, SMITH, MILBERT 1999), global
geopotential models (ŁYSZKOWICZ 2009) or also models based on satellite
gradiometry (GODAH, KRYŃSKI 2011). GNSS/lev is also frequently used in the
combination with gravity or other data in local geoid or quasigeoid modeling
(OSADA et al. 2005, TROJANOWICZ 2012). GNSS/lev data provide the informa-
tion on the local relation between leveling heights and geometric ellipsoidal
heights, which is especially useful before the unification of height systems at
the global scale. The combination of GNSS with the locally matched geoid is
still a common practice in height determination with GNSS (DAWIDOWICZ

2012). The combination of GNSS and leveling heights may be sometimes used
alone, as the only source of geoid information, which is compatible with the
local height system. This is also applicable in surveying, for dense data and
small areas.

Many authors use Least Squares Collocation (LSC) for modeling of the
GNSS/lev data or residuals of GNSS/lev and other data (DARBEHESHTI,
FEATHERSTONE 2009, DENKER 1998, SMITH, MILBERT 1999). Some authors
analyze the efficiency of other methods for GNSS/lev geoid modeling, but use
LSC for the validation purposes (KAVZOGLU, SAKA 2005). LSC is also fre-
quently applied in the investigations closely related to geoid or heights in
general, i.e.: sea surface heights (SSH) derived from the satellite altimetry
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(ANDERSEN, KNUDSEN 1998), vertical crustal movements (EL-FIKY et al. 1997,
KOWALCZYK et al. 2010), gravity anomalies (CATALAO, SEVILLA 2009) or deflec-
tions of the vertical (ŁYSZKOWICZ 2010a, ŁYSZKOWICZ 2010b). The spectrum of
LSC applications is wide, which may be caused by the fact that the covariance
in LSC may be modeled in detail and a posteriori error estimates may be
calculated. A very frequent method of the covariance estimation is the selection
of the analytical model based on the empirical covariance function (ECF)
values (HOFMANN-WELLENHOF, MORITZ 2005, MORITZ 1980). There are many
practical examples of different numerical techniques of fitting the analytical
model into empirical covariance values (ARABELOS, TSCHERNING 2003, DAR-

BEHESHTI, FEATHERSTONE 2009, SMITH, MILBERT 1999). The planar covariance
models are often investigated as well, as the spherical models. The standard
deviation of a priori noise (δn) is hard to determine using ECF, however YOU,
HWANG (2006) have noted its significant role among the covariance par-
ameters. They have also found that different parameters may have an influ-
ence on the prediction error in terms of cross-validation (CV) error. The
problem of the parameter estimation occurs in the context of combined geoid
modeling (FOTOPOULOS et al. 2003) and in the regularization of gravity field
from satellite gradiometry (KUSCHE, KLEES 2002). DARBEHESHTI and FEATHER-

STONE (2009) apply the non-stationarity for better representation of the local
covariance. Among different considerations, the most closely related research
has been found in JEKELI, GARCIA (2002), in MARCHENKO et al. (2003) and in
MORITZ (1980). They investigate similar problem of optimal covariance matrix
by applying Tikhonov regularization parameter. In this paper the problem is
treated numerically using a kind of CV. LOO provides some additional
observations, which introduces a look from some other side than it is presented
in the mentioned works.

The most probable covariance parameters are investigated in this work and
a special emphasis is placed on spatially sparse data distribution, which is
common in e.g. vertical movements data (EL-FIKY et al. 1997) or deflections of
the vertical (ŁYSZKOWICZ 2010a, ŁYSZKOWICZ 2010b). Two datasets of GNSS/lev
are used in the numerical test: sparse regional data and significantly denser
local data. Three typical, planar covariance models are applied to compare
estimates of the same parameters applied in different functions. Two
covariance function parameters: correlated signal variance (C0) and correlation
length (CL) are analyzed in the work, together with δn parameter. The method
used for the empirical assessment of the parameters is a frequently used form
of CV, named leave-one-out validation (LOO) (ARLOT, CELISSE 2010, KOHAVI

1995, KUSCHE, KLEES 2002).
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LOO validation applied in LSC

The scalar quantity distributed in 2D space may be represented by the
addition of deterministic part and residuals of the signal (MORITZ 1980, RAO,
TOUTENBURG 1995). In our case we have:

N = Xβ + Nr (1)

where N is the vector of observed geoid heights, β is the vector of unknown
trend parameters and X is the design matrix of the trend. Different forms of
the deterministic part of the signal are often used in practice
(GREBENITCHARSKY et al. 2005, OSADA et al. 2005). Deterministic part of the
signal is commonly called trend in many papers. This part of the signal
approximates large-scale features of the stochastic field, commonly known as
long-wavelength part of the signal in the spectral analysis. The trend removal
extracts local properties of the data, occuring at higher spatial resolutions. The
matrix X used for detrending of the data in the case of current test reads:

1 ϕ1 λ1 ϕ1
2 λ1

2 ϕ1λ1

X = … … … … … … (2)
1 ϕn λn ϕn

2 λn
2 ϕnλn

where n is the number of the observations. Such parametric form of the trend
is based on the data distribution and is sufficient to obtain the residuals, which
have expected value close to zero and can be modeled efficiently by the
covariance function. The so-called projection matrix P is used for data detrend-
ing (RAO, TOUTENBURG 1995):

P = In – X(XT X)–1 XT (3)

Some authors have reported that a linear dependency in the matrix P exists
for the number of rows equal to the rank of X (KITANIDIS 1983, RAO,
TOUTENBURG 1995). If we denote the rank of the matrix X by p, we may remove
p rows from P matrix. Since p number has no significance in relation to the
whole set here, we compute Λ matrix by removing last p rows from P. The
residuals can be computed, as follows:

Nr = ΛN (4)

where Λ = P(n-p)×n. The LSC equation for detrended GNSS/lev data reads:
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Ñr = CT
P · (C + D)–1 · Nr (5)

where Ñr is the vector of predicted, residual values. C is the covariance matrix
of the data signal, CP is the covariance matrix between predicted points and the
data and D represents the noise covariance matrix. In this case, when we
investigate average estimates of a priori noise, the noise is assumed to be
homogeneous and uncorrelated, i.e.:

D = δn2 · In (6)

where δn represents a priori noise standard deviation, homogeneous for all
points in the example test. The studies can be extended to individual data noise
values, however this implies weighting and therefore more detail information
on the data noise is needed.

Three planar covariance models are applied in the numerical experiment.
The choice of the models was arbitrary in some sense, but on the other hand,
these models appear in the literature in the same context or even with the
same or similar data related to the height system problems. The models are:
Gaussian model (DARBEHESHTI, FEATHERSTONE 2009, YOU, HWANG 2006),
Gauss-Markov second order model (ANDERSEN, KNUDSEN 1998, ILIFFE et al.
2003, STRYKOWSKI, FORSBERG 1998) and Gauss-Markov third order model
(GREBENITCHARSKY et al. 2005, KAVZOGLU, SAKA 2005). The functional
covariance models are described by Eq. (7) – Gaussian (CG), Eq. (8) – Gauss-
-Markov second order (CGM2) and Eq. (9) – Gauss-Markov third order model
(CGM3).

CG(C0, CL, s) = C0 · exp ( – s2 ) (7)
CL2

CGM2(C0, CL, s) = C0 (1 +
s ) · exp ( – s ) (8)

CL CL

CGM3(C0, CL, s) = C0 (1 +
s

+
s2 ) · exp ( – s ) (9)

CL 3 · CL2 CL

Although spherical distance is a typical variable in the spherical covariance
models e.g. Tscherning-Rapp model (ARABELOS, TSCHERNING 2003, HOFMANN-
-WELLENHOF, MORITZ 2005), it is adopted here to work as a variable in the
planar models (Eqs 7–9). This choice is based on the assumption of no
advantage coming from cartographic projection, since the area of the regional
data is large and the distortion can be significant. The variable distance s is
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therefore calculated using the spherical distance formula (Eq. 12), also in the
ECF and s = ψ in the article.

