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Abstract
In Poland at the end of 2013 was completed implementation of the European Vertical Refrence
Frame EVRF2007 in the country. This frame is the result of twenty years of works of the
Subcommittee EUREF IAG. The paper in a condensed way describes the successive stages of
development of the EVRF2007 frame in order to allow the readers to understand its essence.
In the first part of the work are given definitions and how the EVRF2000 frame has been
implemented and then is described how the system has been improved. Then the EVRF2007 is
characterized with particular attention paid to the vertical movements of the earth crust and tidal
corrections.

Introduction
Height reference system is defined by the reference surface (geoid) and
height. If the reference surface and height depend on the Earth’s gravity field,
such system is called a physical height system. If it is not related to the gravity,
it is the geometrical height system. Normal and orthometric heights, obtained
from the levelling and gravity measurements, are typical physical height
systems.
The level surface (geoid) in respect to which the heights are defined, in
practice is defined by the mean sea level, which is estimated at one or more tide
gauge stations. The tide gauge stations of the national European height
systems are located at various seas: the Baltic Sea, the North Sea, the
Mediterranean Sea, the Black Sea and the Atlantic Ocean. Differences in mean
*
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sea levels of these seas come to several decimeters, what causes that heights in
different countries related to different surfaces differ amongst themselves.

First definition of the European Vertical Reference System
(EVRS)
In order to unify the local vertical systems in Europe, in 2000 the European
Vertical Reference System, EVRS was defined (IHDE and AUGATH 2000) as
follows:
– The vertical datum in this system is the equipotential surface for which
the Earth gravity field potential W0 is equal to the normal potential of the
mean Earth ellipsoid U0
W0 = U0 = const

(1)

– The height component is the difference ΔWP between the potential WP of
the Earth gravity field in the considered points P and the potential W0 of the
EVRS zero level. The potential difference – ΔWP is also called a geopotential
number CP and its equivalent is the normal height,
– The EVRS is a zero tidal system accordingly to the IAG Resolution.

Practical realization of the EVRF2000
The practical realization of any height system is a vertical frame (datum).
The first practical realization of the EVRS was result of the adjustment of the
UELN-95/98 network.
The starting point of the UELN-95 project was levelling data from Western
Europe so called the UELN-73 network, which was adjusted once more in
1986. Afterward the new data were included to the UELN-73 network from the
precise levelling campaigns from the Czech Republic, Hungary, Slovenia,
Poland and Slovakia also eastern part of Germany (former GDR). The UELN-95
network was then adjusted, step by step, as a nodal network of the geopotencial heights referred to the Normaal Amsterdams Peil NAP at Amsterdam
(tide) gauge (LANG, SACHER 1995, SACHER at al. 1999). A consequence of this
the geopotential number of NAP is zero:
CNAP = 0

(2)

and in practice the EVRF2000 datum is fixed through the geopotential number
and the equivalent normal height of the reference point of the UELN No.
000A2530/13600 located near to the gauge in Amsterdam (Table 1).
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Table 1
Characteristic of EVRF2000 reference point

Station name

Position
in ETRS89

UELN
number

Height in UELN 95/98

Gravity
in IGSN71

ellipsoidal
latitude and
longitude

geopotential
number in
m2s–2

normal
height in
m

in ms–2

52o 22’ 53’

7.0259

0.71599

9.81277935

Reference point
000A2530

13600

Netherlands

4o54’ 34’

Source: IHDE, AUGATH (2000)

In January 1999 the results of the adjustment of the network have been
passed on to the participating countries in the project under the name the
UELN-95/98 (Fig. 1). In addition to the results of the adjustment also report
prepared by the UELN Data Centre was handed over. It describes the
adjustment method and the manner of calculating normal heights. A year
later, after the EUREF symposium in Tromso in 2000, the realization of the
UELN-95/98 solution as the European Vertical Reference Frame (EVRF2000)
was accepted.

Fig. 1. UELN-95 network, December 1998
Source: ADAM et al. (2000).
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New definition of the European Vertical Reference System
Realization of the European Vertical Reference Frame EVRF2000 has
provided heights in Europe with the accuracy of a few decimeters. This
accuracy is satisfying only for the GIS users. In order to improvement the
EVRS system a revision of the EVRS2000 realization, conventions and parameters was made (IHDE, AUGAT 2000).
As a result of the work carried out in 2008 a new definition of the European
Vertical System named EVRS2007 was given (IHDE et al. 2008). According to
this definition EVRS is a geopotential reference system related to the Earth
gravity field and rotates with the Earth. In this system positions of points are
defined by geopotential values in relation to the reference potential and by
corresponding coordinates (X, Y, Z) defined in a Terrestrial Reference System
(TRS).
On the contrary the European Vertical Reference Frame (EVRF) is a collection of physical points with precisely determined differences of geopotential in
respect to a reference potential W0 at a defined epoch. Positions of the points
are defined by the coordinates (X, Y, Z) in a specific spatial coordinate system
attached to a Terrestrial Reference System. Therefore the EVRF is the realization of the EVRS at a defined epoch. Accordingly to this definition the
European Vertical Reference System is a kinematic height system.
Definition of this system fulfils the following conventions (IHDE at al. 2008):
– The vertical datum is equipotential surface for which the gravity potential W0 is constant, (formula (1)), and which is a potential in the level of the
Normaal Amsterdams Peil.
– The unit of length of the EVRS is the meter (SI) and the unit of time is
second (SI). This scale is consistent with the TCG time coordinate for a local
geocentric frame, in agreement to IAU and IUGG (1991) resolutions. The TCG
time is obtained by appropriate relativistic modeling.
– The height components are the differences ΔWP between the potential
WP of the Earth gravity field through the considered point P, and the
potential W0 of the EVRS conventional zero level. The potential difference
– ΔWP also is designated as the geopotential number CP. Normal heights are
equivalent with geopotential numbers, provided that the reference gravity
field is specified.
– The EVRS is a zero tidal system, in agreement with the IAG Resolutions
No. 9 and 16 adopted in Hamburg in 1983.
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Practical realization of the EVRF2007
Since the adjustment of the UELN 95/98 network in January 1999 and
adoption of this solution as the EVRF2000 a significant number of new data
have been delivered to the UELN Data Centre (SACHER et al. 2008). Between
others fourteen counties carried out new campaigns of part or entire precise
levelling networks (Fig. 2).

Fig. 2. Geographical range of the UELN network
Source: SACHER et al. (2008).

Fig. 3. The NKG2005LU model and UELN lines
Source: SACHER et al. (2008)
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Therefore Data Center had to realize a new variant of the European
Vertical System as the EVRF2007. All countries participating in this project
were asked to provide their current data. The results of measurements of
precise levelling networks gathered in the UELN Data Centre come from very
different epochs (Fig. 2). In order to refer all observations to one epoch, data
from levelling were reduced due to the vertical movements of the Earth’s crust.
These corrections were introduced only to data of Finland, Norway, Sweden,
Denmark, Germany (northern part), Poland, Lithuania, Latvia, and Estonia.
The necessary corrections to the reduction were calculated from the land uplift
model developed by (ÅGREN, SVENSSONN 2007) (Fig. 3).
The EVRF2000 vertical datum is determined by the geopotential number
and the equivalent normal height of the reference point no 000A2530
(Tab. 1). Because this point is not included in the current levelling network
of the Netherlands, therefore in new EVRF realization it could not be taken
into account (no longer available) as a datum point. In order to keep
in Europe the level of the EVRF2000 datum, the new UELN adjustment
was fitted to the EVRF2000 solution by selecting several fixed points
and introducing them in the new adjustment. This was realized by introducing the following condition:
n

Σ(C
i=1

Pi2007

– (CPi2000) = 0

(3)

The chosen points should be on the stable part of the European plate. In
December 2006, all the participating countries in the UELN project were asked
for proposals for reference points in order to proper adjustment of the network.
Figure 4 presents the positions of proposed reference points.
Then several variants of adjustment of the network were performed with
different selections of data sets of reference points. Change in heights caused
by different reference points was from 1 to 5 mm. In the final adjustment were
only used 13 of 20 proposed reference points. Seven points were rejected for
a variety of reasons.
For example, the Netherlands had proposed three reference points from
which one has changed height considerably in comparison to the EVRF2000
solution. United Kingdom proposed two reference points but finally they were
not used in adjustment, because the country is located on the island and is
connected to the continental network only by one uncertain levelling line.
After a planned inclusion a levelling line through the tunnel, significant height
variations in these reference points are to be expected. There was a similar
problem with the reference points of France, Spain and Portugal. After
Technical Sciences
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Fig. 4. Proposed and used reference points
Source: SACHER et al. (2008).

including the new data from these countries, variations in the reference points
could be large and therefore also these proposed reference points have been
rejected.

Influence of tidal corrections on reference level
In the formula (3) which is the condition which should be included into the
new adjustment of the levelling network a system of tidal corrections must be
Technical Sciences
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specified. In the new UELN adjustment consisting of geopotential differences
it was assumed that the zero tidal system was used.
Despite the fact that the system EVRS2000 is also defined as a zero-tide
system, mostly data that have been used in UELN-95/98 adjustment were not
reduced for tidal effects, and therefore adjusted geopotential numbers C95/98
referred approximately to mean tidal system. This means that the geopotential
numbers of reference benchmarks, on which is based the adjustment of
EVRF2007, are related to mean tidal system.
A separate problem is the tidal system of the NAP datum in EVRF2007. It
could be concluded that since the NAP originally was determined from
observations of the mean sea level (the mean high tide at Amsterdam in 1684),
the reference level of the EVRF2007 defined by the NAP should relate to
a mean-tide system. On the other hand EVRS2007 is defined as a zero tidal
system which implies that its NAP datum should be in zero tide system. As the
authors of the vertical system intend to keep the numerical values of the bench
marks in EVRF2007 as close as possible to the EVRF2000, therefore adopted
NAP datum should be in zero tide system. The condition for datum of the
height reference frame can be written in the following form:
n

Σ [C

Pi 2007

– (CPi95/98 + W2(ϕPi) – W2(ϕNAP))] = 0

(4)

i=1

where CPi95/98 is the geopotential number of the EVRF2007 reference point Pi
adopted for calculation of EVRF2007, W2(ϕPi) is its correction from the mean
tide system to the zero tide system, a W2(ϕNAP) is the same type correction but
for reference point 000A2530 in EVRF2000.

Reference ellipsoid and normal gravity field
EVRS2007 system is defined by the gravity potential and geopotential
numbers determined by results of levelling and measured gravity accelerations. None of these quantities depend on the size of the reference ellipsoid and
the reference ellipsoid is not part of the definition of EVRS, as long as we are
dealing with geopotential numbers.
However, to convert the geopotential numbers into normal heights, it is
necessary a normal gravity field and geodetic latitude. For this reason normal
gravity field of the GRS80 ellipsoid is adopted. Normal gravity at the ellipsoid
GRS80 is computed from (MORITZ 1980):
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γ 0 = 9.7803267715

(

1 + 0.0052790414 sin2 ϕ + 0.0000232718 sin4 ϕ
+ 0.0000001262 sin6 ϕ + 0.0000000007 sin8 ϕ

)

(5)

where ϕ is the geodetic latitude in ETRS89.
N

The normal height HP is computed from:

N

HP =

CP
γ̄

(6)

where γ̄ is the average value of normal acceleration along the line of the
vertical between the GRS80 ellipsoid and the telluroid. The mean value of the
normal gravity is calculated from the formula:

(

γ̄ = γ 0 1 – (1 + f + m – 2f sin2 ϕ)

H
H2
+ 2
a
a

)

(7)

where H is the approximate height the point P.

Tidal corrections
The EVRS involves both geopotential and geometric quantities (station
position). Therefore their variations in time, caused by geodynamical phenomena such as tides of solid earth and ocean have significant impact on the EVRS.
The IERS Convention (MCCARTHY and PÉTTIT 2003) defines exactly the size of
both positions and geopotential and there is no need to duplicate it for the
purpose of EVRS. One particular aspect has to be carefully considered, namely
the treatment of the permanent tide.
The gravitational forces of the Moon and Sun cause tides not only seas and
oceans but also the Earth’s crust. The value of tide changes over time so there
are diurnal, semi-diurnal or long period tides. It turns out that the average
value of tides measured over a long period of time is not equals to zero. This
average unchangeable in time value is called permanent tide. Because the
permanent tide is larger at the Equator and smaller in the polar areas this
causes additional slight flattening of the Earth.
Tides change the gravity acceleration of the Earth and affect the position of
the geoid. Therefore, the definitions of geodetic coordinate systems, heights
and gravity systems should take into account the tidal effects.
Technical Sciences
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The existence of a permanent tide causes complications when defining how
to take account tidal corrections in measured gravity acceleration in precise
levelling and GNSS observations. There are known different ways of handling
the permanent tide in these observations (EKMAN 1989) which leads to the nontidal, mean and zero tidal corrections (MÄKINEN 2008).
In the non-tidal system, from gravity field the tidal potential variable in
time and the permanent tidal potential are removed. The results that so
improved gravity acceleration does not coincide to its mean value and geoid
computed from such gravity data does not coincide with the mean sea level.
Therefore Honkasalo proposed that the permanent tide should be restored to
characteristics of the gravity field of the Earth. This approach has led to the
concept of the mean tidal system and mean gravity and mean geoid.
Another approach is a zero tidal system. This system refers to the situation
when characteristics of gravity field generating by the Sun and the Moon are
eliminated and deformation of the earth crust caused by permanent tide is
retained.
Resolution No 16 of the International Association of Geodesy recommends
to use in the positioning systems, gravity and precise levelling zero tidal system
to determine tidal corrections.
In the next chapter will be raised three issues. The first issue is about
numerical values for the permanent tide, the second is about obtaining
geopotential differences in zero-tide system from the mixed tidal systems of
levelling in the UELN data and the last one is considering the fact that
coordinates in the ETRS89 and ITRFxx gives the (conventional) tide-free
position.

Numerical values for the permanent tide
The formula limited to the second degree of the development of the tidal
potential in a series of spherical harmonics is:
2

W2 = B

()

2

()(

r
r
P2(sin ϕ) = B
R
R

)

2

( )(

1
3
r
sin2 ϕ –
=A
2
2
a

sin2 ϕ –

)

1
3

(8)

where r, ϕ are the geocentric radius and latitude, R is a scaling factor for
distance, the coefficients A and B depend on the chose of R, and P2( ) is the
second-degree Legendre polynomial and a is a semi-major axis of ellipsoid
GRS80.
IERS convention of 2003 (MCCARTHY, PÉTIT 2003, section 7.1.3) says that
the amplitude of W2 Cartwright-Tayler-Edden normalization is 0.31460 m
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(as the symbol H0). Transforming it into the formula above and using the
parameters given in the Section 6.5 of paper (MCCARTHY, PÉTIT 2003) we have:
W2 = A

2

( )(
r
a

sin2 ϕ –

)

1
3

(9)

which gives A = –2.9166 m2s–2.
The value H0 = 0.31460 given in the IERS Conventions and used to
determine the coefficient A refers to the epoch 2000.0. The Conventions does
not provide any change of this magnitude over time. Recently obtained
a high-accuracy tidal expansion (KUDRYATSEV 2004) gives the coefficient A in
the epoch 2000.0 slightly different than in the Convention. The difference is
less than 0.0001 m2s–2 and the change this ratio is –0.0009 m2s–2 /century.
For the GRS80 ellipsoid there is a practical formula for W2 as a function of
geodetic latitude ϕ and height above ellipsoid h:
W2(ϕ, h) = (1 + 0.31 · 10–6m–1h)(0.9722 – 2.8841 sin2 ϕ – 0.0195 sin4 ϕ) [m2s–2]
(10)
where h is the height above the ellipsoid. In order to make practical use of the
equation (10) in the EVRS we can neglect the impact of topography expressed
by h and then this formula has the form:
W2(ϕ) = 0.9722 – 2.8841 sin2 ϕ – 0.0195 sin4 ϕ [m2s–2]

(11)

Error due to negligence of height h is less than 0.001 m2s–2. Equation (11)
determines the permanent tide-generating potential. Because geopotential
numbers have the opposite sign than potential differences, thus equation (11)
is the value that should be added to the geopotential numbers in the mean tidal
system to obtain geopotential numbers in the zero tidal system.
In the case of normal height W2(ϕ)/γ0(ϕ) should be calculated where γ (ϕ) is
normal gravity on the ellipsoid GRS80.

