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Abstract
Tomato (Solanum lycopersicum) is an economically important vegetable crop grown in tropical
and sub-tropical parts of the world. The objective of this paper is to review nutritional benefits of
tomato, its different bioactive components and their application in food products. Tomato and tomato
products are very beneficial to our health as they decrease the risk of many diseases, such as cancer,
asthma, heart disease etc. The whole fruit of tomato i.e pomace, seed and tomato solids have many
nutraceutical benefits and is extensively used in food processing industry either as raw or in powder
form. Many bioactive components are present in tomato, such as lycopene, oleoresin, carotenoids etc.
Tomato is very popular for high content of antioxidant compounds and antioxidant activity. It is
preserved mainly by drying (tray drying, freeze drying) and encapsulation process. We have tried to
focus on to get the answer, which one is better in food application, lycopene supplementation or direct
tomato powder fortification in food products.

Introduction
Tomatoes (Solanum lycopersicum) are one of the most widely used and
versatile vegetable crops. They are consumed fresh and are also used to
manufacture a wide range of processed products (MADHAVI and SALUNKHE
Correspondence: Runu Chakraborty, Professor, Department of Food Technology and Biochemical
Engineering, Jadavpur University, Kolkata – 700032, India. Tel./fax: +91 (033) 24 146 822, e-mail:
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1998). Tomatoes and tomato products are rich in health-related food components. United States, Turkey, Italy, and Spain are the leading tomato
growing countries (JUMAH et al. 2004). The advantages of using tomato
by-products as food ingredients are noticeable both to reduce environmental
pollution and to provide an extra-income for producers (LAVELLI and
SCARAFONI 2012). Tomato can be consumed as raw or as an ingredient in
many dishes, sauces, salads, and drinks. Factors influencing the considerable
increase in tomato consumption include consumer awareness of benefits such
as preventing cancer and chronic diseases (LANA and TIJSKENS 2006). This
beneficial effect is due to the action of antioxidant compounds, which reduce
oxidative damage in the body (BEECHER 1998). Tomatoes are rich in lycopene
(87%) and other carotenoids such as carotene, phytoene, phytofluene, lutein
and L-ascorbic acid (SOMA 2013). Lycopene is a carotenoid that can be
incorporated into foods with the purposes of conferring both color and
functional characteristics (NUNES and MERCADANTE 2007). Lycopene has
attracted attention due to its biological and physicochemical properties,
especially related to its effects as a natural antioxidant. Lycopene does
exhibit a physical quenching rate constant with singlet oxygen almost twice
as high as that of beta-carotene (SHI and LE MAGUER 2000). Several food
technology studies have been carried out to optimize the processing and
storage of the tomato products by preventing the heat and oxidative damage
on the antioxidants (SHI et al. 1999). Tomatoes are not as sweet due to its
lower sugar content then other edible fruits. Tomatoes are low in calories and
a good source of vitamins A and C, the flavor, texture, and cooking characteristics of tomatoes depend on the variety, growing method, local environment,
and handling techniques used during and after harvest (PARNELL et al. 2004).
Most of the tomatoes are processed for its juice, ketchup, sauce, paste, puree
and powder. Flavor characteristics of tomatoes are an important purchasing
criterion (KRUMBEIN et al. 2004). Researchers have reported that lack of
flavor of tomato is associated with various storage treatments, e.g., modified
atmosphere (HO 1996, HOBSON 1988, MAUL et al. 2000). Dried tomato
products (i.e., tomato halves, slices and powders) are in high consumption as
compared to other tomato products due to their excellent properties (ARSLAN
and OZCAN 2011). Tomato solids in powder form have many advantages,
including ease of packing, transportation and mixing, and no drum-clinging
loss (GIOVANELLI et al. 2000).
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Nutritional benefits of tomato derivatives
Skin
The by-products of tomato processing (skin) contain a very high amount of
lycopene. In particular, tomato skin has 2.5 times higher lycopene level than the
pulp (SHI et al. 1999). Tomato skin contains more than 20 ppm lycopene,
protected within the chromoplasts in the cells. Besides serving as a micronutrient
with important health benefits, lycopene is an excellent natural food colorant
(LAVELLI and TORRESANI 2011). Tomato skin contains more than 70% (w/w, db) of
dietary fibre. Tomato skin fibre is mainly insoluble (ZEINAB et al. 2010). The use of
dried tomato skin in powder form are proposed as an addition to refined oils for
carotenoid solubilization in view of upgrading low quality oils, in the formulation
of ketchup, in dry fermented sausages, and in beef hamburgers (BENAKMOUM et
al. 2008, CALVO et al. 2008, FARAHNAKY et al. 2008, GARCÍA et al. 2009). The skin
powder also provides proteins, cellulose and pectins, thus representing a good
candidate to be used to modulate water sorption and rheological properties of
food. Indeed the use of skin powders in the formulation of ketchup, improves its
textural properties (FARAHNAKY et al. 2008). Approximately one-third of the total
weight of tomatoes in the form of skin and seeds is discarded during processing of
tomatoes into paste (TOOR and SAVAGE 2005).