The collocation formula (Eq. 5) is applied in CV test by LOO (Eq. 10). This
method is quite frequently applied in the literature (DARBEHESHTI, FEATHER-

STONE 2009, KUSCHE, KLEES 2002), but other, often similar kind of CV may be
also efficient. The formula of root mean square (RMS) in LOO (RMSL) may be
written as:

n

RMSL((C0, CL, δ n)⎟ (Ñr
n×1, Nr

n×1)) = √ Σ (Ñr
i – Nr

i)2

⎟ Nr
i ∉ Nr

(n-1)×1 (10)i=1
n

The vector Ñr estimated using Eq. (5) is compared to Nr in terms of RMS
and this is repeated for every set of covariance parameters. The vector of the
residuals Nr is replaced by the vector Nr

(n-1)×1 in the Eq.(5), i.e. the analyzed
point i is omitted in the vector as well as in the matrices CP, C and D. RMSL is
a measure of prediction precision with variable parameters. Additionally the
estimates of a posteriori error are provided in the numerical part of the article.
Assuming now that CP is the vector of covariances limited to one point only,
the error of the prediction is (HOFMANN-WELLENHOF, MORITZ 2005):

m2
P = C0 – CT

P · (C + D)–1 · CP (11)

The estimation of covariance parameters by LOO validation is preceded
and supported by ECF estimation. ECF provides an initial assessment of the
residual data and an approximation of C0 and CL. These initial values support
a search of the parameters in LOO estimation and may be posteriorly
compared with LOO results. ECF may be calculated by well-known formula
(HOFMANN-WELLENHOF, MORITZ 2005):

∀(i,j) ⎟ cosψ = cosθ i cosθ j + sinθi sinθ j cos(λ i – λ j)
(12)

k

EC(ψ ⎟ Nr) =
Σ N r

i Nr
j

i, j

k

The spherical distance is used as a variable and θ i = π /2 – ϕ i. The products
of residuals are grouped using rings of constant width, which is determined by
the sampling interval of the ECF. Average products form the ECF, which is
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shown in Figure 1. Analytical covariance models (Eqs 7–9) are approximately
fitted to ECF by graphical manipulation of C0 and CL, which are roughly
determined this way.

Data assessment and numerical experiment

The data are acquired from the National Geodetic Survey website.
GNSS/lev geoid heights are located in the area of the North America. Two
subsets are selected from the data and the first set is slightly reduced to obtain
homogeneous horizontal distribution (Fig. 2c). The first set of GNSS/lev geoid
heights (Fig. 2a) covers a large area in the western part of the continent and
therefore will be named regional dataset in further considerations. The second
dataset (Fig. 2b) represents much smaller area in Texas and consequently

Fig. 2. Selected GNSS/lev samples representing regional and local GNSS/leveling geoid data:
a – regional geoid (meters), b – local geoid (meters)
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Table 1
Basic statistics of regional and local data samples (meters)

Regional
(287 points)

Reg. residual Local (139 points) Loc. residual

Min. -36.01 -3.71 -28.32 -0.66

Max. -8.14 5.04 -26.95 0.27

Mean -18.60 0.00 -27.41 0.00

Median 18.02 -0.04 -27.35 0.01

RMS 19.26 1.74 27.41 0.14

Std dev. 5.01 1.74 0.26 0.14

is named local dataset. The regional data are reduced to have very sparse
distribution with average data spacing about 1o in latitude and similarly in
longitude. The local data are denser, i.e. around 0.05o in latitude and longitude.
Moreover, the local data are slightly more irregularly spaced than the regional
data. There are no evident outlying observations in the datasets, therefore
larger observed errors are assumed as random ones.

Numerical calculations were performed using ellipsoidal coordinates, start-
ing from the data detrending (Eq. 2–4). Both datasets were reduced by the
polynomial trend of the second order (Eq. 2). ECF is computed for both
residual datasets, according to the Eq. (12). The sampling interval of ECF
represented by the interval of ψ cannot be significantly smaller than average
minimum distance between the data points. Otherwise, we would search for
the covariances at the distances that occur only occasionally between data
points and the estimation accuracy will be poor for ECF at small distances.
Three functional models are graphically compared to ECF values (Eq. 12) and
different CL parameter is found for each covariance model (Fig. 1). At this
moment C0 is assumed to be equal to the variance of the residuals and constant
for all covariance models. ECF estimation is an additional, separate tool for the
covariance parameters estimation and it is used for the further comparisons
with LOO estimation. It should be noted, that δn is not estimated by the fitting
of analytical model. The values of the empirical covariance may strongly
depend on the sampling interval. Therefore one should be careful in assessing
δn by fitting the analytical model into the empirical covariance samples, which
have arbitrarily chosen interval. Some authors find a priori noise empirically,
e.g. iteratively searching for the consistency between a priori noise variance
and RMS in CV (SMITH, MILBERT 1999). Some others use a priori noise based
on the observational accuracy (DENKER 1998). The proposed method is based
on the minimum RMSL in the space of three covariance parameters.

Besides the ECF computation for initial assessment of the parameters, an
additional data are prepared for the comparisons and discussion. Geoid height
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residuals are computed using the harmonic expansion of EGM2008 geopoten-
tial model. The two applied terrestrial datasets represent significantly differ-
ent area sizes and spatial resolutions. The spatial resolution of the local data is
around 5–10 km, which may be approximately comparable with the resolution
of EGM2008 geopotential model with its maximum harmonic expansion degree
(PAVLIS et al. 2012). The spatial resolution of regional data is around 100 km,
which corresponds approximately to 180 degree and order of the harmonic
expansion. Therefore the residual geoid signal is calculated using EGM2008
coefficients for the area of regional data (Fig. 3). These residuals represent the
spectrum of the geoid between 180 and 2190 degree and order and show
significant variance in the area of regional data. The measurement accuracy of
GNSS/lev data is usually at the centimeter level and therefore is insignificant
in relation to the signal in Figure 3, which can be lost in LSC due to limited
resolution. The corresponding residuals for the local data are not computed,

Fig. 3. Residual geoid from EGM2008 model equal N2190 – N180 (area of regional dataset)

because there are no degrees in EGM2008 supplying more than local data
resolution. On the other hand, geoid height residuals at the frequency higher
than 0.05o may have the variance comparable to or less than GNSS/lev
measurement error (RAPP 1973).

Two sets of residual data are interpolated with use of three above men-
tioned covariance models. LOO is performed as an iterative LSC process, which
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uses variable covariance parameters. The estimate of geoid height for each
point excludes this point from the dataset (Eq. 10). The LSC prediction is made
with 3o distance limit for each regional Ñr

i. Respective distance limit for the
local data is 0.2o. These distances are assessed from Figure 1, by finding the
maximum distances of the correlated residuals. LOO process is applied and the
predictions are compared to the measured data by RMSL calculation. The
analysis of three covariance parameters is performed in their 3D space (Fig. 4).
The minimum RMSL is a measure of optimum prediction possible for the
chosen data and covariance model. This minimum RMSL indicates covariance
parameters enabling the prediction that fits best the data in the least squares
sense. Figure 4 describes regions in 3D space of three parameters, which have
RMSL smaller than individually specified values. These values are computed
by adding 0.001 m to the global RMSL minimum in every case. One may note
that these regions have elongated shapes. This means that various parameter
sets may provide similar LSC results if properly combined. CL parameter has
a tendency to be more constant than δn, when C0 is increasing. More
specifically, δn rises with the increase of C0, which may indicate a correlation
between the parameters.

Figure 5 presents the cross-sections of subfigures from Figure 4. The
sections are realized for C0 parameter equal 3 m2 for regional data and 0.02 m2

for local geoid heights. These values are variances of the residuals, which are
often used to approximate C0. The sections show the problem in more detail
and indicate the regions of the parameters, where the prediction has decreased
accuracy. The choice of too small CL may strongly affect accuracy of the
prediction as well as small δn.