H2(ϕ) = W2(ϕ)/γ0(ϕ) = +99.40 – 295.41 sin2 ϕ – 0.42 sin4 ϕ [mm]

(12)

Equation (12) gives the values that should be added to normal heights in
the mean tidal system in order to obtain normal heights in zero tidal system. In
this case, this should not be a normal acceleration on ellipsoid but the mean
normal acceleration along the plumb line (7).
Technical Sciences
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In the case of point P at 5 km elevation, using directly the formula (12)
instead converting the geopotential numbers from one system to the other and
then converting these numbers to normal heights, gives the error no greater
than 0.15 mm (IHDE et al. 2008).

The permanent tide in 3-D coordinates calculated using
IERS Conventions
Typically the 3-D position of a bench mark computed from GSNN observations is in a tide-free system. It serves to compute potential values from
geopotential models. Contrary the potential values from spirit levelling and
gravity measurements are in zero-tide system. In order to obtain both potential values in the same tidal system the 3-D coordinates have to be transform
into zero-tide system. For this reason, a suitable correction must be added to
these coordinates to change them in the mean-tide system. The correction
which has to be added to these coordinates in non-tidal system depends on how
they were entered in the past. There are minor differences in the tidal
correction proposed by the IERS various Conventions published in 1992, 1996
and 2003.
Corrections due to the mean tide (IERS, 2003, Convention) are given to the
nearest 0.1 mm. Authors (IHDE et al. 2008) have recalculated these corrections
with higher accuracy and have received the following formula:

Δr̂ = {[–120.61+0.12P2(sin ϕ)]P2(sin ϕ)}r̂+{[–25.21–0.06P2(sin ϕ)]sin 2ϕ}n̂
(13)
where r̂ is the unit vector from the geocenter to the point on the surface of the
Earth, n̂ is the unit vector, ϕ is the geocentric latitude, a P2(.) is the seconddegree Legendre polynomial.
For further calculations we need the projection of the vector Δr in equation
(13) onto the ellipsoidal normal. Near the surface of the ellipsoid GRS80 we
have
hT(ϕ) = 60.34 – 179.01 sin2 ϕ – 1.824

(14)

Definition of the EVRS2000 system which says that the EVRS is a zero tidal
system, in agreement with the IAG resolutions, this part of the definition was
not completely realized until now. To the data computed by the UELN center
there were not applied reductions because of the permanent tides. The
Technical Sciences
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countries participating in the project provided data in different tidal systems,
therefore it was assumed that the EVRS2000 is a mixed system. It is now
known that it is mostly mean-tide system.
In 2004, within the framework of the project of the Geodetic Information
and Service System CRS (SACHER et al. 2005) to all European countries, was
sent a questionnaire on national height systems. There was also a question
about the tidal system of these national heights. Most of the countries
responded that their height systems are in the mean tidal system. Some
countries that have used other national systems provided data in required by
UELN tidal system (the Netherlands and Scandinavia). Poland and Denmark
delivered a new data in the non-tidal system to the UELN data center. There
is, however, no information about the tidal system from Italy. It can be
assumed that the data of Czech Republic and Latvia are in the mean tidal
system because these countries have participated, in the late seventies, in the
common adjustment of the East European countries in that system. It can be
also expected that the data from Bosnia-Herzegovina, Croatia are in the same
tidal system, since they come from a common network of the former Yugoslavia.
In order to realize the EVRS definition concerning the tidal system, in the
measuring table of the UELN data base, there was created an additional
column which shows the geopotential difference in the zero tidal system. To
solve the problem of the reduction of the reference points, in a first step their
geopotential numbers were corrected by following correction to move them
from the mean-tide system to the zero-tide system (MÄKINEN 2008):

Δ = –0.2884 sin2 ϕ – 0.00195 sin4 ϕ + 0.09722 kgal m

(15)

The result of the applied treatment were a value ranged between -0.030
(Italy) and -0.108 kgal · m (Denmark). In order to minimize the differences to
the EVRF2000 solution also was added the constant value +0.08432 kgal · m
which is the value of the tidal correction of point 13600 (000A2530) with
opposite sign.
This is equivalent to the assumption that the level of reference of the NAP
is EVRF2000 zero tidal system in accordance with the definition of EVRS2000
(IHDE et al. 2008). Figure 6 shows the differences in the adjusted geopotential
numbers in EVRF2007 and in the EVRF2000.
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Fig. 5. Differences between EVRF2007 and EVRF2000
Souce: SACHER et al. (2008).

Characteristics of adjusted parameters
The vertical datum of EVRF2007 is realized on the basis of 13 reference
points and their location is presented in Figure 4. The geopotential numbers of
these points from the EVRF2000 and reduced to the zero tidal system
adjustment by following formula (EKMAN 1989, MÄKINEN 2008):

C 2007 – C95/98 – 0.2884 sin2 ϕ – 0.00195 sin4 ϕ + 0.09722 + 0.08432 [kgal m]
(16)
served for independent adjustment.
Differences of geopotential numbers were reduced to zero-tide system
using the formula:

ΔCZ = ΔCM – 0.2884 (sin2 ϕ2 – sin2 ϕ1) ] 0.00195 (sin4 ϕ2 – sin4 ϕ2) [kgal m]
(17)
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and referred to the epoch 2000 through the use of the land uplift model
NKG2005LU. This was data from Poland, Finland, Norway, Sweden, Denmark, Germany, Lithuania, Latvia and Estonia.
Table 2 shows the comparison of the parameters obtained from the
EVRF2000 and EVRF2007 adjustment while.
Table 1
Characteristics of parameters of the adjustment
Parameter
Number of reference points:

EVRF2000

EVRF2007

1

13

Number of unknowns:

3063

8133

Number of measurements:

4263

10568

Number of condition equations:

0

1

Degrees of freedom:

1200

2436

A-posteriori standard deviation referred to 1 km levelling distance in
[kgal · mm]:

1.10

1.12

Mean value of the standard deviation of the adjusted geopotential
numbers (=∧ heights), [kgal mm]:

19.6

16.2

Average redundancy:

0.281

0.231

Source: SACHER et al. (2008)

Fig. 6. Standard deviations for EVRF2007 derived for each country on the basis of the separate
groups of observations in kgal · mm

From Figure 6 it follows that the accuracy of precise levelling network
measured in Poland between 1999–2001 is high and is characterized by mean
error 0.88 kgal · mm (~ 0.88 mm) and in terms of accuracy is as good as
accuracy of networks from the Netherlands, Denmark, Germany and
Lithuania.
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The results of evaluation of EVRS
Just before the EUREF Symposium in Brussels in 2008 preliminary results
of the network adjustment with the report were passed on to the countries
participating in the project. Since then there was no an agreement on the
exchange of data between the countries, therefore, each of the countries
received only his own part of adjustment of levelling network. Representatives
most of the countries taking part in the UELN during this symposium agreed
to exchange the full results with each other.
Each country received two files saved in Excel spreadsheet. The first one
contained data with reference points i.e. number of internal identification in
the country, adjusted geopotential numbers and normal heights and their
standard deviation. The second file contained survey data at the beginning and
end point of the measured line, weight, correction, standardized correction,
redundancy number, adjusted geopotential differences and their standard
deviations. The files also contain the end points of border connections with
neighboring country.
Finally, at the EUREF Symposium June 2008, the EVRF2007 was adopted
as new realization of the EVRS. Resolution No. 3 suggested to the European
Commission adoption of EVRF2007 as a vertical reference for pan-European
geoinformation systems.
After the presentation of the preliminary results of the adjustment, some
minor updated data from Norway as well as some additional measurements
related to the EUVN–DA project were included. The final results of the
EVRF2007 were delivered to all participating countries in UELN project in
autumn 2008.
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Abstract
The article presents the results of reinforced concrete beams modeling under short-term loading
with the use of the ANSYS Mechanical software. The obtained parameters were compared with the
experimental ones. The comparison showed a satisfactory concordance of the parameters. In case of
the discrepancies, the authors suggest that they are due to the idealization of material properties and
structural model of the finite method. The paper is divided into the following chapters: Introduction,
Literature Review, Research Significance, Element Types, Real Constants, Material Properties
Modeling, Geometric Modeling, Loads and Boundary Conditions, Cracking and Failure and Conclusions. Each of the five conclusions in the last chapter offers a summary of the presented
experimental research.

Introduction
Frequently, providing required load bearing capacity of reinforced concrete
beams support areas under complexstress-deformed state is a design driver.
Nevertheless, behavior and response of these structure elements in case of
high level loads (est. (0.7 – 0.9 Vult) still remain underexplored. That is why,
systematic experimental and theoretical research aimed at improvement of the
existing and development of modern computational models of support areas in
reinforced concrete elements is of essential importance. Various methods have
been used to study the response of structural components. Natural experi*
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ments, while producing real time response, are extremely time consuming and
quite costly. As for calculation methods, we must mention, that despite all
theirefforts (and first of all, price), it is rather unsafe to use them alone for
investigation at load levels near 0.9 of ultimate load. Thus, using FEA, such as
MacroFe, Ansys, along with natural experiments,is one of the most effective
ways to do this task.
In the design of frame concrete structures, it is very important to construct
support areas properly. Their combined stress-deformed state makes this task
rather difficult. The most common methods used for computational support
areas are based on analogies or statistic data and do not describe the real
behavior fully.
The aim of this experimental research is to study combinedstress-deformed
state of reinforced concrete beams support areas using finite element modeling
with ANSYS Mechanical. Authors intended to investigate possibility of
modeling the multifactor experiment, and, at the same time, to focus on the
behavior of RC beams support areas, shear cracking, stress distribution in
shear and longitude reinforcement under short-term loading.

Material and methods
The data presented herein are basis for the five-factor three-level experimental investigation of reinforced concrete beams support areas under steady
loading. Full-sized Hartley-5-type experiment plan includes 27 series. Due to
Table 1
Plan of experiment
Natural values of the factors
Series N

a/h0

C, MPa

Shear reinf. at
support sect. [%]

17

3

C20/25

0.0029 (2Ø4 mm)

0.0176 (2Ø14 mm)

0.0090 (2Ø10 mm)

18

1

C20/25

0.0029 (2Ø4 mm)

0.0176 (2Ø14 mm)

0.0090 (2Ø10 mm)

19

2

C30/35

0.0029 (2Ø4 mm)

0.0176 (2Ø14 mm)

0.0090 (2Ø10 mm)

20

2

C12/15

0.0029 (2Ø4 mm)

0.0176 (2Ø14 mm)

0.0090 (2Ø10 mm)

21

2

C20/25

0.0045 (2Ø5 mm)

0.0176 (2Ø14 mm)

0.0090 (2Ø10 mm)

22

2

C20/25

0.0016 (2Ø3 mm)

0.0176 (2Ø14 mm)

0.0090 (2Ø10 mm)

23

2

C20/25

0.0029 (2Ø4 mm)

0.0230 (2Ø16 mm)

0.0090 (2Ø10 mm)

24

2

C20/25

0.0029 (2Ø4 mm)

0.0129 (2Ø12 mm)

0.0090 (2Ø10 mm)

25

2

C20/25

0.0029 (2Ø4 mm)

0.0176 (2Ø14 mm)

0.0129 (2Ø12 mm)

26

2

C20/25

0.0029 (2Ø4 mm)

0.0176 (2Ø14 mm)

0.0058 (2Ø8 mm)

27

2

C20/25

0.0029 (2Ø4 mm)

0.0176 (2Ø14 mm)

0.0090 (2Ø10 mm)
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Fig. 1. Beam design: a – 18 series, b – 19–27 series, c – 17 series

considerable complexity of the long-time experiment we decided to use series
from 17 to 27 with only one factor variation at one series. Beams of all series
are designed to getdestroyedalong support areas. Experimental plan with
a description ofexperimental factors and variation levels is shown in Table 1.
Construction scheme of authors’ experimental RC beam (DOROFEYEV et al.
2010, 2012) used as calibration model is shown in Figure 1. Simplified scheme
that was used to simulate the experimental beam is shown in Figure 2.
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Fig. 2. Model design andstrain gauge transducer scheme: a – 18 series, b – 19–27 series, c – 17 series

The element types for this model are shown in Table 2. The Solid 65
element was used to model the concrete. This element is capable of plastic
deformation, cracking in three orthogonal directions, crushing, creep and
shrinkage. A Solid 45 element was used for steel load plates and supports of the
beam. Both these elements have eight nodes with three degrees of freedom at
each node. A Link8 element was used to model steel reinforcement. This is 3D
spar element and it has two nodes with three degrees of freedom. Also, it is
capable of plastic deformation.
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Table 2
Elements and real constants used for model
No

Purpose

1

2

3

4

Element type

concrete

solid 65

bottom longitude reinforcement

top longtitudereinforcement

shear reinf. in pure flexure zones

Real constants
rebar direction

x

y

z

reinf. material

0

0

0

ρ, %

0

0

0

orient. angle

0

0

0

orient. angle

0

0

0

cross-sect. area [m2]

link 8

initial strain

0

cross-sect. area [m2]

link 8

lnitial strain

initial strain

shear reinf. in support areas

cross-sect. area [m ]

link 8

initial strain

0.2827E-4
0

2

5

0.785E-4
0

cross-sect. area [m2]

link 8

1.702E-4

0.1257E-4
0

Real constants for this model are shown in Table 2. Solid 65 elements
requireconstants for rebar assuming a smeared model. In that case, valuesfor
Material Number (refers to material model), Volume Ratio and Orientation
Angles should be set. Value of zero isentered for all real constants, because
discrete reinforcement model is used. For shear, top and bottom reinforcement
cross sectional areas and initial strain are defined.
Parameters needed to define material models are shown in Table 3.
Complex material model for each element is needed (ANSYS theory reference).
The Solid 65 element requires linear isotropic and multilinear isotropic
material properties to properly model concrete. The multi-linearisotropic
material uses the vonMises failure criterion along with Willam and Warnke
model (WILLAM, WARNKE 1974). Modulusof elasticity and Poisson’s ratio were
assumed according to C20/25 concrete properties. The uniaxial compressive
stress-strain relationship for the concrete was obtained using the following
equations (DBN – V.2.6-98:2009) with parameters for C20/25 concrete:

σc = f(ck)

5

Σa
k=1

k

ε
εbR

( )

k

(1)

where
f(ck) – design value of concrete compressive strength;
ak – the coefficients of the polynomial depending on the parameters, which
are used to describe the stress-strain curve;
ε
– concrete strain deformation;
εbR – concrete strain deformation corresponding to the maximum stress
value.
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Table 3
Material models

Material No

Material

Element
type

Material properties
linear isotropic
Ex, MPa

3×104

Vxy

0.2
multilinear isotropic

1

concrete

solid 65

point num.

ε

σ, MPa

1

0.000246

7.65

2

0.000492

15.3

3

0.00102

19.3

4

0.00181

25.2

5

0.00324

13.2

6

0.00420

5.10

concrete

2

support and
load plates

const1

1

const2

0.9

const3

0.9

const4

51.0

const5

-1

linear isotropic
solid 45

Ex, MPa

2×105

vxy

0.3
linear isotropic

Ex, MPa

2×105

vxy
3

longitude
reinf.

0.3
multilinear isotropic

link 8
point num.

ε

1

0.00125

250

2

0.0025

495

0.025

500

3

σ, MPa

linear isotropic

4

shear reinf.
in pure
flexure zones

link 8

Ex, Mpa

2×105

vxy

0.3

bilinear isotropic
yield stress

240

tang mod.