Seed
Seeds are the major part of the pomace, and they are, 34% protein and 30%
lipid (weight basis). Seed proteins have been extracted to produce protein
concentrate (SAVADKOOHI and FARAHNAKY 2012). Studies on nutritive value of
tomato seed proteins in vivo could not be found, however, reports involving the
use of microorganism and enzymes are available. CANELLA and CASTRIOTTA
(1980) reported that the tomato-seed protein is a mixture of globulin, albumin,
prolamine and glutelin components. Tomato-seed protein components are
adsorbed at oil-water (o/w) interfaces and reduce the interfacial tension
considerably. Furthermore, compared to isolated soy protein, tomato proteins
produce emulsions with greater globule size (SAVADKOOHI and FARAHNAKY
2012). Tomato seed protein is rich in lysine (approximately 13% more lysine
than soya protein) and can supplement feed that is deficient in lysine (LAVELLI
and TORRESANI 2011). Tomato seed was dried and fortified in bread and has
significant effect on antioxidant activity, nutritional and sensory profile
analysis (RANAWANA et al. 2016). Tomato seed was used to replace corn and
soyabean meal and it is healthy diet (based on protein efficiency ratio, amino
acid content and digestibility) for chick (PERSIA et al. 2003).
Technical Sciences
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Pomace
Tomato pomace is an inexpensive by-product of tomato manufacturing,
contains almost 75% water and the cost of shipping tends to be very high
(due to its weight). The conventional procedure for tomato processing
generates heat-treated tomato pomace (skins and seeds); in contrast, a new
plant operates the pulping/finishing steps on raw fruits at room temperature,
thus producing an unheated pomace (SAVADKOOHI and FARAHNAKY 2012).
Dehydrated tomato pomace as a by-product of tomato production lines can be
used for animal feed or human food. Tomato pomace contains high levels of
polysaccharides, such as fiber and pectin (YUANGLANG et al. 2010). It increasingly has been used as valuable feed stuff in ruminants and poultry nutrition
in developing countries. Tomato pomace is the mixture of tomato
peels, crushed seeds and small amounts of pulp that remains after the
processing of tomato for juice, paste and ketchup (AGHAJANZADEH et al. 2010,
VENTURA et al. 2009, KING and ZEIDLER 2004). It contains 5.1% moisture,
11.9% fat, 26.8% protein and 26.3% crude fiber (YITBAREK 2013) Moreover,
it contains 13% more lysine than soybean protein, a good source of vitamin B,
fair source of vitamin A and 2130 kcal/kg metabolizable energy (AL-BETAWI
2005). Tomatoes contain a solanine-like alkaloid (saponin) called tomatine
which have medicinal properties such as antibiotic, anticancer, anti cholesterol, anti inflammatory and anti pyretic affects (CALVO et al. 2008).

Tomato solids
Tomato powder is much in demand by dehydrated soup manufacturers,
and it also can be used as an ingredient in many food products, mainly soups,
sauces and ketchup. The skin powder also provides proteins, cellulose and
pectins, thus representing good characteristics to be used to modulate water
sorption and rheological properties of food (PAPADAKIS et al. 1998). The
solubility of the powder is associated with the moisture content and operational conditions of the dryer, increasing with decrease in the moisture
content (GOULA and ADAMOPOULOS 2005, PAIVA and RUSSELL 1999).

Bioactive components of tomato
The main bioactive compound of tomato which lycopene is discussed
below and the other bioactive components oleoresin, phenol and flavonoid,
carotenoid and ascorbic acid are discussed in table 2.
Technical Sciences
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Lycopene
Lycopene, a member of carotenoid family; is a lipid soluble antioxidant
synthesized by many plants and microorganisms but not by animals and
humans. It serves as an accessory light-gathering pigment and protects the
plant against the toxic effects of oxygen and light. Tomato (lycopene, 8.8–42
μg/g W/W) and its derivative mainly represent main dietary sources of
lycopene, but also watermelon, papaya, guava and pink grapes are rich
sources. It is the naturally occurring compound that gives the characteristic
red color to the tomato, watermelon, pink grapefruit, orange, and apricot
(RAO and AGARWAL 2000). Lycopene has polynutrient, in many fruits and
vegetables it consist of the potent antioxidant. Tomatoes and processed
tomato products constitute the major source of dietary lycopene accounting
for up to 85% of the daily intake (CHAUHAN et al. 2011).
Lycopene content of various fruits and vegetables were represented in
Table 1 (NGUYEN and SCHWARTZ 1998).
Table 1
Lycopene content of various fruits and vegetables
Foods

Lycopene content (mg/100 g)

Tomato foods
Tomatoes, raw

0.9–4.2

Tomatoes, cooked

3.7–4.4

Tomato sauce

7.3–18.0

Tomato paste

5.4–55.5

Tomato soup (condensed)

8.0–10.9

Tomato juice

5.0–11.6

Ketchup

9.9–13.4

Other fruits and vegetables
Apricots, fresh

0.005

Watermelon, fresh

2.3–7.2

Papaya, fresh

2.0–5.3

Grapefruit, pink/red

0.2–3.4

Guava, raw

5.3–5.5

Vegetable juice

7.3-9.7

Source: NGUYEN and SCHWARTZ (1998)

The lycopene levels are lower for peeled tomatoes as the removed peel is
known to have higher content. It was reported that the concentration of
lycopene is two folds higher in pericarp than in locular cavity and β-carotene
is four folds higher in locular cavity (CHAUHAN et al. 2011). Lycopene
Technical Sciences
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Tomato oleoresin is
a semisolid mixture of a
resin and essential oil
(RIZK et al. 2014).

Oleoresins have medicinal
properties, used mainly as
a flavoring agent in the food
processing industry such as
dairy products, non alcoholic
flavored drinks, cereal and
cereal products, bread and
baked goods because it is
more economical to use and
it gives a consistent quality
to the food products
(LUCERA et al. 2012).

Application and use

Oleoresin

Composition

Name of the bioactive
component

The carotenoids in tomatoes
are yellow, orange and red
pigment that act as
antioxidants to help protect
cells and is a natural
cancer fighting agent
(BRAMLEY 2002).

Tomato carotenoids include
compounds called carotenes
and xanthophylls (BRAMLEY
2002).

Carotenoid

L-ascorbic acid and
dehydroascorbic acid are the
main dietary forms of
vitamin C, a labile molecule
with reducing property.
It is a water-soluble compound
easily absorbed but it is not
stored in the body
(PADAYATTY et al. 2003).
Vitamin C in tomato is highly
bioavailable, so a regular
intake of small amounts
of tomato products can
increase cell protection from
DNA damage induced by
oxidant species (PADAYATTY
et al. 2003).