CL parameter is different in particular covariance models, which is a con-
firmation of the previous observations (Fig. 1). CL values in Figure 5 are
usually smaller than their respective estimates in Figure 1. This is especially
noticeable in the case of regional data (Figs. 5 a–c). The parameter δn that
represents a priori noise is similar for all covariance models used and large in
the case of regional data (Fig. 5 a–c). The predictions, where δn is closer to
GNSS/lev data accuracy are poor, especially in case of CG (Fig. 5a) and CGM3
(Fig. 5c).

Figure 3 describes a part of the geoid signal that represents some details of
the geoid height between 180 and 2160 degree and order of the harmonic
expansion. These spectra may be present in GNSS/lev data due to the
centimeter accuracy of GPS and leveling, however, the spatial resolution of the
regional data is not sufficient to interpolate them. The information about the
correlation of this higher frequency signal may be impossible to gain from data
with 100 km spacing. This signal may be treated as a noise, since the sampling
is here insufficient to find it as a correlated signal.
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Fig. 6. A posteriori standard deviations for optimal parameters found by LOO and when only noise
variances are decreased (CGM3 model): a – a posteriori st. dev. for regional geoid, b – a posteriori st.
dev. for regional geoid, c – a posteriori st. dev. for local geoid, d – a posteriori st. dev. for local geoid

Additional problem that may be considered here is the a posteriori error,
which is usually used in the assessment of LSC accuracy. It is strongly related
with a priori noise, however remaining covariance parameters may have also
significant influence on LSC error. SANSÓ et al. (1999) and DARBEHESHTI,
FEATHERSTONE (2009) report that a posteriori error estimate may be even more
affected by the changes of parameters than the LSC result. Figure 6 presents
standard deviations of LSC prediction computed from Eq. 11 with optimal
parameters (Fig. 5) and with the same C0 and CL, but smaller δn values used.
The underestimated a posteriori standard deviations may be found in Figure
6b and 6d.
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Conclusions

CV methods like e.g. LOO are useful tools for finding covariance par-
ameters that enable optimal prediction with arbitrarily selected covariance
model. In some cases, wrong covariance parameters may give significantly
worse result and some ranges of the parameters are especially inappropriate.
A posteriori LSC error may even stronger depend on the parameters, especially
on δn. The parameter δn should represent the noise existing in the observa-
tions, therefore applying smaller parameter can provide too optimistic accu-
racy estimate. It is suspected from analyses that δn depends not only on the
measurement error. Limited spatial resolution of the data may exclude higher
frequency signal from the correlated data part. Consequently, this part of the
signal, which exists in the data due to the high accuracy of the measurement,
can be assessed as uncorrelated. Such occurrence is very hard to detect when
the data spatial resolution corresponds in a measure to its accuracy. This is
quite frequent in practice, however, the case similar to regional data used in
this paper may also be found.

Observed LSC properties are essentially consistent with mentioned works,
where Tikhonov regularization is applied. In this work, the actual covariance
parameters have been estimated instead of the regularization parameter. The
paper reveals probable influence of data spatial resolution on the noise
covariance matrix. However, the data resolution may be not sole variable
influencing a priori noise. Some additional tests have to be performed to
explain this in detail.
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A b s t r a c t

The purpose of this article is an application of experiment design method for describing of
generalized drying kinetics. Generalized kinetic equation for the first drying period as the linear
dependence of the material moisture content vs. drying time and temperature is obtained.
For determination of generalized kinetic equation the limited number of experimental data (only
two moisture contents of a material for two temperatures of drying agent) is needed. The
comparison of calculations of generalized kinetic equation with experimental data for convection
drying of sludge and for convectional drying of cotton fabric in the first drying period are fulfilled.
The mathematical modification of the two-period model of drying kinetics over the entire drying
process is obtained. This modified model permits to avoid of the determination of a characteristic
drying time. The comparison of drying kinetic calculations with experimental data for convection
drying of sludge in the first and second drying periods for four temperatures using of experiment
design method was fulfilled. As follows from calculations, the experimental data of sludge
correspond well to the lines obtained through the factorial design which means that this method
can successfully be used to determine constant drying rates, total kinetics and the influence of
temperature in drying process.

Nomenclature
E – Dimensionless drying time
N0 – Initial drying rate
t – Drying air temperature
X0 – Initial moisture content (dry basis)
X(Θ) – Moisture content (dry basis)
Xeq – Equilibrium moisture content
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Greek letters
θ – Drying time
θf – Total (final) drying time
σ – Characteristic drying time

Introduction

For the description of drying kinetics it is required to establish an
appropriate mathematical model and to find numerical values for the model
parameters. Drying of different materials is almost always treated empiri-
cally in the primary literature, usually by regression on experimental data or
by empirical equations, par example, in exponential form (so-called Page
model) (CHEN, SCHMIDT 1990, PERKIN 1990, KEMP et al. 2001, MUJUMDAR

2007). Several equations available in the literature for explaining drying
behavior of different products have been used (FROLOV 1987, CHEN, SCHMIDT

1990, PERKIN 1990, EFREMOV 1998, 2000, 2001, 2002, KEMP et al. 2001, CHEN

et al. 2002, BENALI, KUDRA 2002, REYES et al. 2004, MUJUMDAR 2007).
Another approach to determine the drying kinetics includes the using of

experiment design method (BOX et al. 2005, EFREMOV, KUDRA 2011, EFREMOV

2012, MONTGOMERY 2012). As an initial model, the results of experiment
often serve that represent a set of the several measurements executed
according to a certain plan. In the elementary case this plan is built on the
description of conditions to perform measurements that is the set of values of
entrance parameters (factors).

In statistics, a full factorial experiment is an experiment whose design
consists of two or more factors, each with discrete possible values or ;levels;,
and whose experimental units take on all possible combinations of these
levels across all such factors (BOX et al. 2005, MONTGOMERY 2012). Such an
experiment allows studying the effect of each factor on the response variable,
as well as the effects of interactions between factors on the response variable.

In this study an application of experiment design method for describing of
drying kinetics of sludge and cotton fabric is considered. Generalized kinetic
equation for the first drying period as the linear dependence of the material
moisture content vs. drying time and temperature is obtained. For determi-
nation of coefficients of this equation the limited number of experimental
data (only two moisture contents of a material for two temperatures of drying
agent) is needed. The comparisons of calculations of generalized kinetic
equation with experimental data for convection drying of sludge and for
convectional drying of cotton fabric in the first drying period are considered.
The mathematical modification of the two-period model of drying kinetics
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(EFREMOV 1998, 2000, 2002, CHEN et al. 2002) over the entire drying process
is also proposed.

The comparison of drying kinetic calculations with experimental data for
convection drying in the first and second drying periods for four tempera-
tures using experiment design method was fulfilled. The comparison of
calculations with experiments shows that the deviations of calculations from
experience did not exceed 3.8%.

Materials and Methods

Kinetics of drying

Drying kinetics in the first period is described by linear dependence of the
volume-averaged moisture content of a material X from time of the process
θ (FROLOV 1987, CHEN, SCHMIDT 1990, PERKIN 1990, EFREMOV 1998, 2000,
2001, 2002, KEMP et al. 2001, CHEN et al. 2002, BENALI, KUDRA 2002, REYES et
al. 2004, MUJUMDAR 2007). Linear dependence of moisture content is success-
fully applied to describe convective and microwave drying of hygroscopic
(CHEN, SCHMIDT 1990) and non hygroscopic (PERKIN 1990) capillary-porous
materials, such as polymer pellets, glass beads and alumina spheres. Linear
drying kinetics in the first period is used also for description of drying of
fine-dispersed macro porous materials (FROLOV 1987). The proposed two-
period model (EFREMOV 1998, 2000, 2002) is suitable when drying takes place
in both constant rate (first) and falling rate (second) periods of drying.
Though the model was developed for convective drying of capillary-porous
materials such as leather, paper, cotton, fibre and peat (EFREMOV 2000) it was
successfully applied to describe drying of organic materials (EFREMOV 1998,
2002, CHEN et al. 2002, BENALI, KUDRA 2002). Two-period model was obtained
as summation of two solutions of diffusion process (isotropic flat material
with uniform distribution of initial moisture content – EFREMOV 2000). First
solution of the diffusion process was obtained on the basis of constant initial
drying rate N0 and the second solution was obtained in the form of function of
integral of errors with modification for volume-averaged moisture content
(EFREMOV 1998, 2000). This two-period model in form of ration of time-
dependant and initial volume-averaged moisture content is describing by the
following equation (EFREMOV 1998, 2000, 2001, 2002, CHEN et al. 2002,
BENALI, KUDRA 2002, REYES et al. 2004):

X(θ)
= (1 – N0

θ ) +
N0 σ √π

erfc (θ f – θ ) (1)
X0 X0 2X0 σ
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where: X is the volume-averaged moisture content (kg/kg, db), X0 – the initial
moisture content, θ – time of drying, θ f – the elapsed time of drying, σ – the
characteristic drying time which is constant for given process conditions.