145

linear isotropic

5

shear reinf.
in support
areas
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Implementation of Willam and Warnke concrete model requires nine
constants to be defined:
1. Shear transfer coefficients for an open crack.
2. Shear transfer coefficients for a closed crack.
3. Uniaxial tensile cracking stress.
4. Uniaxial crushing stress (positive).
5. Biaxial crushing stress (positive).
6. Ambient hydrostatic stress state for use with constants 7 and 8.
7. Biaxial crushing stress (positive) under the ambient hydrostatic stress
state.
8. Uniaxial crushing stress (positive) under the ambient hydrostatic stress
state.
9. Stiffness multiplier for cracked tensile condition.
Concrete failure surface is described with the following equation
1
τa
1 σa
+
=1
r(Θ) fcu
z fcu
where:
–
fcu
z
–
δa, τa –
Θ
–
r(Θ) –

(2)

uniaxial compressive strength;
apex of the surface;
average stress components;
lode angle;
quantity, which indicates the locus of the boundary of the stress
surface in the deviatoric stress plane.

The reinforcement elements require linear isotropic andmultilinearisotropic material models to be defined. Material of steel load plates and supports
of the beam requires only linear isotropic material model.
Concrete, load plates and support element were modeled using volume
elements. And the reinforcement was modeled using spar elements. Experimental beam hadtwo symmetry planes and therefore only one quarter of the
beam was modeled. Finite element model of concrete and reinforcement with
mesh size of 1 cm are shown in Figure 3.
Displacement boundary conditions must be set to constrain the model. To
model the symmetry, nodes on the plane must be constrained in the perpendicular direction (UX = 0 and UZ = 0 constraints). The support was modeled
in such a way that a roller was created. A constraint in the UY and UZ (applied
as constant values of 0) directions was given to the single line of nodes on the
plate. The one tenth of the actual force, F, applied across its centerline at the
each node. Main calculation parameters are shown in Table 4.
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Fig. 3. Mesh of the whole beam (a) mesh of the reinforcement (b)
Table 4
Calculation options
Main parameters
Analysis type

Static

Displacement control

big displ.

Prestress effects

off

Time at the end of loadstep

P

Number of substeps

106

Automatic time stepping

on

Nonlinear alghoritm and convergence criteria parameters
Line search

on

Equiv. Plasric strain

1.0

Full Newton-Rapson option with unsym. matrices

on

Maximum number of iterations

10

Element from control

off

Checking elements

No

Convergence criteria

forces

Tolerance

0.5

Results and Discussion
Crack modeling along with cracking of experimental beam for the most
characteristic stages of loading is shown in Figure 4. Ultimate, normal and
inclined cracking loads for beam series (17-27) obtained both from natural
experiment and modeling using ANSYS are shown in Table 5. We must state,
firstly, that cracking load for the model is smaller than for experimental beam;
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secondly, that cracks in the model develop more intensively, due to cracking
criteria used in Willam-Warnke model. Experiment results indicate that
cracking process, both in a simulated beam and corresponding experimental
one, begins from the pure flexure zone at the load level close to 0.3 Vult. Inclined
cracks appear in the support areas later, at the loads about. This process is
significantly affected by concrete class, percentage of transversal and longitude
reinforcement.
Comparing whole cracking pattern in model and experimental beam at the
load about 0.8 Vult we must state their similarity, as well as equal crack heights.
Figures 5 and 6 show the experimental values of midspan deflections and
longitude reinforcement deformations of the series 22 and the results of their
simulations, where 22–1(1) means “22 series, 1st beam, left side of experimen-

Fig. 4. Modeling of crack at load levels: 0.3 Vult (a), 0.8 Vult (b); appearance and crack opening in the
experimental sample (c)
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tal beam” and 22–1(2) means “22 series, 1st beam, right side of experimental
beam” respectively. It is obvious, that up to, congruence is more than satisfactory. Further increasing discrepancy is due to method limitations.
Table 5
Failure and cracking loads
Model

Experiment

Series

Vult
[kN]

M(cr)
(normal cracks
at pureflexure
zone) [kNm]

F(cr)
(inclined cracks
at the support
area) [kN]

Vult
[kN]

M(cr)
(normal cracks
at pureflexure
zone) [kNm]

F(cr)
(inclined cracks
at the support
area) [kN]

0–17

147

18

20

140

20

30

0–18

60

46

50

64

50

70

0–19

120

26

27

116

27

65

0–20

75

15

28

72

28

45

0–21

86

25

33

96

33

48

0–22

81

22

32

82

32

40

0–23

96

25

33

100

33

48

0–24

65

21

26

72

26

48

0–25

86

25

30

89

30

48

0–26

86

23

30

84

30

40

0–27

86

23

30

86

30

48

Fig. 5. Calculated and experimental values of beam midspan deflections

Technical Sciences

17(2)2014

115

Modeling of the Stress-Deformed State...

Fig. 6. Calculated and experimental strain values in bottom rebar sat mid span

Fig. 7. Calculated and experimental stress values in top reinforcement near the load plate (at the end
of support area)
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Calculated values of longitude reinforcement stresses along with modeled
values are shown in Figures 7–10. Experimental values have been obtained
byprocessing the strain gauge transducer chain data, located on bottom and
top longitude reinforcement both in pure flexure zone and support areas. It is
fair to say that, in total, congruence of experimental and modeled stressdeformed state of top reinforcement is stable (Fig. 6 and 7).

Fig. 8. Calculated and experimental stress values in top reinforcement in pure flexure zone

Fig. 9. Calculated and experimental stress values in bottom reinforcement near the support hinge
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Fig. 10. Calculated and experimental stress values in bottom reinforcement at apoint located at
a distance of 9 cm from the support (at the mouth of the critical inclined crack)

As for bottom reinforcement, they differ more significantly. In a greater
degree this concerns pure flexure zone on loading, which is close to failure. Under
these load levels cracking process in model is like an avalanche, leading to
substantial strain growth. To a smaller extent it concerns bottom reinforcement
in support areas, although model strain rate is biggerthan in natural beams. And,
vice versa, modeled top reinforcement strain is less than experimental ones.
Stressed state of shear reinforcement was studied according to scheme,
shown in Figure 11. Relations between load and modelled stresses in shear
reinforcement bars in the support areas are shown in Figures 12, 13, 14.

Fig. 11. Characteristic points of the shear reinforcement in the bars A, B, C in the support areas,
D, E – in pure flexure zone
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Fig. 12. Force-stress graph for the charecteristic points of the rebar A

Fig. 13. Force-stress graph for the charecteristic points of the rebar B
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Fig. 14. Force-stress graph for the charecteristic points of the rebar C

As we can see, results shown in Figure 12, indicate that stresses in shear
rebar A are unevenly distributed.Initially, the lowest point 1 is “turned on”,
then point 2, etc. Stresses in 5th point begin to grow sugnificantly only with
load level about 0.75 Vult. The most stressed point in A shear rebar is point 2. At
load level about 0.80 Vult, stresses in that point reach the yield strength. Point
1 is the second most stressed point, point 3 – the third one – its stresses reach
yield strength at the time of failure.
Shear rebar B, which is located near midspan (Figure 13), is the most heavily
loaded, as stresses reach yield strength in 3 of 5 of his characteristic points. It
should be noted, that in these points stresses reach yield strength at load level
about. Ultimate stresses in points 1, 2 reaches only 30 and 140 MPa respectively.
Shear reinforcement bar C, adjacent to the pure flexure zone, is the least
loaded. Almost the entire height (points 1, 2, 3) stresses in their points are less
than 50 MPa. Point 4 stress reaches 200 MPa. The most heavily loaded point in
this rebar is point 5 (380 MPa), which is very close to the yield point. Modeling
results which are shown in Figures 12–14, allow to indicate the direction and
area of probable cracks occurrence (Figure 15). In order to do that we can draw
a line across points in shear bars where stresses reach ultimate values. Cracking
in the support area of experimental beam along with the first principal strain
color map is shown in Figure 16. The results presented here indicate that
modeled crack patterns practically coincide with the experimental ones.
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Fig. 15. Cracking and failure of experimental beam support area

Fig. 16. Cracking in the support area along with the first principal strain color map

Conclusions
1. Failure mechanism modeling using FEA Ansys shows reliable results
while received failure load is very close to experimental.
2. Modeled cracking load is also close to experimental. At the same time, it
should be noted that cracking pattern in model is rather simplified compared to
natural beams and crack growth rate in model is greater than in experimental
beam due to restrictions of Willam-Warnke concrete model used in Ansys.
3. Modeled deflections and strains are almost the same as the experimental
ones up to.
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4. The stresses in top and bottom reinforcement bars received through
modeling showed very good agreement and confirmed by direct measurements,
actual cracking process in the test beams, as well as other experimental
parameters. Discrepancies are due to the idealization of material properties and
structural model of the finite element method.
5. Modeling of shear reinforcement provided that good agreementaccording
to other parameters of stress-deformedstate can provide valuable data on the
growth and change in the pattern of stresses in the shear reinforcement bars,
which are difficult to get with a direct experiment. These data are indirectly
confirmed as the development of the main crack in the experimental beam.
6. Modeling of the stress-deformed state of researched elements using FEA
ANSYS unlike other approved local software systems (in particular, “Lyra”,
“SCAD”, “Monomakh”) gives an opportunity to predict the formation and
development of both normal and inclined cracks on support areas of bending
elements, and the possible mechanism of their failure.
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Abstract
Selected physical attributes of European larch seeds harvested from 2 seed plantations and
2 commercial seed stands in north-eastern Poland were determined. The physical properties of seeds
were measured, and the results were used to calculate indicators of seed weight and the frictional and
geometric properties of seeds. Physical attributes and indicators were compared by Student’s t-test
for independent samples, analysis of variance, correlation analysis and linear regression analysis.
The average values of physical properties and indicators were determined at: critical transport
velocity – from 5.93 to 6.13 m · s–1, thickness – from 1.25 to 1.43 mm, width – from 2.29 to 2.71 mm,
length – from 3.71 to 4.57 mm, angle of sliding friction – from 27.85 to 31.98o, weight – from 4.03 to
6.14 mg, coefficient of sliding friction – from 0.54 to 0.63, arithmetic mean diameter – from 2.42 to
2.90 mm, geometric mean diameter – from 2.20 to 2.60 mm, aspect ratio – from 59.60 to 62.38%,
sphericity index – from 57.27 to 59.40%, specific weight – from 1.81 to 2.33 g · m–1, volume – from 4.60
to 7.59 mm3 and density – from 0.82 to 0.91 g · cm–3. The material harvested in seed plantations
differed from seeds from commercial seed stands in all parameters, excluding critical transport
velocity. Seed weight was most correlated with the remaining parameters. The highest value of the
correlation coefficient and the equation with the highest value of the coefficient of determination
were reported for the dependence between seed weight and seed length. Seed weight was also
relatively highly correlated with seed width, therefore, the use of mesh screens with round openings
and/or cylindrical grain graders is recommended in seed sorting processes.
Symbols:
Da – arithmetic mean diameter, mm,
Dg – geometric mean diameter, mm,
m – seed weight, mg,
mD – specific seed weight, g · m–1,
*
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R – aspect ratio, %,
SD – standard deviation of trait,
T, W, L – seeds thickness, width and length, mm,
v – critical transport velocity of seeds, m · s–1,
V – seed volume, mm3,
x – average value of trait,
xmax, xmin – maximum and minimum value of trait,
γ – angle of static friction of seeds on steel, o,
μ – coefficient of static friction of seeds on steel,
ρ – seed density, g · cm–3,
Φ – sphericity index, %.

Introduction
Larch is a deciduous conifer that differs from other members of the pine
family in that it sheds its needles in winter. The European larch (Larix decidua
Mill.) is well adapted to the continental climate. In Poland, the optimal habitat
for the species is found in the High Tatra Mountains. The European larch
occurs sporadically in all Polish regions, mostly in artificial stands. The
European larch and other larch species occupy approximately 2% of total forest
area in Poland. The European larch is one of the most light-demanding trees of
the temperate climate. The taxon has medium soil requirements, and it thrives
on deep and medium-compact soils. The European larch grows best on soils
with moderate moisture content and does not tolerate significant fluctuations
in soil moisture (MURAT 2002, PUCHNIARSKI 2008, JAWORSKI 2011).
The European larch is a fast-growing species that can reach the height of
4.5 m already at the age of 5 years. The increase in height ends at the age of
15–25 years. Seeds can be harvested already from 15-year-old trees that grow
in open spaces, whereas dense stands begin to produce seeds at the age of
around 30 years. High seed yields are noted every 2–3 years or even every
6 years. Seeds mature in October-November, and cones are harvested between
November and February before they release seeds (ZAŁĘSKI 1995, MURAT 2002,
JAWORSKI 2011). In the natural habitat, seeds are released from the cone after
repeated bending and flexing of the scales, and in extraction plants, seeds are
removed from cones by a combination of thermal and mechanical extraction
methods (ZAŁĘSKI 1995, ANISZEWSKA 2009, 2010). European larch seeds with
moisture content of around 7% are suitable for short-term storage, but the
moisture content of material intended for longer storage has to be further
reduced (ZAŁĘSKI 1995).
European larch seeds do not require pre-sowing treatment, but soaking in
water improves seed germination (ZAŁĘSKI 1995). According to the literature,
(MIKOLA 1980, SABOR 1984, BONFIL 1998, CASTRO 1999, SEIWA 2000, KHAN,
SHANKAR 2001, KHAN 2004, PARKER et al. 2006, SHANKAR 2006, QUERO et al.
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2007, CASTRO et al. 2008, BURACZYK 2010), seed weight is one of the main
physical properties that affect germination efficiency of most seed species.
Seeds are difficult to sort based on this attribute. The correlations among seed
weight and other physical properties were analyzed in this study, and the
results were used to plan seed sorting processes.
The objective of this study was to determine the variations in and the
correlations among the physical properties and the calculated indicators of
European larch seeds obtained from seed plantations and commercial seed
plants to increase the efficiency of seed sorting processes.

Materials and Methods
The experimental material comprised four batches of European larch from
seed extraction plants in Jedwabno and Ruciane-Nida. Seeds were harvested in
2010 from selected seed stands and seed plantations in two forest regions of
north-eastern Poland. The analyzed batches were harvested from the following
tree stands:
a) registration No. MP/3/41221/05, region of origin – 157, municipality – Gardeja, geographic location – 53.67oN, 18.90oE, forest habitat – fresh mixed
forest, age – 12 years (symbol: PN-12);
b) registration No. MP/3/41106/05, region of origin – 103, municipality –
Braniewo, geographic location – 54.40oN, 19.83oE, forest habitat – fresh
mixed coniferous forest, age – 25 years (symbol: PN-25);
c) registration No. MP/2/30944/05, region of origin – 202, municipality –
Kowale Oleckie, geographic location 54.10oN, 22.25oE, forest habitat – fresh
forest, age – 129 years (symbol: WDN-129);
d) registration number – MP/2/30988/05, region of origin – 206, municipality –
Ruciane Nida, geographic location – 53.65oN, 21.53oE, forest habitat – fresh
mixed forest, age – 150 years (symbol: WDN-150).
Seed batches were divided by halving (ZAŁĘSKI 1995). The analyzed material was halved, and one half was randomly selected for successive halving.
The above procedure was applied to produce samples of around 100 seeds each.
The analyzed seed batches had the following size: P-12 – 101, P-25 – 105,
WDN-129 – 109, WDN-150 – 120.
Critical transport velocity of European larch seeds was determined in the
Petkus K-293 pneumatic classifier, seed dimensions were determined with the
use of the MWM 2325 workshop microscope (length and width) and a thickness
gauge, the angle of sliding friction was measured on a horizontal plane with an
adjustable angle of inclination equipped with a steel friction plate (GPS –
Ra = 0.65 μm), and seed weight was determined on the WAA 100/C/2
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laboratory scale. All measurements were performed according to the methods
previously described by KALINIEWICZ et al. (2011) and KALINIEWICZ and
POZNAŃSKI (2013).
The following indicators were determined for every seed:
– coefficient of static friction, based on the following general formula:

μ = tanγ

(1)

– arithmetic Da and geometric mean diameter Dg, aspect ratio R and
sphericity index Φ (MOHSENIN 1986):

Da =

T+W+L
3

(2)

1

Dg = (T · W · L) 3

R=

W
· 100
L

(3)

(4)

1

(T · W · L) 3
Φ=
· 100
L

(5)

– specific weight (KALINIEWICZ 2013):

mD =

m
Dg

(6)

– volume, based on the coefficient determined experimentally by KAet al. (2012b):

LINIEWICZ

V = 0.42 · T · W · L

(7)

– density:

ρ=

m
V

(8)

The results were processed with the use of Statistica PL v. 10 application
based on general statistical procedures, including Student’s t-test for independent samples, one-way ANOVA, correlation analysis and linear regression
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analysis (RABIEJ 2012). Statistical calculations were performed at the significance level of 0.05.