Maintain of heart health
neutralizes free radicals;
associated with therapeutic
tools in inflammatory
diseases incuding obesity,
neurodegenerative disease,
diabetes, cancer and aging
(RAHMAN 2007).

Ascorbic acid

Table 2

Phenolics include flavonoids,
phenolic acids. Phenol such
as- hydroxybenzoic and
hydroxycinnamic acids, and
tannins. And flavonoid such
as quercetin and kaempferol,
flavanols catechins,
Naringerin, anthocyanidins
(MARTIN and APPEL
2010).

Phenol and flavonoid

Some other bioactive components in tomato apart from lycopene
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is a highly unsaturated straight chain hydrocarbon with a total of 13
double bonds, 11 of which are conjugated. In vitro studies have shown
lycopene to be twice as potent as β-carotene and ten times that of
α-tocopherol in terms of its singlet oxygen quenching ability (ALI et al. 2010).
Lycopene in raw tomatoes is generally present as the all-trans geometric
isomer, the most thermodynamically stable form. Lycopene, either as a pure
agent or as part of tomato components, can be incorporated into semipurified diets for studies of carcinogenesis or tumorigenesis (NGUYEN and
SCHWARTZ 1998). Moreover, several studies suggested that lycopene is a more
potent scavenger of oxygen radicals than other major dietary carotenoids
(GAJIC et al. 2006). Lycopene in tomatoes are found in association with
protein complex or membrane structure, which prevent lycopene digestion
and absorption. Harsh treatments during food processing, such as mechanical texture disruption and steam, may denature the lycopene-protein
complex and release lycopene from the cellular matrix (SHI et al. 2004).

Lycopene metabolism
The enzymatic metabolism of lycopene and other carotenoids is only
beginning to be understood. Lycopene, like β-carotene, when metabolized by
carotenoid monooxygenase 2 will generate apo lycopenals (KHACHIK et al.
1995). The major metabolite of lycopene identified in human plasma is 5,6dihydroxy-5,6-dihydrolycopene, probably due to the oxidation of lycopene via
conversion from intermediate lycopene epoxides (ERDMAN et al. 1993).

Relationship between bioavailability and bioaccessibility
with lycopene
Accessibility of lycopene is mainly influenced by crystalline formation
called bioavailability. The bioavailability of /cis/-isomers in food is higher
than that of all /trans/-isomers. Lycopene bioavailability in processed tomato
products is higher than in unprocessed fresh tomatoes (SHI et al. 2000).
Lycopene absorption was found to be apparently more efficient at low dosages
than at higher dosages, possibly due to the low potential to form crystals at
low dosages (STAHL and SIES 1992). Ultrasound processing can cause decrease in lycopene bioaccessibility, due to lycopene entrapment in the stronger network of pectin, making it less accessible for digestion. The effects of
lipids on lycopene bioaccessibilty are the use of lycopene as food supplement
dissolved in a lipophilic carrier, which can improve the lycopene bioavailability (BEEBY and POTTER 1992).
Technical Sciences
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Preservation methods for tomato
Drying
Drying is a complex process of removal of moisture from wet material by
means of thermal energy where both heat and mass transfer take place. Many
physical, chemical, and nutritional changes occur in foods during the dehydration process (ROBERTS et al. 2008). Though food drying indicates the loss
of volatiles and flavors, changes in color and texture, and minimally decrease
in nutritional value, drying is the useful means to increase the shelf life of
perishable food for further use (MARS and SCHER 1990). During processing
and storage a number of changes occur in dried tomato products. It is
reported that the moisture content, bulk density and solubility of tomato
powder, three most commonly quoted specifications of a powder product,
were all dependent on the spray drying conditions, i.e. air inlet temperature,
drying air flow rate, and compressed air flow rate (CHAUHAN et al. 2011).
Sousa et al observed spray drying operational condition on tomato and
analysed moisture content, solubility, consistency, wettability and color
index (SOUSA et al. 2008). Freeze drying was done on tomato peel and tomato
peel powder effect was analyzed on physicochemical properties after incorporation of extruded snack (ZEINAB et al. 2010). Tomato was dried by solar
drying and color retention and rehydration ratio was analyzed (RAJKUMAR et
al. 2007). Drying kinetics and quality attributes of oven dried tomato powder
were analyzed (ABANO et al. 2011). Antioxidant content, color and rehydration ratio were studied on tray dried tomato powder (SANCHEZ et al. 2012). To
investigate the effect of temperature and osmotic dehydration on air drying
kinetics, quality and moisture removal tomato pomace was dried by cabinet
air oven (AL MUHTASEB et al. 2010). Different drying methods used for
preparing various tomato products are given in Table 3.

Encapsulation
Microencapsulation is a technique by which solid, liquid or gaseous active
ingredients are packaged within a second material from the surrounding
environment for the purpose of shielding the active ingredient (DUBEY et al.
2009). Microencapsulation allows the creation of a physical barrier between
the core and the wall materials (FAVARO-TRINDADE et al. 2008). A convenient
and simple procedure for the formation of microcapsules is the method
known as complex coacervation (GOUIN 2004, GÜLAY and SEDA 2014). Encapsulated natural colors such as carotenoids, anthocyanins, and chlorophylls
are easier to handle and offer improved stability to oxidation and solubility
Technical Sciences
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Table 3
Different drying methods of tomato
Tomato drying process

Observation

References

Tray drying

To incorporate tomato powder in place
SOMA 2013
of artificial coloring and flavoring agent in the
fudge and to evaluate its sensory and microbial
parameters and antioxidant activity.
Antioxidant content, color and rehydration
SANCHEZ et al. 2012
ratio were analysed.

Spray drying

The effects of the spray dryer operational
conditions on the moisture content, solubility,
consistency, wettability and color index were
analyzed.