The first term in Equation (1) represents the relatively long first drying
period characterized by a constant drying intensity N0 = dX/dθ. The second
term reflects the macroscale nonstationary diffusive moisture transport in
a drying material, obtained by applying the Laplace transform method to the
equation of isotropic diffusion with boundary conditions in the form of
a constant concentration on the material surface (FROLOV 1987, EFREMOV

1998, 2000, REYES et al. 2004). Accepting that the moisture content at the end
of drying approaches an equilibrium value Xeq, equation (1) becomes

Xeq = (1 – N0
θ ) +

N0 σ √π
(2)

X0 X0 2X0

Hence from Equation (2) the characteristic drying time is

σ =
2 (θ f –

X0 – Xeq) (3)
√π N0

Using of equation (3) leads to the following mathematical modification of
the two-period model (1):

X(θ )
= 1 –

N0 · [θ – (θf –
X0 – Xeq) · erfc (N0√π

·
θf – θ )] (4)

X0 X0 N0 2 N0 · θ f – X0 + Xeq

The drying kinetics can be generalized using the following dimensionless
equation (EFREMOV 2001):

K =
X – Xeq =

θ f – θ
– √π

erf (θ f – θ) = E – √π
erf (E) (5)σN0 σ 2 σ 2

where: E = (θ f – θ)/σ represents the dimensionless drying time.

Usually initial and equilibrium moisture content, elapsed time of drying
are the experimentally determined drying parameters. The main problem is
determination of N0 – the constant drying rate in the first period of drying as
a function of drying time θ and process temperature t.
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Fig. 1. Dependence of average moisture content of a material X from time θ in the first period of
drying for two temperatures

Drying kinetics in the first period is described by linear dependence of
moisture content of a material X from time of the process θ (FROLOV 1987,
CHEN, SCHMIDT 1990, PERKIN 1990, EFREMOV 1998, 2000, 2001, 2002, KEMP et
al. 2001, CHEN et al. 2002, BENALI, KUDRA 2002, REYES et al. 2004, MUJUMDAR

2007). In Figure 1 the example of such dependence for drying agent of two
temperatures t1 and t2 is submitted. The lines of drying kinetics pass from the
point of total initial moisture content X0 (at θ0 = 0) up to points corresponding
of final values X1 and X2, appropriate to the minimal and maximal values of
temperature of the drying agent t1 and t2 in experiment (Fig. 1).

Experiment design method

For mathematical description of the dependence of moisture content from
time and temperature of the process can be used experiment design method
(BOX et al. 2005, MONTGOMERY 2012). To obtain the mathematical description
of such model the plan of first order can be used. For the vast majority of
factorial experiments, each factor has only two levels. For example, with two
factors each taking two levels, a full factorial experiment would have four
treatment combinations in total, and is usually called a 2 × 2 (or 22) factorial
design. Three factors, each assuming two levels give 2 × 3 (or 23) factorial
design which generates 8 combinations and so on. If the number of combina-
tions in a full factorial design is too high to be logistically feasible, a fractional
factorial design may be used, in which some of the possible combinations
(usually at least half) are omitted.
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For an illustration of this process, the estimation of parameters is interest-
ing from the practical point of view, the calculation of temperature dependence
for the first period of drying can be considered also.

Let’s consider at first the solution in a general view. The process of
convective drying of a material at constant drying rate depends mainly on
external mass transfer and it can be described by temperature of hot air t and
time of process θ.

The necessary number of full factorial experiment would have four combi-
nations 22 = 4. The drying kinetics are describing by changing of moisture
content from initial value X0 (at θ0 = 0) up to final values X1 and X2,
appropriate to the minimal and maximal values of temperature of the drying
agent t1 and t2 (Fig. 1).

The matrix of full factorial experiment planning for coded variable of two
factors in view of their double interaction (BOX et al. 2005, MONTGOMERY

2012). To save space, the points in a two-level factorial experiment are often
abbreviated with strings of plus (+) and minus (–) signs. The strings have as
many symbols as factors, and their values dictate the level of each factor;
conventionally, “–” for the first (or low) level, and “+” for the second (or high)
level. The plan of this two-level factorial experiment is presented entered in the
Table 1. Parameter y represents the current material moisture content X; x1

and x2 are two coded variables of entrance parameters (factors) – temperature
of hot air t and drying time θ; b0, b1, b2 and b12 are the coefficients of regression
equation (6). The value of temperature at the centre of the plan we shall
designate t0, interval of a temperature variation δ1, accordingly the values for
time of the process – θ0 and δ2.

Table 1
Matrix of full factorial experiment for coded variable of two factors

x0 x1 x2 x1 · x2 y

+ – – + y0

+ + – – y0

+ – + – y1

+ + + + y2

The appropriate regression equation has the following form:

y = b0 + b1x1 + b2x2 + b12x1x2 (6)

The coefficients of the regression equation (6) can be calculated from the
formula (EFREMOV 2001, 2012, EFREMOV, KUDRA 2011, BOX et al. 2005)
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4

bi =
Σ xi yj

(7)1

4

Then, the coefficients of regression in view of given matrices of planning
(Table 1)

b0 =
y0 + y0 + y1 + y2, b1 =

–y1 + y2, b2 =
–y0 – y0 + y1 + y2, b12 =

–y1 + y2

4 4 4 4
(8)

Let’s substitute values of the coefficients in the regression equation (6)

4y = (y0 + y0 + y1 + y2) + (y1 + y2)x1 + (–y0 – y0 + y1 + y2)x2 + (–y1 + y2)x1x2

(9)

The transitions from coded variables to initial parameters are

x1 =
t – t0, x2 =

θ – θ0, y0 = X0, y1 = X1, y2 = X2, θ0 = δ2 (10)
δ1 δ2

After transformations, finally the generalized kinetic equation for the first
drying period can be obtained

X = X0 –
2X0 – X1 – X2 ·

θ
–

X1 – X2 ·
t – t0 ·

θ
(11)

4 δ2 4 δ1 δ2

It is necessary to note, that the influence of temperature on a drying
process is taken into account only by the last member of double interaction of
the influencing factors because the second term of right side of equation (6)
equals to 0.

The first two experiments (Table 1) correspond to initial condition of
a material (θ = 0 and moisture content X0). The plan of a two-level full factorial
experiment indicates that it is necessary to carry out only 2 experiments (X1

and X2) to determine the linear dependence of the material moisture content
vs. drying time and temperature.
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Results and Discussion

The 22 factorial experiment is exemplified in this paper for the process of
convection drying of sludge from a municipal sewage treatment plant in
a laboratory drying tunnel with parallel airflow at different temperatures and
at constant air velocity 0.65 m/s (REYES et al. 2004, EFREMOV, KUDRA 2011. The
initial sludge had a paste-like consistency with 72.6% wb moisture content,
equivalent to 2.65 kg water/kg dry matter (REYES et al. 2004). The experiments
were performed in a standard drying tunnel with a cross section 0.2 × 0.2 m.
The samples were held on sets of 0.1 × 0.1 m metal boxes with rim height
L = 0.005 m.

As drying of sludge depends on two main parameters, namely temperature
of hot air t and drying time θ, the equation of regression was using in the form
(6), where y represents the current material moisture content X; x1 and x2 are
two coded variables of entrance parameters (factors) – temperature of hot air
t and drying time θ ; b0, b1, b2 and b12 are the coefficients of regression equation
(6).