Results and Discussion
The parameters of the analyzed seeds are presented in Table 1. The lowest
average values of seed thickness, width, length and mass, arithmetic and
geometric mean diameter, specific weight and volume were reported in batch
PN-25. The lowest seed plumpness was noted in batch PN-25, and the highest
– in batch WDN-150. Seeds from selected seed stands were generally larger and
heavier than the material harvested from seed plantations. Critical transport
velocity values were generally consistent with those cited by KALINIEWICZ et al.
(2012a) and somewhat higher than those noted by CZERNIK (1983b) and TYLEK
(1999, 2004). The average seed dimensions and seed weight values were
comparable to those reported by CZERNIK (1983a), TYLEK (2004) and KALINIEWICZ et al. (2012a). European larch seeds are similar in width to lodgepole
pine seeds (JOHNSON et al. 2003), the seeds of selected rye varieties (ZDYBEL et
al. 2009, KUSIŃSKA et al. 2010), oats, barley (HEBDA, MICEK 2007) and common
Table 1
Variations in the physical properties and the calculated indicators of the analyzed batches of
European larch seeds in view of significant differences in the examined traits
Batch of seeds

Property/
indicator

PN-12
x̄ ± SD

PN-25
x̄ ± SD

WDN-129
x̄ ± SD

WDN-150
x̄ ± SD

v

6.13 ± 0.74a

6.02 ± 0.47ab

6.06 ± 0.57ab

5.93 ± 0.57b

T

1.29 ± 0.15

1.25 ± 0.14

1.37 ± 0.16

b

1.43 ± 0.16a

W

2.43 ± 0.29

2.29 ± 0.30

2.62 ± 0.32

b

2.71 ± 0.29a

L

3.90 ± 0.42

3.71 ± 0.47

4.36 ± 0.53

b

4.57 ± 0.62a

γ

27.85 ± 5.79b

31.52 ± 5.75a

31.18 ± 6.30a

31.98 ± 5.90a

m

c

4.75 ± 1.51

4.03 ± 1.09

5.67 ± 1.48

b

6.14 ± 1.65a

μ

0.54 ± 0.13

b

0.62 ± 0.15

a

0.63 ± 0.14a

Da

2.54 ± 0.24

Dg

2.30 ± 0.22

R

62.38 ± 6.13a

62.16 ± 5.89a

60.43 ± 6.60b

59.60 ± 5.52b

Φ

59.11 ± 3.55

59.40 ± 3.18

57.48 ± 3.76

57.27 ± 3.96b

mD

2.03 ± 0.51

c

V

ρ

c
c
c

c
c

a

d
d
d

d
a

0.62 ± 0.16

d

2.42 ± 0.27
2.20 ± 0.23

d

a

2.78 ± 0.29

b

2.90 ± 0.31a

2.50 ± 0.25

b

2.60 ± 0.25a

1.81 ± 0.36

2.24 ± 0.41

c

5.25 ± 1.43

d

4.60 ± 1.42

0.91 ± 0.16

a

0.90 ± 0.15

ab

b

b

a

2.33 ± 0.46a

6.74 ± 2.01

b

7.59 ± 2.13a

0.86 ± 0.13

b

0.82 ± 0.13c

a, b, c, d – different letters point to significant differences in the value of a property (indicator) across
seed batches
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Fig. 1. Significance of differences among physical properties and indicators of European larch seeds:
a, b – different letters indicate significant differences in the value of a property (indicator) across the
analyzed seed batches

flax (PRADHAN et al. 2010). The average angle of sliding friction of European
larch seeds, estimated in the range of 28o to 32o, resembles that of spelt seeds
(CHOSZCZ et al. 2010) and sorry seeds (OMOBUWAJO et al. 2000). European larch
seeds were similar to common flax seeds in their arithmetic and geometric
mean diameter (PRADHAN et al. 2010), whereas their sphericity index resembled that of wheat (KALKAN, KARA 2011, KALINIEWICZ 2013, MARKOWSKI et al.
2013), Chrysophyllum albidum (OYELADE et al. 2005) and cocoa seeds (BART-PLANGE, BARYEH 2003).
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The physical properties and the calculated indicators of seeds harvested
from seed plantations (PN) and selected seed stands (WDN) are compared in
Figure 1. The analyzed seeds differed in all parameters, excluding critical
transport velocity. WDN seeds were more plump and were characterized by
significantly greater thickness, width, length, weight, arithmetic and geometric mean diameter, specific weight and volume. They were also characterized
by higher average angle of sliding friction and coefficient of sliding friction.
The values of the aspect ratio and the sphericity index were lower in WDN
seeds, which indicates that seeds harvested from seed stands were more
slender that the material collected from seed plantations. The above also
contributed to the lower density of WDN seeds.
A linear correlation analysis (Table 2) of selected properties that can be
potentially applied in separation processes indicates that the angle of sliding
friction was least correlated with the remaining attributes. Similar correlations with the angle of sliding friction and other physical parameters were
observed in Scots pine seeds (KALINIEWICZ et al. 2011). Seed weight was most
correlated with the remaining physical attributes, and the highest value of the
correlation coefficient (0.823) was noted in a comparison of seed weight and
seed length. The weight of European larch seeds was also significantly
influenced by seed width and thickness. Similarly high correlation coefficients
˘ LU 2010), Aleppo pine
were noted in fir (CZERNIK 1993), Scots pine (SIVACIOG
˘ LU, AYAN 2010).
(MATZIRIS 1998) and black pine seeds (SIVACIOG
Table 2
Pearson’s coefficients of correlation between selected parameters of European larch seeds
Grupa nasion

Property

T

W

L

γ

m

ρ

0.313
1

PN

v
T
W
L
γ
m

0.143
0.511
1

0.106
0.542
0.702
1

-0.108
-0.196
-0.081
-0.109
1

0.580
0.603
0.756
0.721
-0.145
1

0.595
-0.314
-0.119
-0.193
0.001
0.337

0.231
1

WDN

v
T
W
L
γ
m

0.074
0.404
1

0.076
0.437
0.714
1

-0.214
-0.306
-0.231
-0.226
1

0.460
0.566
0.737
0.800
-0.343
1

0.556
-0.437
-0.330
-0.276
-0.003
0.092

0.220
1

Total

v
T
W
L
γ
m

0.066
0.546
1

0.039
0.580
0.772
1

-0.169
-0.173
-0.075
-0.066
1

0.423
0.655
0.796
0.823
-0.155
1

0.575
-0.421
-0.291
-0.309
-0.035
0.078

Values in bold indicate that the critical value of the correlation coefficient has been exceeded
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Relatively high correlation coefficients were reported among seed dimensions and between seed weight and critical transport velocity. The noted values
are somewhat different from those observed in European larch seeds by
CZERNIK (1983a, 1983b), but they are similar to those reported in Scots pine
(TURNA, GÜNEY 2009, KALINIEWICZ et al. 2011), black pine (SIVACIOG˘ LU, AYAN
2010), fir (CZERNIK 1993) and small-leaved lime seeds (KALINIEWICZ,
POZNAŃSKI 2013).
According to the literature, seed weight influences seed germination and
seedling development in the first year of life (MIKOLA 1980, SABOR 1984,
BONFIL 1998, CASTRO 1999, SEIWA 2000, KHAN, SHANKAR 2001, KHAN 2004,
PARKER et al. 2006, SHANKAR 2006, QUERO et al. 2007, CASTRO et al. 2008,
BURACZYK 2010), and for this reason, only the dependences among seed weight
and the remaining physical properties of European larch seeds were determined in this study (Table 3). In the correlation analysis, the equation with the
highest value of the coefficient of determination (0.678) was reported in
a comparison of seed weight and seed length. Relatively high values of the
coefficient of determination were also noted for equations of seed weight as
a function of the remaining parameters (width and thickness). It should also be
noted that the above correlations were characterized by good fit to empirical
data, implying that they can be effectively used to plan separation processes of
European larch seeds. The results of the analysis can be applied to estimate the
working parameters of seed separation machines based on aerodynamic and
geometric attributes, mostly mesh screens (ZAŁĘSKI 1995, SARNOWSKA, WIĘSIK
1998).
Table 3
Correlations among seed weight and selected physical properties of European larch seeds
Equation

Coefficient of determination R2

Standard error of estimate
1.513

m = 1.190v – 1.985

0.179

m = 6.513T – 3.542

0.429

1.261

m = 3.904W – 4.657

0.634

1.011

m = 2.199L – 3.957

0.678

0.948

m = 0.042γ – 6.482

0.024

1.649

For the needs of this analysis, it was assumed that European larch seeds
comprised light (m < 4.5 mg), medium (m = 4.5÷6.0 mg) and heavy seeds
(m > 6.0 mg). The distribution of seed fractions sorted based on seed thickness,
width and length is presented in a histogram in Figure 2. The results indicate
that seeds can be separated effectively based on differences in their width and
length. A sieve separator incorporating a mesh screen with round openings
measuring 2.6 mm in diameter can be used to separate 88% light seeds, 41%
medium seeds and only 7% heavy seeds. A cylindrical grader with indentations
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measuring 4.4 mm in diameter can potentially separate approximately 80%
heavy seeds, 25% medium seeds and 2% light seeds.

Fig. 2. Distribution of seed fractions based on seed dimensions: a – thickness, b – width, c – length
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Conclusions
1. European larch seeds harvested from seed plantations (PN) differed
significantly from the material obtained from seed stands (WDN) in all
physical parameters and indicators, excluding critical transport velocity. In
comparison with WDN seeds, PN seeds were characterized by smaller thickness, width, length, angle of sliding friction, weight, coefficient of sliding
friction, arithmetic and geometric mean diameter, specific weight and volume,
but higher aspect ratio, sphericity index and density.
2. Seed length and seed weight were the most correlated parameters of
European larch seeds (correlation coefficient of approximately 0.8). The relationships among seed weight vs. critical transport velocity, seed thickness and
seed width, among seed density vs. critical transport velocity and seed thickness, and among seed dimensions also produced high values of the correlation
coefficient (above 0.4).
3. European larch seeds are most effectively separated with the use of
mesh screens with round openings (seeds are separated based on width) and/or
cylindrical grain graders (seeds are separated based on length). The above
devices can separate more than 80% of heavy seeds and up to 7% of light seeds,
and they can be effectively used to improve germination efficiency and
germination rates of selected seed fractions.
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CASTRO J., REICH P.B., SÁNCHEZ-MIRANDA Á., GUERRERO J.D. 2008. Evidence that the negative
relationship between seed mass and relative growth rate is not physiological but linked to species
identity: a within-family analysis of Scots pine. Tree Physiology, 28: 1077–1082.
CHOSZCZ D., KONOPKA S., ZALEWSKA K. 2010. Characteristics of physical properties of selected varieties of
spelt. Inżynieria Rolnicza, 4(122): 23–28 (in Polish with English abstract).
CZERNIK Z. 1983a. Studies of geometrical features of seeds of Scotch pine, Norway spruce and European
larch. Sylwan, 7: 31–40 (in Polish with English abstract).

Technical Sciences

17(2)2014

Variability in and Correlations Among Selected...

133

CZERNIK Z. 1983b. Studies of aerodynamical features of seeds of Scotch pine, Norway spruce and
European larch. Sylwan, 9/10: 31–40 (in Polish with English abstract).
CZERNIK Z. 1993. Studies of Geometrical Properties of Silver Fir Seeds. Sylwan, 8: 57–64 (in Polish
with English abstract).
HEBDA T., MICEK P. 2007. Geometric features of grain for selected corn varieties. Inżynieria Rolnicza,
5(93): 187–193 (in Polish with English abstract).
JAWORSKI A. 2011. Hodowla lasu. Tom III. Charakterystyka hodowlana drzew i krzewów leśnych. Wyd.
PWRiL, Warszawa.
JOHNSON M., VANDER WALL S.B., BORCHERT M. 2003. A comparative analysis of seed and cone
characteristics and seed-dispersal strategies of three pines in the subsection Sabinianae. Plant
Ecology, 168: 69–84.
KALINIEWICZ Z. 2013. Analysis of frictional properties of cereal seeds. African Journal of Agricultural
Research, 8(45): 5611–5621.
KALINIEWICZ Z., GRABOWSKI A., LISZEWSKI A., FURA S. 2011. Analysis of correlations between selected
physical attributes of Scots pine seeds. Technical Sciences, 14(1): 13–22.
KALINIEWICZ Z., MARKOWSKI P., ANDERS A., RAWA T., LISZEWSKI A., FURA S. 2012a. Correlations between
the germination capacity and selected attributes of European larch seeds (Larix decidua Mill.).
Technical Sciences, 15(2): 229–242.
KALINIEWICZ Z., POZNAŃSKI A. 2013. Variability and correlation of selected physical attributes of
small-leaved lime (Tilia cordata Mill.) seeds. Sylwan, 157(1): 39–46 (in Polish with English
abstract).
KALINIEWICZ Z., TYLEK P., MARKOWSKI P., ANDERS A., RAWA T., ZADROŻNY M. 2012b. Determination of
shape factors and volume coefficients of seeds from selected coniferous trees. Technical Sciences,
15(2): 217–228.
KALKAN F., KARA M. 2011. Handling, frictional and technological properties of wheat as affected by
moisture content and cultivar. Powder Technology, 213: 116–122.
KHAN M.L. 2004. Effects of seed mass on seedling success in Artocarpus heterophyllus L., a tropical tree
species of north-east India. Acta Oecologica, 25: 103–110.
KHAN M.L., SHANKAR U. 2001. Effect of seed weight, light regime and substratum microsite on
germination and seedling growth of Quercus semiserrata Roxb. Tropical Ecology, 42(1): 117–125.
KUSIŃSKA E., KOBUS Z., NADULSKI R. 2010. Impact of humidity on physical and geometrical properties of
Slavic varieties of rye grains. Inżynieria Rolnicza, 4(122): 151–156 (in Polish with English
abstract).
MARKOWSKI M., ŻUK-GOŁASZEWSKA K., KWIATKOWSKI D. 2013. Influence of variety on selected physical
and mechanical properties of wheat. Industrial Crops and Product, 47: 113–117.
MATZIRIS D. 1998. Genetic Variation in Cone and Seed Characteristics in a Clonal Seed Orchard of
Aleppo Pine Grown in Greece. Silvae Genetica, 47(1): 37–41.
MIKOLA J. 1980. The effect of seed size and duration of growth on the height of Scots pine (Pinus
sylvestris L.) and Norway spruce (Picea abies (L.) Karst.) provenances and progenies at the nursery
stage. Silva Fennica, 14(1): 84–94.
MOHSENIN N.N. 1986. Physical properties of plant and animal materials. Gordon and Breach Science
Public, New York.
MURAT E. 2002. Szczegółowa hodowla lasu. Wyd. Oficyna Edytorska „Wydawnictwo Świat”, Warszawa.
Nasiennictwo leśnych drzew i krzewów iglastych. 1995. Red. A. ZAŁĘSKI. Wyd. Oficyna Edytorska
„Wydawnictwo Świat”, Warszawa.
OMOBUWAJO T.O., SANNI L.A., BALAMI Y.A. 2000. Physical properties of sorry (Hibiscus sabdariffa)
seeds. Journal of Food Engineering, 45: 37–41.
OYELADE O.J., ODUGBENRO P.O., ABIOYE A.O., RAJI N.L. 2005. Some physical properties of African star
apple (Chrysophyllum alibidum) seeds. Journal of Food Engineering, 67: 435–440.
PARKER W.C., NOLAND T.L., MORNEAULT A.E. 2006. The effects of seed mass on germination, seedling
emergence, and early seedling growth of eastern white pine (Pinus strobus L.). New Forests, 32:
33–49.
PRADHAN R.C., MEDA V., NAIK S.N., TABIL L. 2010. Physical properties of Canadian grown flaxseed in
relation to its processing. International Journal of Food Properties, 13: 732–743.