Freeze drying

Physico chemical property of extruded snack
ZEINAB et al. 2010
with tomato peel powder was analysed.
Lycopene content, product density, hardness,
percentage of moisture loss and color parameters
of the snacks evaluated.

SOUSA et al. 2008

Solar drying

Color retention and rehydration ratio were
RAJKUMAR et al. 2007
analyzed.
Laboratory solar drying Effect of different drying thickness and drying BAGHERI et al. 2013
kinetics of tomato slices.
Cabinet air oven drying To investigate the effect of temperature and
osmotic dehydration on air drying kinetics
and quality of tomato pomace and to asses
moisture removal.
Hot air oven drying

AL MUHTASEB et al. 2010

To study drying kinetics and quality attributes ABANO et al. 2011
of tomato slices.

(DUBEY et al. 2009). Lycopene was encapsulated in powder form by spray
drying and inclusion freeze drying process (NUNES and MERCADANTE 2007).
Carotenoid rich extract was obtained from tomato paste and it was encapsulated by inulin in a prebiotics matrix system. Encapsulated carotenoid was
used for formulation of functional foods (CLARA et al. 2011).

Application
Tomato, either as a whole or as powder form has several uses in different
food industries to prepare cookies, snacks, jelly, sauce, ketch up etc.

Tomato powder vs lycopene supplement
Many researchers have suggested that tomato can be used in powder form
as well as as lycopene supplement. The points below are discussion on the
Technical Sciences
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application of both the tomato powder and lycopene supplement in food
industry.
Tomato powder
Tomato powder has good potential as substitute of tomato paste and other
tomato products; the final quality of dehydrated products is affected by the
drying conditions. Among several processing methods spray drying is the
efficient mode of preservation of tomato powder. The temperatures and
drying conditions experienced by a droplet during the drying have an
important influence on the powder properties (BENAKMOUM et al. 2008).
Tomato powder is readily marketable due to ease in packaging, transportation and utilization in different ready to eat food preparations with extended
storage life. The quality of dehydrated tomato depends on many parameters
such as tomato variety, total soluble solid content (oBrix) of the fresh product,
the air humidity, the size of the tomato segments, the air temperature and
velocity and the efficiency of the drying system. The dehydrated powder was
packed in polythene bags and kept in glass bottles at room temperature; here
the peroxide value increases with storage period, indicating deterioration
(REIHANEH and MEHDI 2010).

Uses
– The tomato powder used in soups, instant sauce premixes, ketchups,
sambar and rasam mix, puddings, bakery products, health foods, sweets,
biscuits, baby foods, confectioneries, snacks etc.
– They are also used in the preparation of recipes viz., tomato dosa, soup,
rice and burfi and compared with fresh tomato recipes. As the powder is in
the concentrated form, it gave attractive appearance, color and taste to the
recipes.
– Tomato skin powder was incorporated into refined oils for carotenoid
solubilisation in view of upgrading low quality oils.
The use of skin powders in the formulation of ketchup, improves its
textural properties (SHU et al. 2006).

Lycopene supplement
Researchers observed that the stability of microencapsulated lycopene
was significantly higher when compared to the free material such as lycopene
obtained by spray drying using gelatin, sucrose and modified starch. Human
Technical Sciences
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populations consume lycopene from both food and supplements (ROCHA et al.
2012). Lycopene is an important issue in nutrition due to the bioavailability
of a bioactive substance. The lycopene taken as a supplement is easy to the
body as a food substitute. Recent studies have suggested a protective role for
lycopene, an antioxidant carotenoid, in the prevention of oxidative stress
(GAJIC et al. 2006).

Uses
– Lycopene was used for preventing heart disease, (atherosclerosis) and
cancer of the prostate, breast, lung, bladder, ovaries, colon, and pancreas.
– Lycopene is also used for treating human papilloma virus (HPV)
infection, which is a major cause of uterine cancer.
– Some people also use lycopene for cataracts and asthma.
The application of tomato in food products is represented in Table 4.
Table 4
Application of tomato in food products
Tomato by products

Use in type of food

Observation

References

Tomato powder

Cookies

Physico chemical, color,
texture and sensory
parameters.

CHUNG 2007

Tomato peels

Ice cream

Carotenoid content,
antioxidant content and
sensory parameter analysed.

RIZK et al. 2014

Tomato seed meal

Bread

Physico chemical property
analysed

SOGI et al. 2005

Tomato peel, tomato
powder and lycopene

CANDOGAN 2002,
Beef patties,
The presence of lycopene
sausages, minced
from different tomato matrices CALVO et al. 2008,
meat and frankfruters leads to a better colour in the ØSTERLIE and
meat products, improved
LERFALL 2005,
nutritional quality, reduced
DEDA et al. 2007
lipid oxidation and increased
stability during the shelf life
period and retaining overall
acceptability.

Tomato skin powder

Refined oil

Technical Sciences
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Conclusion
Tomatoes are the most valuable and are the most commonly used crops in
many food dishes. They are very much beneficial to our health due to their
antioxidant properties. Tomato contains high concentration of lycopene, Lascorbic acid, oleoresin, phenol, flavonoids and carotenoid. Dietary intake of
tomatoes and tomato products decreases chronic diseases, cardiovascular
diseases and also reduces certain risk of cancer. Various tomato products are
made from tomato skin, seed, pomace and are very much useful in our diet.
Now -a-days tomato in powder form are mainly used due to their excellent
nutrient properties in the formulations of ketchup, soups, sauces and they
can also act as a natural colorant. Tomato powder can easily be handled,
preserved and stored, have low transportation cost. The shelf life of tomato
powder is much more than raw tomatoes. Hence, tomato is very useful for our
body due to its great antioxidant properties, health effects, and in enzymatic
metabolism. It is always better to use tomato powder than only lycopene for
the purpose of food fortification.
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Abstract
The content of this article is a direct continuation of the prior experimental works on the topic of
cloud cavitation in Venturis. The results of the experimental tests were used to create a set of
characteristics for three types of Venturis. The article has two aims: 1) verification of the similarity
between the characteristics obtained and reported in the literature, 2) verification of the range of the
obtained characteristics with respect to parallel diagrams. Both aims were achieved, which confirms
that the quality of the prior results of the experimental measurements is at least sufficient to realize
the main objective of the whole project: creation of numerical models of cavitating flow in Venturis.
The literature overview showed that the issue has been not solved until today, even at the qualitative
level. This reason was the motivation for the undertaken research, including contents of the article.