In this process the change of temperature t (variable x1) is in an interval
80-112o and the change of time θ (variable x2) is from 0 up to 80 minutes.

Value of air temperature at the centre of the plan was designated t0,
interval of a variation δ1, accordingly for time of process – θ0 and δ2. The initial
data for this drying process are shown in Table 2.

Table 2
The initial data for convective drying of sludge

Variable, x Min. (–) Max (+) Center Interval (δ )

x1 – temperature t, oC 80 112 96 16

x2 – time θ, min 0 80 40 40

The plan of two-level factorial experiment for convective drying of sludge is
presented in Table 3. The first two experiments correspond to initial condition
of a material (θ = 0 and moisture content X0). The plan indicates that it is
necessary to carry out only 2 experiments to determine moisture content at the
same temperature at time θ = 80 minutes. As a result of the experiments, the
appropriate values of moisture content are equal to 1.31 and 0.49. All values of
moisture content are in a matrix of planning of full factorial experiment for
convective drying of sludge (Table 3).
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Table 3
Matrix of full factorial experiment for convective drying of sludge

x0 x1 x2 x1 · x2 y

+ – – + 2.65

+ + – – 2.65

+ – + – 1.31

+ + + + 0.49

After substitution data of moisture content (Table 3), the generalized
equation for the first drying period (11) is

X = X0 + 0.009125 · θ – 0.0003203 · θ · t (12)

The drying rate can be calculated by differentiation of equation (12) with
respect to time θ:

N0 =
dX

= 0.009125 – 0.0003203 · t (13)
dθ

Figure 2 shows the comparison of calculations using equation (12) with
experimental data for convection drying of sludge in the 1-st drying period for
four temperatures (REYES et al. 2004). The straight lines are drawn through
three black points that mark the values determined according to the full
factorial experimental plan for these calculations. Method can successfully be
used to determine the influence of temperature from limited number of
experimental data. The plan of a two-level factorial experiment indicates that
it is necessary to carry out only 2 experiments to determine the linear
dependence of the material moisture content vs. drying time.

Table 4
Designation of experimental points in Figure 2 and 3

Temperature t, oC 80 90 100 112 80 (plan)

Run No (BENALI, KUDRA 2002) 9 1 10 5

Symbol ° ◊ + •

As follows from Figure 2, the experimental data correspond well to the lines
obtained through the factorial design which means that this method can
successfully be used to determine constant drying rates from limited number
of experimental data.
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Fig. 2. Comparison of calculations of moisture content X vs. drying time θ using equation (11) with
experiments on convection drying of sludge in the first period (REYES et al. 2004) for four

temperatures (Table 4)

Fig. 3. Comparison of calculations using two-period model (4) with experiments
Source: REYES et al. (2004).

Using the equation (13) for drying rate N0 in the first drying period the
calculation of moisture content for two-period model (4) may be fulfilled. Table
5 compiles the calculated values of drying parameters σ, N0 and θ f for
two-period model whereas Figure 3 compares the results of calculations
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according to equation (4) with experimental data. For all run the equilibrium
moisture content Xeq = 0.03 kg/kg. For clarity reasons only 4 curves for runs
No 1, 5, 9 and 10 are shown in the Figures 2 and 3, but equally good fit was
obtained for other experimental data (BENALI, KUDRA 2002).

Table 5
Experimental and calculated parameters for the two-period model (Drying kinetics of sludge)

Run No [10] t, oC N0, 1/min σ, min θ f, min

9 80 0.017 97 235

1 90 0.020 101 220

10 100 0.023 96.1 200

5 112 0.027 42.1 135

Good match of experimental points and model solution corresponds to
sludge tests in Figure 3. It indicates that two-period equation (4) can be used to
predict drying kinetics with possible extrapolation for different temperatures
and air velocities.

Analogical calculations and comparison with experiments were fulfilled
for convectional drying of cotton fabric for first and second periods in tempera-
ture interval 480–83oC and at change of time θ from 0 up to 18 minutes
(EFREMOV 2012). The initial data for convective drying of cotton fabric are
shown in Table 6.

Table 6
The initial data for convective drying of cotton fabric

Variable, x Min. (–) Max (+) Center Interval (δ )

x1 – temperature t, oC 48 83 65.5 17.5

x2 – time θ, min 0 18 9 9

The initial moisture content of cotton fabric was equivalent to w0 = 1.09 kg
water/kg dry matter. Accordingly of matrix of full factorial experiment
(Table 3) the first two experiments correspond to initial condition of a material
(θ = 0 and moisture content X0). The matrix indicates that it is necessary to
carry out only 2 experiments to determine moisture content at temperature 48
and 83oS and time θ = 18 minutes. As a result of the experiments, the
appropriate values of moisture content were equal to 0.65 and 0.1. After
substitution data of moisture content, the generalized equation for the first
drying period (11) of cotton fabric is
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X = X0 + 0.01746 · θ – 0.000873 · t · θ (14)

Comparison of calculations with experiments (FILONENKO 1939) was fulfil-
led for four temperatures: 48oC, 56.3oC, 70oC and 83.5oC (Table 7, Figure 4).
The deviations of calculations from experience did not exceed 3.8%.

Fig. 4. Comparison of calculations of moisture content X vs. drying time θ using equation (14)
with experiments on convection drying of cotton fabric (FILONENKO 1939) for four temperatures

(Table 7)

Table 7
Designation of experimental points (FILONENKO 1939) in Figure 4

Temperature t, oC 48 56.3 70 83.5

Symbol + ◊ ×

Using the characteristic drying parameters listed in Table 5, the dimen-
sionless number K (Equation 5) was calculated and plotted against
the E parameter. Good match of the experimental points and the model
solution in Fig. 4 indicates that generalized equation (5) can be used to predict
drying kinetics with possible extrapolation for other temperatures and air
velocities.
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Fig. 5. Generalized drying curve for two-period model

It is necessary to note, that the obtained generalized kinetic equation (11)
for the first drying period may be used for different types of drying and kind of
materials. The drying rate N0 for the first drying period can always be
calculated by differentiation of the generalized equation with respect to time θ.
Using the equation for drying rate N0 in the first drying period the calculation
of moisture content for two-period model may be fulfilled. The application of
obtained mathematical modification of two-period model allows to avoid the
application in calculations of the characteristic drying time which is constant
for given process conditions.

Conclusion

The experiment design method (BOX et al. 2001, MONTGOMERY 2012) is
a progressive method in application for convection drying in the first drying
period and for two-period drying model. The comparison of calculations with
experimental data for convection drying of sludge and cotton fabric for four
temperatures using of experiment design method is fulfilled. As follows from
calculations, the experimental data correspond well to the lines obtained
through the factorial design which means that this method can successfully be
used to determine drying kinetics for different types of drying and materials
and to determine the influence of temperature from limited number of
experimental data. The plan of a two-level factorial experiment indicates that
it is necessary to carry out only 2 experiments to determine the linear
dependence of the material moisture content vs. drying time.
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A b s t r a c t

This article is a scientific – review piece of work which purpose is to popularize the common
knowledge of sulphur concrete – the material that has become more and more popular not only in
countries with established market economy. In the article there are presented key phases of scientific
studies concerning technology of the sulphur concrete, concrete modified with sulphur and its
application in building industry. There is also presented methodology of sample preparations,
technology of production and its main technical properties.

Introduction

Science and practice have been always searching for new materials and
solutions characterised by durability and good strength properties that would
become an alternative for materials demanding huge energetic costs. Very
often we come to the conclusion that the “new one” is a modern version of well
known “old one”. That is what happens in the case of the sulphur concrete.
It was in the previous century that many researchers (FARAŃSKI 1999, LOOV,
VROOM, WARD 1974, MALHOTRA 1979, ORŁOWSKI 1992) proved that in order to
obtain composite resistant to chemical aggression, the sulphur can be used as
a bond. This article is to draw the attention to the most distinguished advan-
tages and disadvantages of this material, its application and the technology of
production assuring designed, required properties.