Technical Sciences

17(2)2014

134

Zdzisław Kaliniewicz et al.

QUERO J.L., VILLAR R., MARAN˜ ÓN T., ZAMORA R., POORTER L. 2007. Seed-mass effects in four Mediterranean Quercus species (Fagaceae) growing in contrasting light environments. American Journal of
Botany, 94(11): 1795–1803.
RABIEJ M. 2012. Statystyka z programem Statistica. Wyd. Helion, Gliwice.
SABOR J. 1984. Relation between the weight and the germination capacity of seed of silver fir. Sylwan,
4: 59–69 (in Polish with English abstract).
SARNOWSKA G., WIĘSIK J. 1998. Wyłuszczarnia w Czarnej Białostockiej. Część III. Czyszczenie i separacja nasion. Przegląd Techniki Rolniczej i Leśnej, 1: 19–21.
SEIWA K. 2000. Effects of seed size and emergence time on tree seedling establishment: importance of
developmental constraints. Oecologia, 123: 208–215.
SHANKAR U. 2006. Seed size as a predictor of germination success and early seedling growth in
‘hollong’ (Dipterocarpus macrocarpus Vesque). New Forests, 31: 305–320.
SIVACIOG˘ LU A. 2010. Genetic variation in seed cone characteristics in a clonal seed orchard of Scots pine
(Pinus sylvestris L.) grown in Kastamonu-Turkey. Romanian Biotechnological Letters, 15(6):
5695–5701.
SIVACIOG˘ LU A., AYAN S. 2010. Variation in cone and seed characteristics in clonal seed orchard of
Anatolian black pine [Pinus nigra Arnold subsp. pallasiana (Lamb.) Holmboe]. Journal of
Environmental Biology, 31: 119–123.
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Abstract
This paper discusses a new approach to analyzing fluid flow through a granular bed. The analysis
involves the determination of a set of geometric parameters characterizing a granular bed based on
information about the location and diameter of all bed particles. The above task has been achieved
with the use of the PathFinder numeric code developed by the authors. The study proposes a new
algorithm for calculating the parameters of granular beds composed of spherical particles with
various diameters in the PathFinder program. The algorithm has been verified with the use of
independent tools and implemented in the new version of the PathFinder code. The modified
algorithm’s effect on flow path tortuosity has been analyzed. Path length is used to determine
tortuosity, a key parameter of pore geometry that is difficult to calculate. Comparative calculations
were performed in a granular bed generated by the Discrete Element Method in the PFC3D program.

Introduction
Granular porous media comprising spherical or quasi-spherical particles
play an important role in various technological and engineering processes. Due
to the widespread occurrence of porous media, mathematical models describing the behavior of a granular medium, also known as a granular bed, or its
interactions with the environment are of great practical significance. Models
predicting resistance (pressure loss) during fluid flow through granular media
have attracted particular interest. Despite many years of research, a satisfactory solution to the problem has not yet been proposed (SOBIESKI, TRYKOZKO
2011), and continuous attempts are being made to develop a single universal
*
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theory. A well designed and executed experiment continues to be the most
reliable method of investigating porous media (SOBIESKI, TRYKOZKO 2014a,
SOBIESKI, TRYKOZKO 2014b).
This paper is related to a novel research method, described in detail by
(SOBIESKI et al. 2012, SOBIESKI, LIPIŃSKI 2014), which relies on a specific
combination of microscopic and macroscopic mathematical and physical
models for analyzing fluid flow through granular beds. The models are
combined with the PathFinder (PathFinder Project 2013, SOBIESKI, LIPIŃSKI
2014) numeric code to calculate a set of geometric parameters of granular beds
based on information about the location and diameters of all particles in that
bed. Data for calculations in the PathFinder program can be obtained indirectly by developing a virtual bed model with the use of the Discrete Element
Method, or directly by generating tomographic scans of the bed sample and
analyzing the resulting images. The objective of this study was to describe the
new algorithm, whereas the remaining problems have been omitted due to
space constraints. The adopted approach could obstruct understanding of the
discussed problem, and detailed information about the tortuosity algorithm
(SOBIESKI, ZHANG 2012) and the PathFinder program (SOBIESKI, LIPIŃSKI 2014,
PathFinder Project 2013) can be found in previous publications.
The previous versions of the PathFinder program (up to version IV.0,
inclusive) were developed on the assumption that particles in granular beds
are spherical and have constant diameter. In consequence, the triangle defined
by centroids of adjacent spheres is roughly equilateral. Therefore, it can be
assumed that the center of gravity, Sgc, of surface (flow segment) Ap (intersected by the “tortuous flow path”) will overlap the center of gravity, Stc, of
triangle ABC whose coordinates are defined by the following dependencies
(CEWE 2010):
xtc =

1
(xA + xB + xC)
3

ytc =

1
(yA + yB + yC)
3

ztc =

1
(zA + zB + zC)
3

(1)

where the values in parentheses represent the coordinates of sphere centroids
[m] and, consequently, the coordinates of the vertices of triangle ABC.
The determination of the centroid of a triangle composed of three adjacent
spheres is a very important consideration in algorithms for calculating the
tortuosity of a porous medium (BEAR 1972)
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Lp
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(2)

where: τ – tortuosity [m/m], Lp – ratio of the actual path length inside channels
[m], L0 – thickness of the porous medium [m].
In addition to porosity and specific surface area, the tortuosity of a medium
is one of the key parameters characterizing the spatial structure of porous
media. In analyses of granular beds, tortuosity is used in the Kozeny-Carman
equation (CARMAN 1997, KOZENY 1927, SOBIESKI, ZHANG 2014).
The study proposes a new algorithm for calculating the parameters of
granular beds composed of spherical particles with various diameters in the
PathFinder program.

Methodology
When spherical particles, including particles with the same radius, are
unevenly distributed in a medium, the coordinates of centroid Sgc of figure Ap
do not match the coordinates of the center of gravity, Stc, of triangle ABC
(Fig. 1). The variations in the location of the above points will be even greater
when the radii of three spherical particles are different.

Fig. 1. Surface Ap and its center of gravity, Sgc
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To solve the problem, a procedure for determining the coordinates of the
center of gravity of the shaded region Ap (Fig. 1) has to be developed. The area
of the shaded region represents the difference between the area of triangle
ABC and the total area of three circular sectors with radii r1, r2, r3 and angles
α, β and γ. When the area of each figure and the coordinates of their centers of
gravity are known, the coordinates of the center of gravity of surface Ap can be
determined with the use of the summation method (LEYKO 2010), which is
widely used in mechanics and mathematics:

xgc =

At xtc – A1 xS1 – A2 xS2 – A3 xS3
At – A1 – A2 – A3

ygc =

At ytc – A1 yS1 – A2 yS2 – A3 yS3
At – A1 – A2 – A3

zgc =

At ztc – A1 zS1 – A2 zS2 – A3 zS3
At – A1 – A2 – A3

(3)

where A1, A2 and A3 represent the area of circular sectors where centers of
gravity are located at points S1(xS1, yS1, zS1), S2(xS2, yS2, yS2), S3(xS3, yS3, zS3),
respectively.
The area of triangle ABC can be determined using Heron’s formula (CEWE
2010):

At =

√ p(p – AB)(p – BC)(p – CA)

(4)

where parameter p, determined by dependence

p=

1
(AB + BC + CA)
2

(5)

is half that triangle’s circumference. The length of the triangle’s sides is
determined based on the coordinates of the triangle’s vertices:
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AB =

√ (xA – xB)

+ (yA – yB)2 + (zA – zB)2

BC =

√ (xB – xC)

+ (yB – yC)2 + (zB – zC)2

CA =

√ (xC – xA)2 + (yC – yA)2 + (zC – zA)2

2

2

(6)
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The area of circular sectors is defined by geometric dependencies (CEWE
2010):
A1 =

1
r1 α
2

A2 =

1
r2 β
2

A3 =

1
r3 γ
2

(7)

where α, β and γ are vertex angles expressed in radians. Vertex angles are
calculated from trigonometric functions when the formulas are transformed to
find the area of the triangle (CEWE 2010):

sin α =

2At
AB · AC

sin β =

2At
BA · BC

sin γ =

2At
CA · CB

(8)

Fig. 2. Location of the center of gravity, S2, of a circular sector with a centroid at point B
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The coordinates of points S1, S2 and S3 have to be calculated to determine the
coordinates of point Sgc with the use of formula (3). A method for determining
coordinates xS2, yS2 and zS2, which describe the location of the center of gravity,
S2, of a circular segment with radius r2 and centroid at point B, is described
below. The first step involves the calculation of the coordinates of point D
(Fig. 2). Those coordinates are used to determine the bisector of angle β where
the center of gravity, S2, is located. The coordinates of point D are determined
based on the coordinates of point A and the coordinates of displacement vector
➝
AD based on the following relationship:
xD
yD
zD

=

xA + xAD
yA + yAD
zA + zAD

(9)

Segment BD is the bisector of angle β, therefore, the dependence between
the lengths of the below segments holds true for triangle ABC:
AB
AD
=
AC
CB

(10)

When the dependence describing the length of segment AC
AC = AD + DC

(11)

is substituted into equation (10) and when simple transformations are performed, the length of segment AD is expressed as:

AD =

AC · AB
BC + AB

(12)

The vector of displacement from point A to point D can be expressed as
follows:
➝
➝
➝
➝ AD
AC
(13)
AD = AC 0 · AD =
· AD = AC
AC
AC
and its coordinates are equal to:

xAD
yAD
zAD
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=

xC – xA
yC – yA
zA – zA

·

AD
AC

(14)
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Dependence (12) is substituted into formula (14), and the result is substituted into equation (9) to produce formulas for calculating the coordinates of
point D:
xD
yD
zD

=

xA
yA
zA

+

x C – xA
yC – yA
zC – zA

·

AB
BC + AB

(15)

The next step involves the determination of the coordinates of point S2.
The coordinates of point S2 are calculated based on the coordinates of point
➝
B and the coordinates of displacement vector BS2 . The searched coordinates
are expressed by the following dependence:

xS2
yS2
zS2

=

xB + xBS2
yB + yBS2
zB + zBS2

(16)

Centroid S2 of the circular sector is located on bisector BD, and its distance
from point B (centroid of the circular sector) is defined by the following
geometric dependence:
1

sin 2 β
4
BS2 = r2
β
3

(17)

where vertex angle β is expressed in radians.
The vector of displacement from point B to point S2 can be expressed as
follows:
➝
➝
➝0
➝ BS2
BD
· BS2 = BD
(18)
BS2 = BD · BS2 =
BD
BD
therefore, its coordinates are equal to:

xBS2
yBS2
zBS2

=

xD – xB
yD – yB
zD – zB

·

BS2
BD

(19)

and the length of segment BD is determined based on the following dependence:
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BD =

√ (xD – xB)2 + (yD – yB)2 + (zD – zB)2

(20)

Dependence (17) is substituted into (19) in view of dependence (20). The
result is substituted into equation (16) to obtain (after simple transformations)
the coordinates of centroid S2 of the circular sector in the following form:

xS2
yS2 =
zS2

xB
yB +
zB

xD – xB
yD – yB
zD – zB

1

4r2 sin 2 β

·

3β √(xD – xB)2 + (yD – yB)2 + (zD – zB)2

(21)

The above process is repeated for circular sectors at points C and A (Fig. 3)
to obtain the coordinates of points E and H:

Fig. 3. Location of centroids S1 and S3 of the remaining circular sectors
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xE
yE
zE

=

xB
yB
zB

+

x A – xB
yA – yB
zA – zB

·

BC
CA + BC

(22)

xH
yH
zH

=

xC
yC
zC

+

xB – xC
yB – yC
zB – zC

·

CA
AB + CA

(23)
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and the coordinates of centroids S3 and S1, respectively:
xS3
yS3 =
zS3

xC
yC +
zC

xE – xC
yE – yC
zE – zC

xS1
yS1 =
zS1

xA
yA +
zA

x H – xA
yH – yA
zH – zA

1

·

4r3 sin 2 γ
3γ √(xE – xC)2 + (yE – yC)2 + (zE – zC)2

(24)

1

·

4r1 sin 2 α
3α √(xH – xA)2 + (yH – yA)2 + (zH – zA)2

(25)

The coordinates are calculated with the use of formulas (1), (21), (24) and
(25), area is calculated based on equations (4) and (7), and the results are
substituted into formula (3) to obtain the coordinates of the center of gravity of
figure Ap.
The parameters of figure Ap, which are applied in the computational
program, include its area:
AF = At – A1 – A2 – A3

(26)

pF = 2(p – r1 – r2 – r3) + (α · r1 + β · r2 + γ · r3)

(27)

and circumference:

where angles α, β and γ are expressed in radians.

Validation of derived dependencies
The presented algorithm was used to develop a numeric procedure in the
Fortran 90 programming language. The subprogram calculates the coordinates of the centroid of figure Ap based on the input coordinates of triangle
vertices and the radii of circular sectors. The procedure was implemented in
the PathFinder program to determine the tortuous flow path. In the main
program, the positions of three spherical particles are used to calculate the
position of the fourth particle making up the tetrahedron. The position of the
fourth spherical particle is calculated by determining the normal to the
triangle surface intersecting the center of gravity of figure Ap. In a numerical
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analysis of a bed comprising thousands of spherical particles, the position of
adjacent tetrahedrons, which form the region of the tortuous flow path, is
determined. The path is mapped by combining the centroids of figures Ap of
adjacent tetrahedron sides. Path length is the total length of the segments
combining the centroids of successive figures Ap in the region of the entire
tortuous flow path. The procedure of determining the coordinates of a centroid
of the current surface Ap is called before the search for every successive
tetrahedron is initiated in accordance with the discussed algorithm.
The coordinate calculation procedure was verified in the AutoCAD program. The coordinates of any graphically represented flat or solid figure can be
determined in the AutoCAD environment independently of the applied algorithm. The validation process was performed for a triangle with vertex
coordinates A(10,3,4), B(2,20,30) and C(20,30,10), from which circular sectors
with radii R of 5, 6 and 8, respectively, had been removed (Fig. 4). The
resulting figure, represented by the shaded region in Figure 4, was created
with the use of an AutoCAD command. The physical properties of that region
were determined in the program. A text window with the parameters of the
selected region, including area, circumference and centroid coordinates, is
presented in Figure 5.