Introduction
The Venturis (Fig. 1) are devices, which have the main role of the control of
mass flow rate. Their advantage is a simple rule describing the control
mechanism. The mass flow rate is proportional to the throat area. Throat area
is the middle part of the cavitating Venturi, between converging and diverging
section. Cavitating Venturis are useful especially in devices that require a very
small liquid flow rate with constant delivery. Examples of such necessities are:
Correspondence: Agnieszka Niedźwiedzka, Katedra Mechaniki i Podstaw Konstrukcji Maszyn,
Uniwersytet Warmińsko-Mazurski, ul. Oczapowskiego 11, 10-736 Olsztyn, e-mail: niedzwiedzka.agnieszka@gmail.com

216

Agnieszka Niedźwiedzka, Wojciech Sobieski

flow ratio about few grams per second, have e.g. lab scale monopropellants or
hybrid rocket motors. To provide such small flow rate, it is necessary to use
Venturis with small throat diameters. The small size of the throat may result
in problems with viscous phenomena and varying downstream pressure in the
performance of the Venturis (GHASEMMI, FASIH 2011, ASHRAFIZADEH,
GHASEMMI 2015). The Venturis are not a common topic in the research world.
There is a small amount of work, which consider this issue, so the request for
such study is huge.

Fig. 1. Schematic of a Venturi: pu – upstream pressure [Pa], vu – upstream velocity [m/s],
pth – pressure in the throat [Pa], vth – velocity in the throat [m/s], pd – downstream pressure [Pa]
and vd – downstream velocity [m/s]

The history of the experimental investigations of cavitating Venturis dates
back to the 1960s. In this time, RANDALL (1952) presented his pioneering works
concerning construction and principles of operation of cavitating Venturis in
rocket applications. After a long pause, scientists came back to the topic in
1990s. UNGAR et al. (1994) investigated Venturis under low inlet sub-cooling.
Based on their research, it is known that in these devices during work at
unchoked mode a decrease of downstream pressure can lead to overflow.
Ungar in cooperation with MAL (1994) presented work which aimed to
investigate the influence of alternative geometries of Venturis on the overflow
conditions. LIOU et al. (1998) continued research on the topic of the small
cavitating Venturis under low inlet sub-cooling. Simultaneously began the first
numerical simulations of the flow in Venturis. NAVICKAS and CHEN (1993),
among others, are pioneers of computer calculation in this field. They concentrated their research on the flow characteristic. The results of their numerical
calculations were an irrefutable proof of the usefulness of this method to
obtain significant parameters of the Venturis. XU et al. (2002) continued
numerical investigation of cavitating Venturis using a homogeneous flow
model. The scientists validated the results of simulations e.g. mass flow rate
and oscillation frequency with the data obtained in experiments. HARADA et al.
(2006) presented results of experimental investigations of the flow in a Venturi
channel using the PIV method. GHASEMMI and FASIH (2011) examined small
sized cavitating Venturis in three ways: under different upstream and constant
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downstream conditions, under constant upstream and different downstream
conditions Venturi and under variable downstream conditions. The newest
works consider the accuracy of the numerical simulations of small-sized
cavitating Venturis (ASHRAFIZADEH, GHASEMMI 2015) or insert image analysis
to show vapour formation during the cavitating process (ABDULAZIZ 2014).
Abdulaziz proposed a new model to predict vapour void fraction and validated
it using the results of the image analysis.
The work presented in this article is a continuation of the prior works,
especially the experimental measurements presented in the work of (NIEDZWIEDZKA, SOBIESKI 2016). Results of experimental measurements of three
types of Venturis with different angles of converging and diverging section and
constant throat diameter are presented. The results of experimental measurements are subjected to further analysis and as a result characteristics of
Venturis performance are developed. The main aim of the investigations was to
analyse the degree of compliance of the obtained characteristics with the
characteristics reported in the literature (ABDULAZIZ 2014, ASHRAFIZADEH,
GHASEMMI 2015, GHASEMMI, FASIH 2011). The additional aim was estimating
the range in which it is possible to make characteristics of Venturis performance using the test rig.
It should be added, that the investigations are not only an interpretation of
the obtained experimental data, but firstly a material for numerical simulations which will be the topic of the future works. Development of numerical
models of flows with cavitation is the main aim of the authors’ research project.

Theoretical background
The construction of a Venturi tube assumes a division into three parts:
converging section, throat and diverging section. According to the continuity
equation (Eq. 2) and Bernoulli’s equation (Eq. 3), the change of the cross
section area of a fluid flux (here described by the diameters) is closely
connected to the changes in pressure at the inlet and outlet of the Venturi
(GHASEMMI, FASIH 2011). The relationship between the values of these pressures, e.g. pressure ratio (see eq. (10)), is decided about the character of mass
flow rate (see eq. 1). If the pressure ratio is smaller than 0.8, the mass flow rate
is constant and also independent from the downstream pressure. Additionally,
at these conditions cavitation appears. This operation mode can be determined
as „choked”. When the pressure ratio exceeds 0.8, cavitation does not occur, in
the Venturi the phenomenon of overflow can be observed and the mass flow
rate decreases. It means, the actual mass flow rate is smaller than expected
constant value. The relationship between the actual and expected mass flow
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rate is called mass flow ratio. This mode of operation is determined as
„unchoked” or „all-liquid” mode. The relationship between mass flow ratio
and pressure ratio (measurements under different downstream pressure
conditions) is shown in Figure 2. The general principle, which describes the
conditions necessary for the occurrence of cavitation phenomenon, refers to
the relationship between the actual and the saturation pressure of the
analysed fluid. According to this principle, the transition from liquid to vapour
phase in the throat comes when the static pressure drops below the saturated
liquid pressure. The reduction of the static pressure in the throat is a consequence of the acceleration process in the converging section (ASHRAFIZADEH,
GHASEMMI 2015).