* Corespondence: Natalia Ciak, Katedra Budownictwa Ogólnego i Fizyki Budowli, ul. Heweliusza 4,
10-724 Olsztyn, phone: 48 89 523 45 76, e-mail: n.ciak@uwm.edu.pl



Main features of the sulphur concrete

Growing interests in sulphur usefulness as a bond in the sulphur concrete
is led by huge amount of this raw material (it occurs as a natural raw material
and is also created as a waste from the fuel desulphurisation process), and by
proved advantages of created composite (CZARNECKI, WYSOKIŃSKI 1994, KUŚ,
ROGAL 2004, Patent PL Sposób utylizacji niebezpiecznych odpadów, zwłaszcza
popiołów ze spalarni 2003). The advantages include e.g.:

– relatively high strength obtained in short time,
– resistance to most of the aggressive agents,
– waterproof,
– utilisation possibility of most of the harmful substances including radio-

active wastes (Patent PL Sposób utylizacji niebezpiecznych odpadów, zwłaszcza
popiołów ze spalarni 2003),

– recycling possibility.
In spite of many advantages of the sulphur concrete, it should not be

treated as a substitute for cement concrete, but in particular cases as an
alternative. Such an approach can be justified by some of the faults of the
material (CZARNECKI, WYSOKIŃSKI 1994) such as:

– high energy consumption during the production process,
– limited thermal resistance (the sulphur concrete is a thermoplastic

material),
– a need for stable, high temperature during the production process.

Development of the sulphur concrete’s technology

The interests in concrete and materials modified with sulphur, its proper-
ties and the technology have been heading towards two directions. The first
one concentrated on sulphur bonds, mastics, and concrete based on sulphur as
a thermoplastic bonding material. The second one was devoted to the use of
melted sulphur for saturation of cement concrete manufactures in order to
enhance their physical and mechanical properties, but mostly to increase its
corrosive durability. All of the actions focused into these two directions can be
divided into four stages.

The first stage, from the second half of XIX century till the forties of XX
century, included the study of properties of the mastics and concrete modified
with sulphur and their reasonable application in the building industry. Unfor-
tunately high costs of sulphur these days was not conductive for scientific and
practical publications of this subject.

In the second stage, from the forties to the early seventies of XX century,
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there was a commercial idea created of the sulphur concrete applications.
There were also intense researches conducted over the ways of improving the
sulphur properties, that were based on the latest scientific publications about
the chemistry of the sulphur (development of the inorganic chemistry of
polymers). Simultaneously, industrial polymeric sulphur modification was
introduced into various fields, what led to creating effective building materials
using such technology. Research centres that were leading the way in the
subject were located in the USA, Canada and Russia (former the Soviet Union).

Third stage, dated from the late seventies was characterised by putting into
practice the production of building materials, especially concrete. Those days
(1975) the Sulfurcrete Produducts Inc. company for the first time created the
sulphur concrete. In the eighties sulphur concrete became one of the building
materials used in construction of many parts of motorways and industrial
floors that were built in the USA.

In the fourth stage, starting from the late nineties till now, production of
the sulphur concrete, its improvements and composition patents are being
created (Patent PL 197205, Patent PL Sposób utylizacji niebezpiecznych
odpadów, zwłaszcza popiołów ze spalarni 2003, Patent RU 2154602, Patent RU
2166487, Patent RU 2167120, Patent RU 2239834, Patent USA 4256489) as
well as technology of production used by different companies, usually located
in the USA, Canada (SULROCK, CHEMPRUF, SULPOL, STARCRETE),
Russia and Poland.

Since 1998, a company “SIARKOPOL” from Tarnobrzeg has started to put
the usage of the sulphur concrete into building practice. Now a “MAR-BEL”
company is using their own patented solutions for manufacturing composites
such as: SULCEM, SULTECH, SULBET (MYSŁOWSKI 2005, RICHTER 2006).

Manufacturing and usage of the sulphur concrete

Process of the sulphur concrete manufacture is based on the “hot” technol-
ogy. In which all the mixed components are heated until 140–150oC. The
sulphur used in the sulphur concrete production can be mixed with any type of
traditional aggregate. Dosage should be optimized according to practical
criteria as well as the mechanical properties (GRACJA, VAZGUEZ, CARMONA

2004). Optimal amount for sulphur mortar is about 30% of the bond while for
the sulphur concrete is about 15% of the bond. The sulphur matrix with the
percentage of mineral extender is 5% for mortar and 10% for concrete (on
sulphur mass basis).

Mineral aggregate is very important in the sulphur concrete. The concrete
mixture should consist of thick and fine aggregate as well as the extenders
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Fig. 2. Technological scheme of sulphur concrete sample preparation for laboratory usage
Source: own researches.

(GILLOT, JORDAN, LOOV 1980). Gravel and other mineral materials bigger than
4 mm in diameter can be assumed as a thick aggregate while sand and other
mineral materials in the range of 150 μm to 4 mm will be assumed as a fine
aggregate. The extenders can be in the shape of volatile ashes, quartz dust,
minced chalk and others mineral materials smaller than 150 μm. The exten-
ders’ presence reduces the pores, that emerge during the sulphur contraction
where the sulphur due to the hardening process, changes its volume. One
should notice that getting a proper, designed form of plastic mass is only
possible when the mixture is characterised by defined plasticity adjusted by the
exact amount of fine and thick aggregate and the extenders. Excessive amount
of them usually leads to worsening the moulding process.
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Process of sulphur concrete production is based on the sulphur’s properties
of changing its viscosity with the change of the temperature (in 119–122oC
sulphur completely turns from the solid into the liquid).

The technology of the sulphur concrete is very similar to the technology of
the asphalt concrete. The sulphur concrete production process is presented in
the figure 1.

It consists of following steps:
– heating up the mixture until 150oC,
– melting of modified sulphur and mixing the components,
– moulding samples into metal moulds which were initially heated to the

same temperature as the mixture,
– cooling the samples to the ambient temperature.
In University of Warmia and Mazury in Olsztyn there has been conducted

researches of sulphur concrete’s resistance to chemical and microbiological
aggression. In order to prepare the sulphur concrete in a laboratory (scheme
for preparation of samples process is presented in the Figure 2), there was
constructed a reactor in which the samples were prepared (Fig. 3). The
researches results proved usefulness of application of the sulphur concrete in

Fig. 3. Lab reactor scheme for sulphur bond and mastics preparation: 1 – mixer wit adjustable speed,
2 – heat-insulating cover, 3 – aluminium mixer, 4 – temperature meter, 5 – short circuit pin,
6 – thermostat, 7 – temperature controller, 8 – power switch, 9 – voltage 220 V, 10 – electrical spiral
(1 pc.), 11 – electrical spiral (2 pcs.), 12 – thermal insulation in aluminium foil of 6 mm, 13 – asbestos

sheet, 14 – metal container, 15 – fire insulation, 16 – sulphur
Source: own researches.
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Table 1
Comparison of averaged, selected properties of sulphur concrete and the cement concrete*

Properties Unit Sulphur
concrete

Cement
concrete

Density kg/m3 2400 2200

Compressive strength MPa 60–115 15–60

Bending strength MPa 10–16 6–7

Modulus of elasticity GPa 35–50 25–28

Contraction mm/m 0.5–1.0 0.6

Linear coefficient of thermal expansibility 10–6/K 8–12 8–10

Porosity % 1–4 9–15

Absorptivity % 0–1 5

Frost resistance cycles 500 50

Minimal period for forming an element Hour 0.1–0.4 48

Minimal period for nominal strength hours 2–24 28 days

Corrosive durability in aggressive surroundings – resistant partly resistant

Bond content % 10–15 20–30

* Notice: In the sulphur concrete contraction occurs only during the hardening process and cooling
the mixture within 2–24 hours.
Source: own researches on the basis of: CIAK (2007a,ń), and information data from MARBET®WIL
company, for sulphur concrete SULTECH®.

building roads, drainage systems, industrial and harbour engineering, and
agriculture. Comparison of selected sulphur concrete’s features with the
cement concrete’s ones are presented in table 1.

On the basis of (Patent PL 197206, ŻAKIEWICZ 1996), the sulphur concrete
can be used for anti-radiation protective shields.