Fig. 4. Surface Ap determined in the AutoCAD program

Figure coordinates were calculated in the subprogram written in Fortran
based on the dependencies derived in Chapter 2. The results are presented in
Table 1. The results produced by the discussed algorithm (Table 1) and the
results generated in AutoCAD are identical (Fig. 5). The derived dependencies
and the numerical subprogram were thus positively validated.
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Fig. 5. Centroid coordinates determined in the AutoCAD program
Table 1
The results of geometric calculations
Coordinates of circular sector Coordinates
Coordinates
Area
centroids [m]
of triangle Angles of circular
of the center
sectors
of gravity
centroid (α, β, γ)
S1
S2
S3
(A1, A2, A3) (x1, y1, z1) (x2, y2, z2) (x3, y3, z3) (xgc, ygc, zgc)
(xtc, ytc, ztc)
[m]

[o]

[m2]

[m]

[m]

[m]

[m]

10.6667

55.4537

12.0981

10.1640

3.9169

17.0806

10.31816

17.6667

57.5555

18.0816

5.6212

19.6028

26.1772

17.01952

14.6667

66.9908

37.4147

5.8365

26.7035

11.4874

14.69201

Figure
area
(AF)

Figure
circumference
(pF)

[m2]

[m]

320.9477 72.4144

Comparison of tortuous flow paths
(previous and new version)
The effect of changes in the computational algorithm on program performance was verified by performing comparative calculations in a granular bed
generated by the Discrete Element Method in PFC3D (LIU et al. 2008a, LIU et
al. 2008b). Bed parameters and basic PathFinder settings (refer to the User’s
Guide (SOBIESKI, LIPIŃSKI 2014)) are presented in Table 2.
The results of both computational methods and a model ISP (in this case:
a centroid) are presented in Table 3. As expected, a change in the algorithm
modified the course of the path in space, including its total length, average
angles between segments and tortuosity. The remaining parameters remained
unchanged.
The changes in point positions were relatively small, but they significantly
influenced the course of different paths. The above is illustrated by Figure 6
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Table 2
Basic parameters of the flow set
Parameter

Value

Domain geometry
Number of particles
Particle diameters
Average diameter
Number of particles rejected from the top surface
Method for calculating the triangle centroid
Characteristic dimension
Correction method for the Ideal Location
Correction based on the critical area of the triangle
Critical normalized area of the triangle

cylinder
18188 [–]
5.5–7.5 [mm]
6.45 [mm]
19 [–]
triangle centroid / center of gravity
lave [m]
function
yes
3.0 [–]

where paths momentarily follow the same flow channels, then change direction
and become completely separated. In some cases, previously separated paths
are repeatedly merged. Even if paths follow the same flow channels, they do
not overlap. Changes in three model paths for ISP = ‘00’ (the results for this
path are presented in Table 3), ISP = ‘– –’ and ISP = ‘++’ are presented in
Figure 6. Symbols ‘–’, ‘0’ and ‘+’ denote the location of the ISP relative to the
centroid of the surface that constitutes the bottom wall of the bin (SOBIESKI,
LIPIŃSKI 2014).
Table 3
Comparison of results
Parameter

Triangle centroid

Initial Staring Point
xshift / yshift
Number of path points

Centre of gravity

00

Unit
[–]

0.5 / 0.5

[–]

129

130

[–]

Number of path rejected points

1

0

[–]

Number of corrected triangles

0

0

Bed height
Path length
Average angle between path sections
Tortuosity

0.254938

[–]
[m]

0.315499

0.317288

137.859292

140.183486

[m]
[o]

1.237553

1.244571

[m/m]

Tortuosity determined by the formula of Yu and Li

1.632555

[m/m]

Bed volume (bulk volume)

0.004505

[m3]

Inner surface of the solid body

2.393343

[m2]

Specific surface of the porous body (K)

531.227627

[1/m]

Specific surface of the porous body (C)

915.918417

[1/m]

Volume of the porous body

0.002613

[m3]

Porosity

0.420006

[m3/m3]
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Fig. 6. Paths determined with the use of different methods: triangle centroid (blue) and center of
gravity (red)

The values of the quality indicator for predicting the location of tetrahedron vertices (an important part of the algorithm for tortuosity evaluation
– refer to (SOBIESKI, ZHANG 2014) are presented in Figure 7. The lower the
value of the quality indicator, the greater the algorithm’s efficiency in predicting the location of successive spheres surrounding the path (spheres divided
by the path). The data presented in Figure 7 indicates that an algorithm based
on centers of gravity often produces more satisfactory results.

Fig. 7. Values of the quality indicator for predicting the location of tetrahedron vertices
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Conclusions
The following conclusions can be formulated based on the results of the
study:
– A universal algorithm was developed for calculating the center of gravity
of a figure intersected by a flow path. The algorithm was verified with the use
of independent computational tools (AutoCAD program) and successfully
implemented in the source code of the PathFinder program.
– The new version of the computational algorithm influences only the
length of the flow path, the angles between path segments and path tortuosity.
The remaining parameters and indicators remain unchanged.
– The new algorithm is more logically justified, and it increases the quality
of predicting the location of successive spheres. For this reason, it will be
recommended as the default algorithm in the upcoming versions of the
PathFinder program, beginning from version IV.1.
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Abstract
To improve fitting of numerical results to experimental data, in the past, distances between
nodes were decreased for whole mesh. A typical mesh generator for Finite Element Method (FEM)
analysis ensures possibility to decrease distances between nodes for edges or surfaces of described
geometries. Influence of local mesh refinement for a flat and round tensile specimen on fitting of
numerical tensile simulation results to experimental data was presented in the paper. Local mesh
refinement was performed for areas with the error values higher than threshold value. First iteration
of flat and round mesh refinement has to improved correlation of numerical and experimental data
with acceptable increase of mesh file size. Similar observations have been made for the second
iteration of the flat specimen mesh. On the basis of analysis, shown that second iteration of round
mesh refinement caused crucial increase of mesh file size and computation time with negligible fitting
improvement.

Introduction
Finite Element Method (FEM) analysis make possible mechanical, thermal
acoustic and other calculations for different geometries not restricted to
normalized shapes (BÉCACHE et al. 2005, BELL et al. 2006, DUARTEM et al. 2013,
DUMONT et al. 2013, KŁYSZ et al. 2013, KUHL et al. 2013, KUHL et al. 2013,
MIAZIO, ZBOIŃSKI 2013, PERDUTA, PUTANOWICZ 2013, ROSSILLON, MEZIERE
2010, SZABRACKI 2012).Geometrical model in FEM analysis has to be defined
with discrete elements. Preparation of the mesh describing geometrical model,
built on discrete elements is very important for calculation accuracy. Typically,
to build discrete model of analyzed geometry, nodes, edges, plane figures and
*
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polyhedrons are used. Geometrical edges and planes have to be divided for
smaller parts to achieve discrete elements. Ends of the smaller parts are called
as nodes. Connected nodes are defined as edges. Connected edges form plane
figures. Connected plane figures form polyhedron. The most commonly used
plane figures are triangles and rectangles. On the basis of plane figures, the
most commonly used three-dimensional solids used to build discrete model of
analyzed geometry are tetrahedron and cuboids.
Most commonly used methods to generate mesh base on maximal distance
between nodes or number of element along edge. Typical software used for
preprocessing enables to define specific distance between nodes for different
areas of the geometry. Literature presents three main refinement methods.
h-refinement method is focused on the local refinement and/or coarsening of
a mesh. Second method, r-refinement method, is used to relocate or move
a mesh. p-refinement method is focused on local varying the polynomial degree
of the basis. These strategies can be used singly or in combination. r-refinement
is usually useful with transient problems, where elements move according to
described phenomena. Many researchers improve methods of mesh refinement
to modify initial mesh on the basis of error distribution or other criterion
(ALEXA 2002, BABUSKA et al. 1995, BABUSKA, RHEINBOLDT 1978, BERN et a.
1999, CLARK et al. 1994, DUNCAN 1998, FLAHERTY et al. 1989, MIAZIO, ZBOIŃSKI
2013, NICOLAS, FOUQUET 2013, PERDUTA, PUTANOWICZ 2013).
Current literature trends confirms application of different refinement
algorithms for practical calculations (BÉCACHE et al. 2005, BELL et al. 2006,
DUARTEM et al. 2013, DUMONT et al. 2013, KOSTOFF et al. 2013, KUHL et al.
2013), what was also made for tensile test simulation in the paper.
On the basis of FEM analysis, stress and strain distributions for flat and
round tensile specimens were analyzed. To perform Finite Element Analysis
(FEA) of tensile specimens, meshes of the specimens has to be prepared. Mesh
generation on the basis of maximal distance between nodes or number of
element on the edge of geometry is not sufficient to properly describe nonlinear
behavior in those areas. Nonlinear behavior requires mesh with small distance
between nodes. Usually, nonlinear behavior occurs in small areas of analyzed
geometry. Mesh refinement on the basis of edge and surfaces of geometry is
usually not sufficient for 3D geometries. Definition of distance between nodes
for whole mesh like for areas with nonlinear behavior induce creation of large
mesh file with huge amount of nodes without practical importance for calculation results. Many nodes need a lot of time and computer resources for
calculations and the vast majority of nodes in areas with elastic behavior are
useless. As results of homogenous mesh refinement we obtain crucial increase
of calculation time and many nodes useless for performed analysis. Local mesh
refinement methods based on error distribution provide tools and methodology
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to optimize number of nodes in mesh for performed analysis. Concerning
applicability of different refinement methods, h-refinement methods was
choosing. Methodology, which implies the use of tetrahedral and pyramids to
connect the zones of different level of refinement (NICOLAS, FOUQUET 2013),
was used. Literature does not present any information about influence of
tensile test specimen’s local refinement on the accuracy of tensile test simulation results. Especially for X2CrNiMoN25-7-4 super duplex stainless steel used
to build responsible constructions working with danger substances.
FEA are cheaper than manufacturing and testing of machine and construction prototypes. To analyze complex geometries, large amount of computer
hardware has to be used. Mesh refinement in specific areas, where error is to
high, is important for those practical analysis. Local mesh refinement ensure
optimal supplement of the mesh with additional nodes. Areas of the mesh not
important for performed analysis are not modified. Concerning practical
application of different numerical analysis (BÉCACHE et al. 2005, BELL et al.
2006, DUARTEM et al. 2013, DUMONT et al. 2013, KOSTOFF, CUMMINGS 2013,
KUHL et al. 2013, SZABRACKI 2012, SZABRACKI et al. 2012, SZABRACKI, LIPIŃSKI
2013), aim of performed analysis was to determine influence of double mesh
refinement of flat and round tensile specimen on the fitting of numerically
calculated to experimental data. Results allow to define influence of refinement
iterations on the accuracy of numerical results. Simple geometry (normalized
round and flat tensile specimen) allows to verify methodology and will be
background for usage of a presented methodology for more complex, real
geometries.

Research methodology
According to standard PN-EN ISO 6892-1, tensile test can be performed for
specimens with round and rectangular cross section. Tensile specimens with
round and rectangular cross section are used due to the different forms of
semi-finished and metallurgical products. Flat specimens with rectangular
cross section are used for thin plates. Specimens with round cross sections are
used for thick plates and rods. Experimentally tested tensile specimens were
made of X2CrNiMoN25-7-4 super duplex stainless steel. Tensile specimens
with rectangular cross section according to Figure 1 were prepared from 5 mm
thick plate (water jet with abrasive cutting).
In the paper, local mesh refinement of round and rectangular specimens
used for tensile test simulation were performed. Diameter of working part in
round specimen is 8 mm. Rectangular cross section of flat specimen is equal
5×10 mm. The FEM simulation results were compared with experimental
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Fig. 1. Schematic presentation of tensile test simulation

tensile curve for flat (rectangular cross section) specimen (Fig. 1). Round
tensile specimen was not experimentally tested. The FEM simulation results
confirms possibility of usage FEA regardless of the geometry. Important part
of a finite element analysis is the discrete model of analyzed geometry
preparation. According to the methodology of tensile test simulation presented
in the paper (SZABRACKI et al. 2012), analyzed in this paper simulations were
performed for elastic and plastic deformations until Ultimate Tensile Strength
(UTS) reached. Failure of the numerical specimen were defined when stresses
in mesh reach UTS value. Practically, for experimental test UTS value was
reached, visible neck creation starts.
FEM calculations were performed on the basis of Code Aster solver
(TAYLOR 1999).The solver was developed for nuclear installations analysis.
Open source code allows to improve the solver by different researchers and
programmers around the world. Main advantage of the code is wide range of
applications for mechanical, thermal, metallurgical and acoustic analysis.
Elastic-plastic behavior of X2CrNiMoN25-7-4 super duplex stainless steel
was defined according to isotropic hardening model (1) described and presented in previous works (ALEXA 2002, NICOLAS, FOUQUET 2013, SZABRACKI et
al. 2012).
R(p) = σi +

σi+1 – σi
(p – pi)
pi+1 – pi

(1)

where:

σi
E
E – Young modulus
σi – stresses in point i of the experimental tensile curve [MPa]
εi – strains in point i of the experimental tensile curve [MPa]
pi = εi –
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Initial mesh, describing tensile specimen with rectangular cross section,
shown in Figure 2a). The Mesh contains triangles (2D) and tetrahedrons
(3D). The maximal distance between nodes was 2.5 mm. For nonlinear areas
of the flat specimen geometry (connection of working and handling part of
the specimen), maximal distance between nodes decreased to 1 mm. Mesh
prepared according to described above criteria contains 2,054 nodes, 272
edges, 2,936 triangles and 7,298 tetrahedrons (Fig. 2a). Maximal distance
between nodes in round tensile specimen decreased to 1.5 mm for handling
part and 1 mm for other parts of the specimen. The maximal distance
between nodes decrease has increased number of nodes in the mesh. Mesh of
the round tensile specimen contains 5,238 nodes, 352 edges, 70,114 triangles
and 19,642 tetrahedrons (Fig. 2b). Described above changes in mesh generation condition caused changes of the mesh files size. The file size of flat
tensile specimen mesh is equal 312 KB and the file size of round tensile
specimen mesh is equal to 782 KB.

Fig. 2. Initial mesh of a) flat and b) round tensile specimen

Tensile test simulation was performed according to methodology described
in the paper (SZABRACKI et al. 2012) with linear displacement of surface A
(Fig. 1) along – x axis. Velocity of A surface displacement was 0.5 mm/s.
Iteration step was changing during simulation. Nonlinear behavior of the
material in plastic deformation areas causes decrease of iteration steps to
achieve convergence threshold value. 20 convergence iterations were used as
maximal acceptable number of convergence steps. If it was not enough to
achieve threshold convergence value, the A surface step was decreased 2 times
until convergence criterion was fulfilled. For elastic deformation area, iteration step was 0.5 mm. When highest stresses in mesh were almost equal to
Yield Strength, iteration step decreased to 0.1 mm. When UTS reached, error
distribution in the plane mesh elements (K) indicates the estimator of error
(noted (Ω)) was defined as being the quadratic average of the site indicators of
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error (η (K)) (3) (NICOLAS, FOUQUET 2013). This kind of error estimation allow
to detect significant changes of calculated values (stresses, strains or others)
for neighboring plane elements. Used estimator is an explicit estimator of error
utilizing the residues of the balance equations and the jumps of the normal
stresses to the application interfaces (NICOLAS, FOUQUET 2013). Contrary to
the Zhu-Zienkiewicz estimator (AINSWORTHET et al. 1989), which uses a techniques of smoothing of the stresses a posteriori. In this case, areas with
significant values evolution for neighboring nodes will be refined without
modification of not significant areas.
1

η (Ω) = [ Σ η (K)2]2

(3)

η (Ω)rel = η (Ω)min + η rel(η (Ω)max – η (Ω)min)

(4)

K∈T

Fig. 3. Mesh refinement algorithm

For areas with error higher than threshold value, mesh refinement based
on the error distribution (NICOLAS, FOUQUET 2013) in the plane mesh elements
was performed. Threshold value for mesh refinement was calculated according
to formula (4) with 10% relative error η rel (NICOLAS, FOUQUET 2013). This
value allows significantly rebuilding the mesh after each iteration step. Higher
values of relative error require more refinement iteration steps. For more
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complex geometries, higher relative error can be required. Normalized tensile
specimens not require small steps of mesh refinement.
The mesh refined according to presented methodology was used for next
iteration of tensile test simulation. Influence of mesh refinement on experimental tensile curve fitting was analyzed according to prepared algorithm
(Fig. 3). For cases where more than two iterations will be needed, mesh
refinement ending criterion was used, to achieve less than 2% increase of the
correlation coefficient value. Due to the significant consumption of computing
resources, crucial increase of the mesh file size resulting significant increase of
computation time without significant improvement of the results quality were
considered as condition terminating the algorithm. In the present case, more
than two mesh refinement iterations was not used.
Stress and strains distributions (numerically calculated tensile curve) at
the point of symmetry for round and flat tensile specimen were compared with
experimental tensile curve. Pearson’s correlation coefficient (5) was used to
describe fitting of numerical results to experimental data (TAYLOR 1999).
cov(xy)
rxy = σ σ
x y

(5)

where:

σx =

σy =

√
√

n

Σ(xi – x̄)2

i=1

n

,

n

Σ(yi – ȳ)2

i=1

n

.

Results and analysis
Table 1 presents number of elements (0D-3D) used to build meshes of flat
and round tensile specimen for initial state and after mesh refinement.
Table 1
Mesh 0D – 3D elements for different samples and refinement iterations
Flat sample
Iteration

Nodes

1D

2D

0 – Initial Mesh

2,054

272

2,936

1 – First refinement

7,193

372

6,656

2 – Second refinement

33,439

459
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Round sample
3D

Nodes

1D

2D

3D

7,298

5,238

32,179

16,732

352

7,014

19,642

416

14,662

15,108 174,631 79,686

76,353

497

28,476 428,603
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The size of flat specimen files increases from 312 KB to 2.6 MB after first
refinement. The round specimen files size increases from 782 KB to 6.1 MB.
Figure 4a presents error distribution for flat specimen before refinement,
when UTS reached in working part. Similar error distribution in round
specimen presents Figure 4b. Maximal error value, calculated according
formula (3) for flat specimen is 1,285. For round specimen 918. Maximal error
values are not located in the middle part of working area because of symmetry
conditions and restrictions of error estimation model (3) (NICOLAS, FOUQUET
2013). According to error distribution (Fig. 4) and presented methodology,
refined meshes of flat (Fig. 5a) and round (Fig. 5b) specimen were prepared.