Fig. 2. Characterization curve of cavitating Venturi

Mass flow rate through a Venturi
The mass flow rate through a Venturi is given as
ṁ = Athρlvth

(1)

where:
ṁ – mass flow rate [kg/s],
Ath – cross section area of the throat [m2],
ρl – liquid density [kg/m3],
vth – fluid velocity in the throat [m/s], is accounted for basis of two equations.
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The first is the continuity equation

V̇ = Auvu = Athvth
where:
V̇ – volume flow rate [m3/s],
Au – cross section area of the inlet pipe [m2],
Ath – cross section area of the throat [m2].

(2)

The second equation is the Bernoulli’s equation (ABDULAZIZ 2014)
pu
v2th
pth
v2u
+
+h=
+
+h
2g
ρl g
2g ρl g

(3)

where:
g – acceleration [m2/s],
h – elevation of the point above a reference plane [m].
Both equations (2 and 3) are valid for steady and incompressible flows. This
assumption is also applied in the current description.
The development of the mass model for cavitating flow should be preceded
by appropriate and necessary assumptions. According to the first assumptions,
the flow in the converging part is isentropic. The second assumption concerns
the density of the fluid, which should be constant and equal to the liquid
density at the analysed operating temperature (ABDULAZIZ 2014).
The Bernoulli’s equation (Eq. 3) will be used to obtain the dependence on
the velocity in the throat. The formula for the upstream velocity will be added
to this equation
vu =

Ath
vth
Au

(4)

It is derived from the continuity equation (Eq. 2). The third term of the
Bernoulli’s equation (Eq. 3), the elevation of the point above a reference plane,
can be omitted here, because in the experiment all parts of the Venturi are in
the same height. Accordingly, accelerations in the both sides of the equation
reduce. By substituting Eq. 4 in Eq. 3 the following formula is achieved:

(

)

Ath vth 2
Au
pu
v2th
pth
+
=
+
ρl
2
ρl
2
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Then, moving all the terms containing vth to the left side and the remaining
terms to the right side

v2th –

(

)

Ath vth
Au

2

=

2(pu – pth)
.
ρl

(6)

The final form of the dependence on the velocity in the throat has the form:

vth =

√

1

(

)

2
th
2
u

1–A
A

2(pu – pth)
ρl

·

(7)

By substituting vth from Eq. 7 in Eq. 1, the final form of the mass flow rate
formula for the Venturi is achieved:

ṁ = Athρl vth

√(

πd
=
4

1

)

2
1 – A th
A2u

2
th

· 2ρl (pu – pth)
(8)

The presented mass flow rate in the throat (Eq. 8) is only theoretical and
should be used for the unchoked mode. To account for the actual value of the
mass flow rate

πd
ṁα = Cd
4

2
th

√

1

(

)

2
1 – A th
2
Au

· 2ρl (pu – pth)

(9)

the discharge coefficient Cd should be considered. For Venturis with a converging angle, at a setting higher than 10o the discharge coefficient takes value 0.99
(READER-HARRIS et al. 2001).

Pressure ratio, cavitation number and Reynolds number
Occurrence of cavitation phenomenon is closely connected to many values,
which describe the character of the flow. To these values belong e.g. cavitation
number, Reynolds number and Weber number. Two of them are considered in
the paper, namely cavitation number and Reynolds number. Additionally,
pressure ratio is analysed.
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Pressure ratio
pr =

pd
pu

(10)

is a relationship between the downstream and upstream pressure, respectively
pd and pu. This relationship is an important indicator for Venturis. The critical
pressure ratio prc gives the information about the value which, if exceeded,
leads to loss of the cavitating character. The literature gives that this value
should be about 0.8 (ABDULAZIZ 2014). Cavitation number is:

σ=

pd – psat
1
ρlv2th
2

(11)

where:
σ – cavitation number [–],
psat – saturation pressure [Pa],
is a dimensionless quantity, which is an useful instrument to the analysis of
the occurrence and development conditions of cavitation phenomenon. Its
formula (Eq. 11) is close to the Euler number, which is used for determination
of the similarity of dynamic flows (BAGIEŃSKI 1998). For Venturis, cavitation
number expresses the relationship between the difference of a downstream
pressure from a saturation pressure at the corresponding temperature and the
kinetic energy per volume. The expression for kinetic energy per volume
consists of the dependence between liquid density ρl and velocity of the fluid in
the throat vth. Cavitation inception is possible when the cavitation number is
equal to 1. Decreasing of the value is connected with the intensification of the
phenomenon (ABDULAZIZ 2014, BAGIEŃSKI 1998).
In case of Venturis, cavitation number and pressure ratio take similar
values. This can be explained through a mathematical analysis (ABDULAZIZ
2014). The starting point of this analysis is Eq. 11. After modification through
simultaneously applying multiplication and division by upstream pressure, the
following formula is obtained:

σ=

(

pu
pd psat
pu – pu
1
2
ρl v th
2

)

(12)

Because of the very small value of the relationship of saturation pressure
psat to upstream pressure pu, it can be omitted. The modified form of the
equation of the cavitation number (Eq. 12) is as follow:
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σ=

()

pu
1
ρl v2th
2

pd
pd
=
pu
1
ρl v2th
2

(13)

After comparison of the equation (1) and (9) following expression is
obtained

ρl Ath vth

πd
= ρl
4

2
th

vth

πd
= Cd
4

√(

2
th

1

)