The use of sulphur concrete for manufactures production gives an oppor-
tunity to create new, effective material solutions creating new standard in
building elements. Among the most popular manufactures are:

– tanks for various substances, cesspits, drains;
– sewerage pipes, drainages, sewerage channels, weights for electric trac-

tion lines (MAĆKOWSKI 2009);
– telecommunications drains, elements reinforcing the wharf and harbour

constructions; (CZARNECKI, WYSOKIŃSKI 1994);
– surfaces of landing strips, roadwork’s’ elements (SERUGA, SMAGA 2006).
As shown above, sulphur concrete can be applied both for non-reinforced

elements (weights, channels, drainage elements) and for reinforced elements
(tanks, plates). To the wide range of usage we can also add its usefulness in
renovations works (coatings with fiber extenders) and restoration works (CIAK

2005, CZARNECKI, WYSOKIŃSKI 1994).
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Fig. 4. Exemplary manufactures made with the sulphur concrete – photographs by Andrzej Drożdżal,
present manufactures produced by Marbet-Wil Company: a – sulphur bond, b – sulphur concrete
granulate consisting of harmful waste destabilised with the use of Sultech® technology, c – linear
drainage AQUADREN® d – weights for electric traction lines, e – channel drainage S520, f – channel

drainage S520 put along the railway tracks

In the figure 4 there are presented chosen manufactures made with the
sulphur concrete.

Assessing the sulphur concrete by the mechanical and chemical properties
and by comparing it to the cement concrete’s properties one can state that the
variety of the sulphur concrete usage is quite broad. What is more the
production is almost waste less and the product itself can be recycled.

Natalia Ciak, Jolanta Harasymiuk330

Technical Sciences 16(4)2013



Conclusions

The sulphur concrete are characterised by high resistance to biological and
chemical corrosion. In some cases its mechanical and physical properties can
even transcend the properties of traditional concrete so can it can be assumed
as a better solution for some building constructions. It should be expected that
the interests in the sulphur concrete and its development within next several
years should not deteriorate.
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A b s t r a c t

In this study the convectional drying process of peach were investigated. Peaches were cut
longitudinally into eight similar pieces and were dried in a laboratory air-drier with forced horizontal
air flow. Drying experiments were carried out at temperatures of 50, 60, 70oC and for two air
velocities: 1.0 and 1.2 m/s. The results are shown graphically on the charts. It was found that
a greater effect on increasing the rate of drying is the drying air temperature than the increase in flow
velocity. The verification of theoretical models of the first and second drying period indicates that the
drying process of peach is determined by internal conditions of heat and mass transfer, therefore to
describe the drying process were used models of the second period of drying. Global relative error
calculated for the whole process was less than 5%.

Introduction

Drying is one of the basic way of preserving food. It involves the removal of
water from the product by its evaporation. With this method, water (80-90%) is
discharged from the fresh product and a large amount of nutrients are
preserved. Drying of agricultural products is one of the oldest and most
important methods of food preservation which allows for market surplus
management.

Peaches (Prunus persica L.), by apricots and nectarines, are the richest
source of vitamins and minerals. Therefore they should be eaten throughout
the year fresh or dried. Raw peaches and apricots in more than 86% consist of
water. In warm countries (India, Iran, Turkey) the most commonly used

* Corespondence: Ewa Golisz, Zakład Podstaw Nauk Technicznych, Szkoła Główna Goispodarstwa
Wiejskiego, ul. Nowoursynowska 164, 02-787 Warszawa, phone: 48 22 593 46 14, e-mail:
ewa.golisz@sggw.pl



method of drying these fruits is sun drying, which requires little capital, simple
equipment and low energy input (TOGRUL, PEHLIVAN 2004, KINGSLY et al.
2007). To achieve consistent quality dried product industrial dryers should be
used. The drying kinetics of food is a complex phenomenon and requires simple
representations to predict the drying behaviour, and for optimizing the drying
parameters.

In literature there are lot of studies on drying kinetics of fruits e.g.: apricot
(SARSILMAZ et al. 2000, TOGRUL, PEHLIVAN 2002, 2003, DOYMAZ 2004, IGUAL et
al. 2012); bananas (DANDAMRONGRAK et al. 2003); melon, papaya (Pereira et al.
2006); grapes (YALDIZ et al. 2001), plum (GOYAL et al., 2007) and some studies
on drying peach. TOGRUL and PEHLIVAN (2004) modelled thin layer drying
kinetics of peach under open-air sun drying process. WANG and SHENG (2006)
studied microwave and far-infrared dehydration characteristics and two-stage
drying process involving far-infrared following microwave drying on peach.
SAHARI et al. (2006) investigated physicochemical properties of sliced peach
during osmotic pre-treatment and dehydration, the optimum condition of the
dehydration and sensory evaluation of dried products. KINGSLY et al. (2007)
investigated the effect of pre-treatments (potassium meta. bisulphite and
ascorbic acid) and drying air temperature (55 and 65oC) on drying behaviour of
peach slices. GERMER et al. (2010) evaluated the influence of temperature and
concentration of the sucrose syrup on the pre-osmotic dehydration of peaches.
However, there is little detailed information on drying kinetics and modelling
of drying process of peach. Since drying is an energy-intensive process, its
optimization is extremely important for both environmental and economic
reasons. In order to optimize drying process, it is necessary to develop its
mathematical model to predict the process course. Such model should take into
account drying kinetics model that is versatile and has strong theoretical basis.

The objective of this study was to identify the conditions governing of the
heat and mass exchange in the convection drying process of peach, using
models of the kinetics drying. The external conditions of the heat and mass
exchange are dominant from the initial moisture content to the critical one,
which in the case of peach is not known. Therefore, the second objective of this
study was to indicate the critical moisture content symbolically separated first
and second drying period.

Materials and methods

Fresh peaches (Reliance variety) were purchased from local market in
Warsaw, Poland. The initial moisture content of fresh samples was 6.7 kg
H2O/kg db (dry basis). For each drying experiment fruits of similar size and
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shape and initial mass of 800g were cut longitudinally into eight similar pieces,
pips removed. Samples were dried in a laboratory air-drier with forced
horizontal air flow. Moisture loss was measured at 15–30 min intervals during
experiments with accuracy of ±0.01 g (Radwag WPX 4500). Drying experi-
ments were carried out at temperatures of 50, 60, 70oC and for two air
velocities: 1.0 and 1.2 m/s. Originally in the methods of research planned air
velocity were 1 and 1.5 m/s, however, due to technical conditions in the drying
tunnel managed to get the velocity maximum 1.2 m/s, therefore such measure-
ments were made and the relevant results were presented. Drying of peach
started at the initial moisture content and continued, until moisture content
reached equilibrium value (till was no large variation in the moisture lost).
Experiments were replicated three times to minimise error, then mean values
was used. For each experimental setup a relative humidity of the ambient air
was controlled and a series of mass measurements were conducted. Mass of dry
solid was determined with accuracy of 0.01 g for each individual sample by
oven drying at 105oC for 24 h (PN-A-75101-03:1990).

Results and discussion

Drying kinetics

The effect of temperature and air velocity on moisture content changes
during drying of peach pieces is shown on Figure 1. Figure 2 shows the effect of
air velocity on the drying rate of peach at a fixed temperature.

Air velocity had less effect on the drying time than the drying temperature.
It may be concluded that the surface of the fruit dried faster and drying rate is
determined by the external water exchange to a lesser extent than by the
internal one. The air velocity in the range 1-1.2 m/s has any effect on the drying
time for air temperature 50oC but this effect is visible with increasing
temperature. Further studies including temperature measurements of dried
material would be valuable.

Mathematical modelling

According to the theory, in the initial drying phase, drying rate of the
material with high initial moisture content should be determined by external
conditions of water exchange. It means that water exchange takes place only
on the surface of the dried material. The heat supplied to the body is consumed
for the evaporation of water from its surface, and the surface temperature
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Fig. 1. Drying kinetics depending on temperature at a fixed velocity: a – velocity 1.0 m/s, b – 1.2 m/s

of the dried material is approximately equal to the wet bulb temperature.
According to the theory of convectional drying of agricultural products this
kind of water exchange is called the first drying period (PABIS 1982). During
this period the drying rate of solid surface is constant. First drying period ends
when the water molecules are vaporized from the surface. The moisture
content at this point is called the critical moisture content. This period is
always present in products with high initial moisture content such as fruits
and vegetables and also peach.