Fig. 4. Error distribution for initial mesh of a) flat and b) round specimen

Fig. 5. Mesh after first mesh refinement iteration of a) flat and b) round specimen

On the basis of local mesh refinement method, number of nodes in middle
part of flat specimen was increased (Fig. 5a – Refined I). Handling part of the
mesh was not modified in this refinement iteration (Fig. 5a – Initial). Difference between handling and working part of the specimen allow to compare
mesh element size before and after refinement. Mesh refinement presented in
the specimen’s surface is the same for whole specimen’s thickness. Round
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specimen’s mesh refinement was observed in the working part of the specimen
(Fig. 5b – Refined I). Handling part and transition zone of the specimen mesh
was not refined (Fig. 5b – Initial).
Error distribution for refined mesh was presented in Figure 6. First refinement iterations of flat specimen decrease the error value for plane mesh
elements (Fig. 6a). The error value for locked specimen’s surface reach 25% of
maximal error value in flat specimen (3). Highest values of the error were
obtained for areas with highest plastic deformations (working part of the
specimen). Considerable value of the error (25% of the maximal value) was
reported near the transition zone (transition between working and handling
part of the specimen). Described error distribution after first refinement was
used to perform second mesh refinement iteration. Highest error values after
first mesh refinement iteration was observed in working part of round specimen
(Fig. 6b). Area near transition zone and area near locked surface of round
specimen’s mesh shows error about 25% of maximal value in the whole mesh.
Maximal value of the error for round specimen’s mesh after first refinement
iteration is 266. For flat specimen’s mesh after first refinement iteration
calculated error is two times higher (514). Flat specimen’s mesh after second
refinement iteration was shown in Figure 7a. Areas called Initial represent mesh

Fig. 6. Error distribution for 1 time refined mesh of a) flat and b) round specimen

Fig. 7. Mesh after second mesh refinement iteration of a) flat and b) round specimen
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before refinement. Refined I areas represent mesh not refined during second
iteration. Refined II areas represent areas after both refinement iterations.
Round specimen’s mesh after second refinement iteration was shown in Figure 7b.
Handling part of the specimen is not modified (initial mesh size).
Influence of refinement iterations on the mesh file size for flat and round
tensile specimen was presented in Figure 8. First flat specimen’s mesh refinement iteration has caused 8.5-fold increase of the mesh file size from 0.3 up to
2.6 MB. Second mesh refinement iteration has caused increase of the mesh file
size up to 12.8 MB. This gives a 42-fold increase of the initial mesh file size. The
computation time in this case was extended from 20 minutes at an initial mesh
up to two hours after two flat mesh refinement iterations. The round mesh file
size after first refinement iteration was increased from 0.76 up to 6.1 MB. This
gives almost 8-fold increase of the file size. Second mesh refinement iteration
has caused increase of the mesh file size up to 30.8 MB. This gives a 40-fold
increase of the initial mesh file size. The computation time in this case was
extended from 50 minutes at an initial mesh up to 32 hours after two round
mesh refinement iterations. After two flat mesh refinement iterations, maximal
error was 204 and 103 for round two times refined mesh. Influence of refinement iterations on the maximal error value for flat and round specimen’s mesh
was presented in Figure 9.

Fig. 8. Influence of mesh refinement iterations on the mesh file size

Fitting of experimental data to numerically calculate was presented as
evolution of correlation coefficient value (5) for different geometries and mesh
refinement iterations (Table 2). Graphical representation of fitting for initial
meshes was presented in Figure 10. Double flat mesh refinement has improved
fitting of numerical results to experimental data. The increase of the correlation
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Fig. 9. Influence of mesh refinement iterations on the maximal error value in plane mesh elements

coefficient value in the analyzed range confirms this relationship. The increase
of the correlation coefficient value after second flat mesh refinement iteration
was 10 times lower than after first refinement. This shows smaller improvement
of experimental and numerical fitting. 0.044% increase of Pearson correlation
coefficient was observed after first round mesh refinement iteration. Second
round mesh refinement has decreased correlation coefficient value.
Table 2
Correlation coefficient for different refinements
Iteration

Flat sample

Round sample

0

0.997654900

0.997622964

1

0.997655629

0.998062859

2

0.997655710

0.998062322
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Fig. 10. Numerical and experimental tensile curve for initial meshes

Fig. 11. Numerical and experimental tensile curve for refined mesh

For stresses 0 – UTS, results of numerical calculations coincide with
experimental data. When UTS reached, numerically calculated stresses are
constant and equal UTS with increasing strains. This induce difference between
experimental numerically calculated stresses for percentage elongations higher
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than 25%. This phenomenon was wider described in the paper (SZABRACKI et al.
2012). Small difference of correlation coefficient value between initial and
refined mesh (Table 2) confirmed with negligible difference between experimental and numerically calculated results (Fig 11). Small variation of correlation
coefficient value between first and second refinement iteration (Table 2) also
confirmed with small differences on the tensile curve for double refined mesh
(Fig. 12).

Fig. 12. Numerical and experimental tensile curve for double refined mesh

Summary
It has been shown that the local mesh refinement, performed in areas with
a large error, it greatly improves the results of the fitting the experimental
results with numerical results. This confirms the increase of the correlation
coefficient.
Local mesh refinement allows for expansion of the mesh in areas with high
error without creating unnecessary expand of the mesh in areas where error was
considered to be satisfactory. This improves the matching of the results obtained
at the same time and reduces the calculation time in comparison with uniform
mesh refinement over the entire volume of the mesh.
Increase with ten thousandths of the correlation coefficient obtained for
subsequent iterations will improve the fit too small for the analysis, and
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significantly increase the computation time and computer resources needed to
carry out these calculations.
First iteration of local mesh refinement performed for round and flat tensile
specimens has improved fitting of numerical results to experimental data with
acceptable increase of the mesh file size. Similar observations have been made
for the second iteration of the flat sample local mesh refinement. Based on the
analysis results have shown that second iteration of the local mesh refinement
for the round specimen has increased the file size of the mesh and the
computation time with slightly improved fit. There is, the limit number of
iterations for which the local mesh refinement is appropriate. If the limit
number of iterations was exceeded, the mesh file size and calculation time
increases disproportionately to the benefits of the fitting improvement.
When error value does not exceeds about 30% of the Yield Strength no more
local mesh refinement is needed. For our case, error at the level of 200–230 is
acceptable for real calculations. Further refinement increase calculation costs
(time and hardware) but do not improve significantly results.
Influence of local mesh refinement on the tensile test simulation results
improvement was confirmed for normalized tensile specimens. This is an initial
step for refinement of more complex geometries and real constructions analysis.
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Abstract
The paper provides basic information on the description of sediment transport in the coastal
zone of the sea. It explains the mechanisms of sediment movement under the influence of the waves
and currents interactions, characteristic for the coastal zone. It presents models describing the
movement of sediment in the regime of flat bottom, making their divided in accordance with the
method of description of vertical structure of sediments transport. Particular emphasis is placed on
modeling of graded sediment transport. It presents basis for the three-layer model of graded sediment
transport. This allows, among others, the analysis of the variability of particle size distribution in the
whole area of sediment movement. The model assumes that the movement of sediment is divided into
three layers: bedload layer, contact load layer and outer flow region, as a result of the shear stress
influence on the bottom.

Introduction
The primary factor leading to the reconstruction of the profile of the
seabed is a wave caused by the wind and the return current which is
caused by this wave. Wind-induced waves are generated in the deepwater off-shore area, where the seabed does not affect the nature of the
waves. As a result of decreased depth, the wave undergoes a transformation process leading to the increase of the wave crest height and
shortening its length, each wave through becoming shallower and
longer. In the area of deepwater it is necessary to use the sinusoidal
wave approximation, whereas along with the decrease of the depth, the
2nd Stokes approximation is used and then the cnoidal approximation
*
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and solitary waves (DRUET, KOWALIK, 1970). In the coastal zone, for the
purpose of describing sediment transport, the 2nd Stokes wave approximation
is most commonly used (KACZMAREK 1999). It is characterized by shortened
and steep crest and elongated and flattened through, in comparison to the sine
wave.
In the coastal zone there is an interaction between the hydrodynamic forces
and sediment and bathymetric profile of the bottom. The fluid stream due to
friction forces, runs the sediment from the bottom and the sediment material
is transferred over a certain distance. So, moving water causes the bottom
sediment transport, and the spatial variability of sediment transport volume
causes changes in morphology of the bottom, which in turn affects the water
movement change. The question of what controls the rate and method of
sediment transport and the nature of changes in the level of the bottom
occupied researchers for over a century. Numerous relations between the level
of bottom elevation and the rate of sediment transport and flow parameters,
including a number of empirical and far less theoretical relations have been
proposed. Empirical relations generally can not be applied beyond the limited
conditions for which they were formulated, and the majority of theoretical
propositions depends on arbitrary assumptions with only a little or no physical
credibility (ALLEN 1977). Comprehensive description of such a complex system
is very difficult and therefore only by successive approximations and simplifications it is possible to describe the phenomena occurring in the coastal zone of
the sea. Despite that in recent years there has been a significant progress, still
many issues remain unresolved.
The objective of this paper is the review of sediments transport models. It
has been indicated that the primary advantage of the two- and three-layer
models in comparison with classic models, based on empirical and semiempirical relations, is the fact, that such models allows to evaluate a concentration of sediments at any level, depending on the instantaneous hydrodynamic
force. The proposed three-layer theoretical model of graded sediments transport providing a complete theoretical description of the vertical structure of
transportation of the sandy sediment of a various grain size. Using this model,
it is possible to predict an amount of moving sandy sediments of various grain
size, as well as there is a possibility to predict the size of the transport of
individual fractions.

Sediment transport in the coastal zone
Hydrodynamic processes (waving and wave driven currents) are the driving force of the sediment transport and the evolution of seabed. Actual
parameters of morphodynamic and lithodynamic processes depend on the kind
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of sediment which residues in the seabed and on the supply of these fractions of
sediment that are susceptible to the effects of water flow in the bottom layer
(transportation in the form of bedload transport and suspended as a result of
shear bottom stresses impact). First of all, the parameters of the litho – and
morphodynamic processes depend on the wave climate, the bathymetric
bottom arrangement and hydrotechnical facilities in the coastal zone of the
sea.
In the traditional division (GRADZIŃSKI et al. 1986) adopted in considerations concerning the transport of sediment, the sediments are transported in
three layers, starting from the lowest point: bedload, saltation and in the layer
of suspended sediments. The bedload layer covers an area below the bottom of
the theoretical level of very high concentration of sediment particles set in
motion under the influence of the shear stress impacting the bottom surface.
Shearing the bottom layer being the result of shear stress causes only a slight
increase in the space between the particles of sediment. Surface friction and
intermolecular collisions cause energy transfer between individual molecules
of the sediment. The thickness of the bedload layer ranges from one to several
tens of sediment grain diameters (NIELSEN 1992, O’DONOGHUE, WRIGHT 2003).
In saltation layer with a thickness of about few centimeters, the sediment
particles are transported and they are raised from the bottom as a result of
turbulent pulsations and punching through the falling sediment particles on
the small height above the bottom. Due to the short time of the particles
staying in suspension, their transport depends on the oscillation velocity of the
wave motion (GRADZIŃSKI et al. 1986). Suspension layer with a thickness of
about meters covers an area over the saltation layer up to the free surface of
the water column. In this layer, sediment particles reside for a period longer
than the period of the wave, and their resultant transport is mainly related to
the return current which is characteristic for the coastal zone of the sea. To
describe the transport of sediment in suspension it is applied the theory of
compensating return current (SVENDSEN 1984).
Sediment transport may take place in two basic regimes. In the regime in
which the bottom is covered with bottom forms, e.g. in the form of ripples or in
the regime where the bottom is flat with a mobile “carpet” of sediments or flat
– stationary. The ability of occurrence of these sediment movement variants
depends primarily on the type of sediments building the sea bottom and on the
intensity of the waving impact on the bottom. To determine the size of the
driving force causing the movement of sediment, most commonly the Shields
parameter is used – Θ2.5, and this defines the dimensionless friction. It is
assumed, that the beginning of the sediment movement occurs when Θ2.5 =
= 0.05 (NIELSEN 1992).
The resultant sediment transport rate along the transverse profile of the
sea coast is the result of the coexistence of wave motion asymmetry and
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compensating return current. The consequence of the wave motion asymmetry
is the asymmetry of orbital velocity of water at the bottom between the wave
crest and the through (CHEN et al. 2010, ZHENG 2007, YHENG et al. 2008).
There is a far greater impact on the bottom during the wave crest than during
the through. As a result, the individual fractions of the bed sediment are more
intensively transported in landward than in seaward direction (Fig. 1). Despite
the fact that the duration of the wave through is longer than the crest, only
small diameter grains participate in the motion. During the wave crest, the
wider spectrum of sediment particles is transported.

Fig. 1. Resultant sediments transport rate under the influence of the asymmetric waves
Source: HASSAN (2003).

As demonstrated by laboratory tests, carried out in the oscillatory tunnel
(RIBBERINK, AL-SALEM 1994), the resultant sediment transport rate with the
representative median diameter of d50 = 0.21 mm is in landward direction, i.e.
compatible with the direction of wave propagation. For fine-grained sediment
of d50 = 0.13 mm, RIBBERINK and CHEN (1993) obtained the opposite (from the
coast) transport direction. It turns out that under conditions of strong wave
functions, the resultant sediment transport changes its direction (Fig. 2). The
reason for this is the fact that the suspension during the wave through (in
seaward direction of the water orbital velocity) of fine grains of sediment,
previously raised from the bottom during the wave crest, moves in seaward
direction. Sediment particles remain in suspension for the duration of the wave
through due to the low speed of their descent. The phase lag (arising as a result
of the above situation) between the maximum speed of the water and the
maximum concentration of sediment can be particularly well noted for the fine
sediment, transported by the strong and short-term waves (DOHMEN-JANSSEN,
HANES 2002, JANSSEN 1995, O’DONOGHUE, WRIGHT 2004, VAN DER A et al.
2010). As a result, both the effect of the phase lag and the impact of return
current result that the resultant transport of the finest fractions of sediment is
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directed towards the sea. The magnitude of the volumetric sediment transport
intensity depends thus on: the intensity of the impact of wave motion on the
seabed, the asymmetry of wave motion, bed sediment grain size composition,
as well as on the value of the return current.

Fig. 2. Resultant sediments transport under the influence of the asymmetric waves
Source: on the basis of: (*) RIBBERINK, CHEN (1993), (+) RIBBERINK, AL-SALEM (1994); following: HASSAN
(2003).

The average size of the shallow sea sediment particles decreases with
increasing distance from the coast. As a result of observations (PAWLUK 1984,
PAWLUK 1990) it was found, that the largest sediment sizes do occur in the area
of wave shoaling and it decreases with the increase of water depth. The nature
of the sediment which builds the bottom in the profile perpendicular to the
shoreline is closely related to the morphology of the coastal zone. Basically, in
the submerged bar throughs there are sediments with a lower median size
than on the crests of submerged bars (GUILLEN, 1995), on which the sediment
is not well sorted out and often characterized by bimodal particle size
distributions, without shapes typical for regular bimodal distributions. Bimodal distributions with a clear dominance in the field of fine fractions and
mode of coarse fractions as a form of long and flat tail – otherwise known as
bimodal distributions negatively sloped – occur on slopes of submerged bars
(PRUSZAK 1998). On the seaward slopes of submerged bards, the nature of
sediment is usually unimodal and well sorted out. Sometimes in the distribuTechnical Sciences
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tion of sediment grain size it is possible to distinguish such a small mode
within the fine fractions and dominant mode of coarse fractions (bimodal
distribution positively sloped).