2
1 – A th
A2u

· 2ρl (pu – pth)

(14)

The formula, after dividing by the throat area Ath and multiplying by liquid
density ρl, velocity in the throat vth and discharge coefficient Cd, translates
into:

ρ2l v2th = C2d

1

(

)

2
1 – A th
A2u

2ρl(pu – pth)

(15)

Through dividing both sides by 2 and liquid density ρl, the expression takes
the following form:
1
ρl v2th = C2d
2

1

(

)

2
1 – A th
A2u

(pu – pth)

(16)

After substituting of Eq. 16 into Eq. 13 the cavitation number is expressed
as follow:

σ=

(

)

2
1 – A th pd
2
Au

(17)

2
d

C (pu – pth)

Due to the low value of the throat pressure pth with respect to the upstream
pressure pu and the low value of the rest of part of Eq. 16, the cavitation
number can be approximated to the form

σ≅
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Reynolds number
Re =

vul
ν

(19)

This represents a relationship between upstream velocity vu, characteristic
linear dimension l and kinematic viscosity ν. Reynolds number is a criterion for
estimating the stability of fluid motion. Based on Reynolds number, the
character of the flow, laminar or turbulent, can be specified.

Experimental setup and methods
The diagram of the test rig is presented in the Figure 3. The test rig is
constructed from acid-proof profiles and pipes with diameters of 60 mm and 50
mm. The main parts of the test rig belong to water tank, motor, and water
pump as well as cavitation chamber. The water tank has the capacity of 70 l.
The used pump self-priming up to 10 bars is suitable for liquids with the
temperature not exceeding 110oC, density not exceeding 1,300 kg/m3 and
viscosity not exceeding 150 mm2/s. A motor having a power of 5.5 kW is used as
a drive to the self-priming pump. The test rig is equipped with seven sensors
that can work with temperature below 100oC and humidity below 50%. The

Fig. 3. The diagram of the test rig: 1 – water tank, 2 – motor, 3 – water pump, 4 – cavitation chamber,
5 – water indicator, 6 – heater, 7 – sensor of water level, 8 – velocity inlet sensor, 9 – pressure inlet
sensor, 10 – temperature inlet sensor, 11 – proximity sensor of the chamber, 12 – additional proximity
sensor, 13 – pressure outlet sensor, 14 – temperature outlet sensor, 15 – control panel
Source: NIEDŹWIEDZKA, SOBIESKI (2016).
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seven sensors are: a water level sensor, a sensor for determining of flow
velocity at the inlet, sensors of temperature and pressure at the inlet and outlet
of the cavitation chamber, a proximity sensor which aims to counteract the
switching of the hydraulic system in case of lack of the cavitation chamber and
an additional proximity sensor. The other details of the test rig are in the work
(NIEDŹWIEDZKA, SOBIESKI 2016).
Three types of Venturis, with throat diameter of 3 mm and angles of
converging and diverging sections for the first type (v1) 45o and 45o (Fig. 4a),
for the second type (v2) 60o and 30o (Fig. 4b) and for the third type (v3) and 30o
and 60o (Fig. 4c), were designed and built. The throat length is 6 mm and the
outside diameter of the Venturi is 50 mm.

Fig. 4. Dimensions of the Venturi tubes
Source: NIEDŹWIEDZKA, SOBIESKI (2016).

In the experiment the mass flow rate was examined only under different
upstream pressure conditions. Using the data obtained in the experiment it is
possible to determine mass flow rate, pressure ratio, cavitation number and
Reynolds number. Based on this data adequate diagrams can be created,
describing relationships between the values.

Results and discussion
In this section performance of the cavitating Venturi has been studied
based on the experimental data from the work (NIEDŹWIEDZKA, SOBIESKI 2016).
The most attention in discussion is devoted to the mass flow rate, which is the
most crucial value for Venturis. The relationships between the mass flow rate
and the following values: pressure ratio, cavitation number, Reynolds number
and upstream pressure are analysed. Data, which is obligatory for the diagrams, is collected in Tables 1–3.
According to the information from the theoretical background, the low
values of the pressure ratio for all Venturi types indicate that the flow is
cavitating. The maximum value of pressure ratio for the first type of Venturi is
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Table 1
Data for calculating of the diagrams for the first type of Venturi
pu
[Pa]

tu
[oC]

vth
[m/s]

pth
[Pa]

pr
[–]

σ
[–]

481,325

20.2

30.95

2,366

0.211

677,325

20.5

36.74

2,410

0.150

776,325

20.9

39.34

2,470

846,325

21.1

41.08

964,325

21.4

43.86

Re
[–]

mth
[kg/s]

0.207

5,000

0.217

0.147

10,000

0.257

0.131

0.128

15,000

0.275

2,500

0.120

0.117

20,000

0.287

2,547

0.105

0.103

25,000

0.307

Table 2
Data for calculating of the diagrams for the second type of Venturi
pu
[Pa]

tu
[oC]

vth
[m/s]

pth
[Pa]

pr
[–]

σ
[–]

Re
[–]

mth
[kg/s]

657,325

31.1

36.13

4,515

0.154

0.148

5,000

0.253

757,325

32.6

38.79

4,915

0.134

0.128

10,000

0.271

1,022,325

35.6

45.09

5,808

0.099

0.094

15,000

0.315

Table 3
Data for calculating of the diagrams for the third type of Venturi
pu
[Pa]

tu
[oC]

vth
[m/s]

pth
[Pa]

pr
[–]

σ
[–]

534,325

24.1

32.60

3000

0.190

719,325

24.7

37.85

3109

0.141

811,325

28

40.19

3778

0.125

Re
[–]

mth
[kg/s]