Decreasing drying rate is characteristic for the second drying period. The
temperature of dried material increases, water from inner layers changes its
state to vapour and moves to the sample surface. This phenomenon is called
inner diffusion and its rate is lower than water evaporation on the sample
surface. The second drying period ends when the moisture content reaches the
equilibrium and remains constant.
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Fig. 2 Drying kinetics depending on hot-air velocity at a fixed temperature: a – 50oC temperature,
b – 60oC, c – 70oC

Drying kinetics in this study according to PABIS (1994, 1999), was modelled
by means of: first drying period equation in terms of shrinkage (Eq. 1).

uI(τ) = u0[ 1 (1 –
1 – b

k0τ)N

–
b ] (1)

1 – b Nu0 1 – b
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where:
u0 – initial moisture content [kg/kg]
k0 – coefficient of initial speed of drying [1/min]
τ – time of drying [min]
N – correction factor, the rate of anisotropic changes [–]
b – maximum rate of shrinkage, [–]
Vs – volume of dry basis [m3]
V0 – initial volume of the material [m3]
and second drying period equation (Eq. 2), which is a simplified diffusion
equation of mean moisture content u(τ):

uII(τ) = ur + (u0 – ur) e–Kr (2)

where:
K = f(am, x,τ) – factor depending on the shape of the dried sample [–]
ur – equilibrium moisture content [kg/kg]
am – mass diffusion coefficient [m2/s]
x – characteristic dimension [m]

Verification of models described by Eq. 1 and Eq. 2 leads to the conclusion
about the type of conditions governing the drying process.

Determination of critical moisture content occurrence is contractual. This
moment corresponds to change from external mass transfer dominance to
internal one. Drying rate in the first period is then equal to the rate of drying
in the second period (PABIS 1999). This allows to estimate the value of the
coefficient of drying rate in second period (K from Eq. 2):

K =
k0 (1 –

1 – b
k0τ cr)N–1

(3)
ucr – ur Nu0

Since critical moisture content was unknown in this study, therefore three
different moisture contents were assumed:

1. ucr = 2 kg H2O/kg db – according to JAROS (1999) it was assumed that
such critical moisture content of fruits and vegetables separates the first
”surface” and the second ”diffusive” drying period

2. ucr = 4 kg H2O/kg db – intermediate value between ucr = 2 and u0 = 6,7
kg/kg

3. ucr = u0 – assuming that the process runs only in the second period of
drying.

Coefficients k0 and N were selected for each model in order to minimize its
errors.
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Fig. 3. Models of moisture content changes during the 1st and the 2nd drying period and error plots for
assumed critical moisture content ucr = 2 kg/kg, temperature 50oC and air velocity v = 1.2 m/s

Fig. 4. Models of moisture content changes during the 1st and the 2nd drying period and error plots for
assumed critical moisture content ucr = 4 kg/kg and temperature 50oC, air velocity v = 1.2 m/s

Fig. 5. Models of moisture content changes during the 1st and the 2nd drying period and error plots for
assumed critical moisture content ucr = u0, temperature 50oC, air velocity v =1.2 m/s

Analysis of Convectional Drying... 339

Technical Sciences 16(4)2013



Modelling results of moisture content changes of drying peach presented in
figures 3–5, for exemplary temperature 50oC and air velocity v = 1.2 m/s.
Results include original data and those obtained by means of mathematical
modelling.

Analyzing the graphs in Figures 3–4 can be seen, the relative errors model
uI for the assumed critical moisture content of 2 and 4 kg/kg (drying time 500
and 250 min) were higher than for model uII (Figure 5). Thus, assumption that
the process of drying peach in the initial period is determined by external mass
transfer conditions was not confirmed.

It is possible to use empirical models to describe the kinetics of the second
drying period. In the literature some models of moisture content changes
which do not arise directly from the theory of heat and mass transfer were also
reported. Such models are based on specific solution of diffusion equation for
convective drying of solids. To describe falling drying rates in literature have
been widely used semi-theoretical models, for example: the Newton, the
Henderson and Pabis, the Logarithmic and the Page models. These models are
generally derived by simplifying general series solutions of Fick’s second law
and considering a direct relationship between the average moisture content
and the drying time. They neglect the fundamentals of the drying process and
their parameters have no physical meaning (SIMAL et al. 2005). Despite this,
Pages’s model (PAGE’S 1949) has been used to describe the drying kinetics of
various agricultural materials, such as fruits: grapes (DOYMAZ, PALA 2002),
apricots (BOZKIR 2006), strawberry, apple (CONTRERAS et al. 2008), kiwi (SIMAL

et al. 2005) in convective and microwave-convective drying.
Also in this work drying kinetics was modelled by means of Page’s model

(Eq. 4):

U =
u(τ) – ur = exp(–kn) (4)
(u0 – ur)

Results obtained by means of Page’s model in exemplary temperature 50oC
are shown in figure 6.

As seen in Figure 6 Page’s model does not better fit experimental drying
kinetics data in the falling rate period than theoretical model (Eq. 2). Because
it is empirical model which does not arise directly from the theory of heat and
mass transfer therefore it was considered that in the case of peach, the Page’s
model was not well suited to describe the kinetics of drying. In this work was
focused on theoretical models described by equations 1 and 2.

Model coefficients (N, k0) were chosen so that the relative error of the 1st

drying period model was about 5% and of 2nd drying period does not exceed
15%. The global relative error calculated for the whole process should have
been less than 5% (Eq. 5):
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n

δg = √ Σ [uexp · i – umod · i]2

· 100% (5)
Σ uexp · i

i=1
n

i=1

where uexp and umod – moisture content measured and calculated from model.

Fig. 6. The Page’s model of moisture content changes and error plot, at temperature 50oC, air velocity
v = 1.2 m/s

Absolute errors of every model were of 0.2 kg H2O/kg db. Table 1 presents
coefficients N, k0 and K for all cases.

Table 1
Coefficients N, k0 and K in mathematical models (Eq. 1 and 2)

50oC 60oC 70oC

1 m/s 1.2 m/s 1 m/s 1.2 m/s 1 m/s 1.2 m/s
Critical moisture

content
Coefficient

ucr = 2 kg/kg N 10 15 20 8 6,2 6
k0 0.01205 0.0124 0.0196 0.0208 0.021 0.023

ucr = 4 kg/kg N 3.9 6.4 6 8 8 2
k0 0.0125 0.0131 0.0195 0.022 0.0215 0.022

ucr = u0 k0 0.0145 0.0145 0.0219 0.0245 0.024 0.026
K 0.00218 0.00218 0.00329 0.00368 0.00361 0.00392

There can not be seen logical relationship between the coefficient N and the
parameters of the drying process. However, the coefficient k0 of the initial
drying rate is logically correct, that is larger for higher temperature and drying
air velocity.
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Conclusions

The effect of temperature and velocity on thin-layer drying of peach slices
in a tunnel dryer was investigated. Increase in drying air temperature de-
creased the drying time. Velocity has less effect on drying rate than tempera-
ture.

The critical moisture content in drying process of peach was not identified.
The verification of theoretical models of the first and second drying period
indicates that in the drying process of peach can not take into account the first
drying period, which means that external conditions of mass exchange does not
significantly influence the process of the drying. The reason of this fact can be
quick formation on the cross-sectional area of the fruit layer of the crystallized
sugar and then the caramelization, which prevents wetting the surface by
water transported in the form of liquid from inside the fruit.

The drying process of peach occurred in the falling rate period and is
determined by internal conditions of heat and mass transfer. Full verification
of the theoretical model requires conducting apart from the empirical verifica-
tion, also the logical verification, for example the analysis and interpretation of
physical numerical coefficients in the model, therefore work needs to be
continued.
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