Modeling the sediment transportation
in the flat bottom regime
The sediment transport rate, under the action of waves and currents is
defined as integrated (summed by depth) product of velocity and sediment
concentration. The sediment transport rate is highly variable during the
period of the wave. Stationary models of sediments transport models base on
the analytical or numerical solution of basic equations of momentum (amount
of motion) and the continuity of the fluid and the equation mass conservation
– equation of diffusion-advection. Stationary models describe the transport of
bottom sediment in the simplified manner. In this case, the empirical or
quasi-empirical formulas are used. They are based mainly on the characteristic
parameters of the wave motion, such as: the maximum (in wave period) water
velocity at the bottom or the maximum bottom friction value. Sediment
transport models can be divided into three main groups, according to the
criterion of how to describe the vertical structure of the sediment transport:
– models describing suspended sediment transport,
– models describing bedload sediment transport,
– two- and three-layer models, i.e. describing the transport of suspended
and bedloaded sediments; possible third layer describes transition region
between the layers and corresponds to the saltation layer.
Suspended sediment transport models put the emphasis on the solution of
the equations of water momentum and advection – diffusion equation describing the instantaneous concentration of sediment being suspended. In case of
flat bed (1DV), i.e. when only the variability of flows in vertical is taken into
consideration, it is possible to express as follows:

∂C
∂
=
∂t
∂z

(

εs

∂C
+ wsC
∂z

)

(1)

where:
C = C(z, t) – instantaneous volumetric concentration of the suspended sediment [m3/m3],
– sediment grains falling speed [m/s],
ws
εs = εs(z, t) – factor of sediment diffusion turbulence in the vertical profile
[m2/s],
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whereas the volumetric concentration is possible to be defined as follows:
C=

Vs
Vp + V s

(2)

where:
Vs – volume of the ground control volume,
Vp – pores volume.
To determine the sediment concentration distribution in the vertical profile
it is necessary to know the size of the concentration at reference level, i.e. at
the lower limit of the modeling. In simplified models, it is generally assumed
that the turbulent diffusion factor is constant in time – mostly during the wave
period. In addition, it is assumed its constancy throughout the whole depth
range. In addition, sometimes, additional simplification may also relate to the
concentration at reference level. It can be determined using empirical or
semi-empirical functions, making the concentration dependent on the friction
along the bottom surface (e.g. ENGELUND, FREDSØE 1976, GLENN, GRANT 1987,
GRANT, MADSEN 1986, MADSEN, GRANT 1976, ZYSERMAN, FREDSØE 1994).
A detailed review of models of suspended sediment transport in the regime
of flat bottom can be found in the works: AMOUDRY, LIU (2010), DAVIES,
VILLARET (2002), DAVIES et al. (1997), DOHMEN-JANSSEN (1999).
In the description of sediment transport, in the bedload layer, strong
influence of interactions between sediment particles causes the necessity of
a different approach to the description of transport than the concept of
diffusion, used in the suspension layer. BAGNOLD (1956) introduced the
postulate of “dispersion stress” in the bedload layer, which is the result of
sediment grains presence in the soil and water mixture and he showed that as
a result of shear of soil and water layer, due to the presence of sediment grains
in the mixture, there is an additional normal (causing the relaxation of water
and soil mixture) and tangential stress generated. SAYED and SAVAGE (1983),
using the results of experimental researches on the mechanics of granular
media, proposed the constitutive equations to describe the state of stress and
strain, as well as associated relations used to describe normal and tangential
stresses resulting from the momentum transfer between particles of sediment
on their mutual collisions.
Holistic modeling – describing transport within the whole area of sediment
movement, i.e. taking into account the total of bedload and suspended sediment transport in the regime of flat bottom, requires a description based on
a two-layer model (e.g. AMOUDRY et al. 2008, ASANO 1990, BAKHTYAR et al.
2010, DONG, ZHANG 2002, LI, SAWAMOTO 1995, LIU, SHEN 2010). The first
two-layer models were based on the classical bagnold approach (ASANO 1990,
KOBAYASHI, SEO 1985).
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KACZMAREK (1991) adapted the stationary description of sediment layer
motion, proposed by SAYED and SAVAGE (1983) for wave conditions. In order to
determine the instantaneous value of the sediment transport rates in bedload
layer, he used the instantaneous stresses at the upper surface of the bedload
layer. The resulting solution of the equations concerning movement in bedload
layer was in the next step “stitched” with the solution obtained in the
suspension layer, and obtained on the basis of diffusion – advective model
(1DV). KACZMAREK and OSTROWSKI in 2002 joined the third layer, so-called
contact load layer – between a bedload and suspension layers – using for its
description the proposal of DEIGAARD (1993). Deigaard’s description, adapted
by KACZMAREK and OSTROWSKI (2002) enabled the analysis of the momentum
exchange between the elements of water and sediment grains and the mutual
exchange of momentum (by way of chaotic collisions) between grains of
sediment. In turn, a more simplified version of 1DV modelling, rather more
similar to the model of KACZMAREK (1991) was presented by MALARKEY et al.
(2003).
The primary advantage of the two- and three-layer models in comparison
with classic models (formulas), based on empirical and semi-empirical relations, is the fact, that such models allows to evaluate a concentration of
sediments at any level, depending on the instantaneous hydrodynamic force.
Furthermore, they allow for the description of the vertical profiles of velocity
and sediment concentration throughout the entire area of sediment motion.
To describe the transport of sediments in the vertical profile, the various
models are used, e.g. UNIBEST-TC (BOSBOOM et al. 1998, RENIERS et al. 1995)
and CROSMOR2000 (VAN RIJN 2000, VAN RIJN, WIJNBERG 1996) to describe the
bedload transport they use the quasi-stationary model of RIBBERINK (1998),
while for the description of the suspended transport – model of van RIJN (1993)
providing the size of averaged transport volume within the period of the wave.
COSMOS model (NAIRN, SOUTHGATE 1993, SOUTHGATE, NAIRN 1993) is based
on the Bailard’s model (1981), BEACH models (O’CONNOR, NICHOLSON 1989,
O’CONNOR et al. 1998), CIRC (RIVERO, SANCHEZ-ARCILLA 1993, SIERRA, SANCHEZ-ARCILLA 1999) use the model of WATANABE (1980). These models, except
the CROSMOR2000 model do not take into account the graded sediment. In
CROSMOR2000 model, it is a priori assumed that some diameters of sediment
grains move within the bedload layer – to the coast and other within the
suspension layer – from the coast. Such an approach does not take into account
the fact, that along with the increase of the waving impact on the bottom, the
range of sediment diameters, transported from the coast in the suspension is
changed. Among others, for this reason, CROSMOR2000 model does not
describe the changes in grain size distribution in the coast cross profile which
is the result of the storm activity.
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Modeling of graded sediment transport
Graded sediment description is performed using the results of the
granulometric analysis, while the following relationship applies:
N

Σn
i=1

i

=1

(3)

where:
ni – value describing the percentage size (fractional) of the i-th fraction in the
mixture of sediment which builds the bottom,
N – number of fractions in the mixture.
The biggest simplification used in the modeling of graded sediment transport is the assumption that the intensity of transport (q) of all fractions of the
sediment is the sum of independent transport intensities (niqi) of individual
fractions (BIEGOWSKI 2006):
N

q=

Σ nq
i=1

i i

(4)

The values of q [m2/s] and qi [m2/s] mean the grain skeleton flow intensity
(excluding the porosity) of a given flow volume per unit width and time. Value
of qi is the transport rate of homogenous sediment with a diameter of the i-th
fraction. It is assumed that this value does not depend on the presence of other
fractions in the mixture. Thus, the equation (4) means, that the simplified
model of mixture was adopted, assuming no interaction between the different
fractions of the sediment. In fact, the sediment fractions interact with each
other and the contribution of the various factions in the intensity of sediment
transport varies in relation to the situation when there is no interaction
between the fractions.
HASSAN (2003) presented the possibility to implement a quasi – stationary
model, proposed by BAILARD (1981), to describe the intensity of graded
sediment transport. It is assumed the sediment transport intensity in the
bedload layer depends on the representative diameter (median d50) of the
sediment of the bottom. However, in the suspension layer, because of the
variable fall velocity, depending on the particle diameter, the flow of sediment
transport depends on the diameter of individual sediments fractions. Thus,
with respect to the suspended sediment transport rate, there is a simplification
described by the equation of (4).
Within the frames of the simplification, described by the equation of (4),
RIBBERINK (1998) made the volume of individual deposit fractions transport
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dependent on the dimensionless friction, the most frequently described by the
Shields parameter, determined for each diameter of the sediment. In turn,
DOHMEN-JANSSEN (1999) has adopted the RIBBERINK’S (1998) quasi-stationary
model of graded sediments transport and she also introduced a modification,
taking into account the effect of the phase shift between suspended sediment
concentration and instantaneous velocity of water. In this way, it was possible
to achieve the simplified, two-way selective description of sediments transport,
wherein the coarser fractions move towards the coast, and finer fraction move
away from the coast.
However, the quasi-stationary models of graded sediments transport
(BAILARD 1981, RIBBERINK 1998) insufficiently describe the intensity of sediment transport due to hydrodynamic forcing. What’s more, they very poorly
describe the bidirectional effect of sediments transport within the coastal zone
of the sea (BIEGOWSKI 2006). In the last case, in the calculations carried out
with model of DOHMEN-JANSSEN (1999), it is possible to obtain better results,
although the best results are obtained only when the particle size of the
sediment is described with four fractions (HASSAN 2003). This description
makes it obviously impossible to characterize a natural sediment, deposited on
the bottom of the sea.

The three-layer model of graded sediments transport
Complete description of sediment transport, i.e. the description of grain
heterogeneous sediment transport within the entire area of motion may be
made on the basis of the three-layer model of graded sediments transport
(KACZMAREK et al. 2004). The model assumes that the movement of sediment is
carried out in three layers (Fig. 3): bedload layer, contact load layer and outer
flow region, as a result of the shear stress influence on the bottom. In the area
of each layer there is a different character of the deposits movement and the
momentum exchange between the water and sediment particles and therefore,
they are described with various equations. At the contact of layers, there is
a “stitching” of solutions, so as to ensure the continuity of sediment movement
description.
The model assumes that all fractions in the bedload layer move at the same
speed in the form of a dense water and soild mixture and sediments sorting is
carried out in this layer. It was assumed that the interactions between the
sediment fractions are so strong, that finer fractions are slowed down by the
coarser ones, and finally all fractions move at the same speed. Thus, this layer
does not apply to the simple summation of transport flow for individual
fractions, treated as the homogeneous sediment.
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Fig. 3. Scheme of the three-layer sediment transport model

The intensity of sediment transport in the bedload layer (KACZMAREK et al.
+
and away from the
2004) towards the coast (for the duration of wave crest) qbx
–
coast qbx respectively equals (see SAWCZYŃSKI 2012, SAWCZYŃSKI et al. 2011):

+
bx

q

1
=
T

Tc

δ+br

∫ ( ∫ u (z’,t) c (z’,t) dz’)dt
+
br

0

0

T

–
δ br

+
br

(5)

and
1
q =
T
–
bx

where:
Tc, T
δ+/–
bx
u+/–
bx
c+/–
bx
z’

–
–
–
–
–

∫ ( ∫ u (z’,t) c (z’,t) dz’)dt
–
br

Tc

–
br

(6)

0

wave crest duration, wave period,
bedload layer thickness,
sediment velocity in the bedload layer,
sediment concentration in the bedload layer,
elevation, while z’ axis directed vertically down.

The mathematical modeling takes into account the fact that the most
intensive vertical sorting takes place in the process of raising grains in the
contact load layer over the bottom. In the contact load layer, turbulent and
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chaotic pulsations of collision between particles cause very strong differentiation transportation of individual fractions of the sediment. Very close to the
bottom – in a sublayer, where in the distribution of the i-th fraction of
sediments, the slip speed is strongly revealed – there is a very strong
interaction between the individual fractions, resulting in mutual chaotic
collisions. In a further distance from the bottom, these interactions between
fractions are subject to weakening. However, the concentration of the i-th
fraction is so high as to cause turbulence suppression, while this suppression is
dependent on the grain diameter di. It was assumed, that each i-th fraction, as
a result of interactions, moves with its own speed, and it is characterized by its
own concentration. Coarser fractions velocities and concentrations, calculated
in the contact load layer are greater than the size of which would have these
fractions if the bottom is homogenous and made of only one, corresponding
fraction. This increase in speed in the mixture is the result of interactions
between fractions where coarser ones are accelerated by the finer ones.
The intensity of sediment transport in the contact load layer (KACZMAREK
+
–
et al. 2004) towards the coast qcx
and away from the coast qcx
may be
respectively described as (see SAWCZYŃSKI 2012, SAWCZYŃSKI et al. 2011):

N

+
qcx
=

Σn

i

i=1

Tc

( ∫(∫
1
T

0

δ+br

))

(7)

))

(8)

uci+(z,t) cci+(z,t) dz dt

0

and
T

N

–
qcx
=

Σ

i=1

where:
δ br –
–
ni
+/–
uci –
–
c+/–
ci

ni

δ br

( ∫(∫
1
T

Tc

0

uci– (z,t) cci– (z,t) dz dt

contact load layer thickness,
percentage content of the i-th fraction,
velocity of the i-th fraction in the contact load layer,
concentration of the i-th fraction in the contact load layer.

In the outer layer, over the contact load layer, it is assumed that there is no
change in the particle size distribution of the transported sediment. The
vertical distribution of concentration in this layer is described by a power
function.
The transport flow in the outer layer (KACZMAREK et al. 2004) can be
expressed with the following formulas (see SAWCZYŃSKI 2012, SAWCZYŃSKI
et al. 2011):
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H

q

–
ox

=

∫U

–
ox

(z)C0(z)dz

(9)

∫ U (z)C (z)dz

(10)

δ cr

H

qoy =

oy

0

δ cr

where, C0 means the averaged in time value of suspended sediment mixture
–
and Uoy are current velocities, resulted from waving (in
concentration and Uox
the coastal zone of the sea) of the respectively return current (directed towards
the sea) and alongshore current, generated as a result of waves propagation at
the angle to the cross profile of the coast.
BIEGOWSKI (2006) in his doctoral dissertation, using a three-layer model of
graded sediments transport, conducted, among others, the analysis of grain
distribution variability on the profile, exhibiting at the same time a usefulness
of the model. He explained the essence of formation of a various grain
distributions (unimodal and bimodal) during a short-term storm, depending on
the position of the calculation point on the profile (from the sea or from the
coast) and the occurring phenomenon of erosion or accumulation as a result of
the bi-directional stream of deposits. This bi-directional flow is related to the
transport of sediment at the bottom, faced towards the coast as a result of the
asymmetry of wave motion and transport of sediments carried away into the
sea by the return current.

Summary and conclusions
As a result of the review of sediments transport models, presented in this
paper, it has been indicated that the primary advantage of the two- and
three-layer models in comparison with classic models (formulas), based on
empirical and semi-empirical relations, is the fact, that such models allows to
evaluate a concentration of sediments at any level, depending on the instantaneous hydrodynamic force. Furthermore, they allow for the description of
the vertical profiles of velocity and sediment concentration throughout the
entire area of sediment motion. The three-layer theoretical model of graded
sediments transport details the bedload, contact load layer and outer flow
region. Character of interactions between water and sediments is different in
each of the above layers and that is why they are described in different
equations, while at the contact between the layers there is a stitching of
solutions, providing a complete theoretical description of the structure of
transportation of the sandy sediment of a various grain size. Using this model,
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it is possible to predict an amount of moving sandy sediments of various grain
size, as well as there is a possibility to predict the size of the transport of
individual fractions. As a result, the knowledge of grain size may be crucial,
e.g. in planning and conducting works associated with artificial sand supply.
The silt material extracted from the navigation channel is often used to
reinforce the edge in the vicinity of ports and therefore knowledge of the
particle size distribution is very important. Based on the three-layer model of
graded sediment transport, it is possible to determine the bathymetry changes
taking place under the influence of variations in the flow of sediment transport
of non-uniform grain size, and to determine the mutual impact of changes in
grain size of sediments and evolution of the bottom profile.
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