0.185

5,000

0.228

0.137

10,000

0.265

0.121

15,000

0.281

980,325

29.7

44.19

4168

0.103

0.100

20,000

0.309

1,099,325

35.8

46.76

5872

0.092

0.087

25,000

0.327

0.211 and the minimum 0.105 (Tab. 1). For the remaining Venturis, the
pressure ratio ranges from 0.154 to 0.094 for the second and from 0.190 to
0.092 for the third Venturi type (Tab. 2, 3). The cavitation number takes the
similar values in case of all Venturis. It is a proof that these two values can be
used interchangeably. This observation is supported by Figure 5, where the
relationship between cavitation number and pressure ratio is presented.
The mass flow rate achieves the average value 0.27 kg/s for the first type of
Venturi and 0.28 kg/s for the second and third type of Venturi. Applying
Venturi as a flow meter supposes that the mass flow rate at invariable
upstream pressure and variable downstream pressure conditions is constant
for the pressure ratio in the range from 0 to 0.8. Due to the construction of the
test rig, it is impossible to make such characteristic for the chosen Venturis.
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However, the relationship between the upstream pressure and the mass flow
rate can be presented (Fig. 6). These characteristics have a curve form for each
of the analysed Venturis. A similar diagram showing a relationship between
these variables for other Venturis was presented in work of other scientists
(GHASEMMI, FASIH 2011). It confirms that the results of the experimental tests
in terms of quality are correct.
Figures 7 and 8 show the relationship between the mass flow rate and the
cavitation number and pressure ratio. Their characteristics are summarised by
curves with similar shapes. It is a visualization of the possibility of the
interchangeable application of pressure ratio and cavitation number. The
presented characteristics show that the value of the mass flow rate drops with
the increase of the pressure ratio or cavitation number.
The next relationship between the mass flow rate and Reynolds number in
the pipe is shown in Figure 9. The Reynolds numbers tested for the analysed

Fig. 5. Cavitation number versus Venturi pressure ratio

Fig. 6. Mass flow rate versus upstream pressure
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Fig. 7. Mass flow rate versus cavitation number

Fig. 8. Mass flow rate versus pressure ratio

Fig. 9. Mass flow rate versus Reynolds number
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flow are in the range from 5,000 to 25,000. The lowest value is higher than the
critical Reynolds number for pipes. It shows that the flow in the whole of the
experimental measurements has a turbulent character. This information is
important in the context of the next step of investigations, i.e. the numerical
modelling. The issue of which turbulence models should be used is open.

Conclusions
The article presents results of the examination of the effects of changes in
angles of converging and diverging sections of small-sized Venturis on their
operating characteristics. Three chosen Venturis have throat diameters of
3 mm and angles of converging and diverging section 45o and 45o, 60o and 30o,
30o and 60o. The Venturis have been examined under different upstream and
constant downstream conditions. The following concluding remarks can be
made:
– The construction of the test rig in the present configuration prevents
carrying out measurements with variable downstream conditions. Because of
this restriction, it is not possible anymore to make the most important
characterization curve of cavitating Venturi, which describes the usefulness of
the device as a flow meter. The critical pressure ratio for the analysed Venturis
could not be specified.
– The Venturi in the analysed system works only in „choked” mode. The
pressure ratio is in the range from 0.092 to 0.211. It means that the flow inside
the Venturi has a cavitating character, what was confirmed during the
experiments.
– Cavitation number and pressure ratio can be used for small sized
cavitating Venturis interchangeably.
– The simultaneous changes in angles of converging and diverging sections
have significant effect on starting point of upstream pressure and Reynolds
number of the working Venturi. The decrease of the angle of converging
sections results in the drop of the maximum Reynolds number. The shape of
the analysed characteristics is similar for all Venturis.
– Characteristics of the upstream pressure and the mass flow rate have
a curve form for each of the analysed Venturis. A similar diagram showing
a relationship between these variables for other Venturis was presented in
work of other scientists (GHASEMMI, FASIH 2011). It confirms that the results of
the experimental tests in terms of quality are correct.
– The aims of the future works are simulations of cavitating flow in
Venturis. The presented characteristics confirm rightness of the choice of the
cavitation inductors.
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Abstract
The time-fractional advection-diffusion equation with the Caputo time derivative is studied in
a layer. The fundamental solution to the Cauchy problem is obtained using the integral transform
technique. The logarithmic singularity term is separated from the solution. Expressions amenable for
numerical treatment are obtained. The numerical results are illustrated graphically.

Introduction
The standard advection diffusion equation

∂c
= a Dc – v · grad c,
∂t

(1)

where:
a is the diffusivity coefficient, v is the given velocity vector, results from the
balance equation for mass and the constitutive equation
Correspondence: Yuriy Povstenko, Institute of Mathematics and Computer Science, Jan Długosz
University in Częstochowa, al. Armii Krajowej 13/15, 42-200 Częstochowa, e-mail: j.povstenko@ajd.czest.pl
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j = –a grad c + vc

(2)

and has several physical interpretations in terms of Brownian motion, diffusion or heat conduction with additional force or with additional velocity field,
transport processes in porous media, groundwater hydrology, diffusion of
charge in the electric field on comb structures, etc. (FELLER 1971, KAVIANY
1995, NIELD and BEJAN 2006, RISKEN 1989, SCHEIDEGGER 1974, VAN KAMPEN
2007).
In the last few decades, equations with derivatives of fractional order have
attracted considerable interest of researchers due to many applications in
physics, geophysics, geology, rheology, engineering and bioengineering
(GAFIYCHUK and DATSKO 2010, MAGIN 2006, MAINARDI 2010, METZLER and
KLAFTER 2000, POVSTENKO 2015b, ROSSIKHIN and SHITIKOVA 1997, UCHAIKIN
2013, WEST et al. 2003).
The time-nonlocal generalizations of the constitutive equation for the
matter flux (2) were studied in (POVSTENKO 2015a, 2015b). In the case of the
„long-tail” power kernel, we have
1–α
[– agrad c + vc],
j = DRL

(3)

where:
α
(t) is the Riemann-Liouville fractional derivative of the order α (GORENFLO
DRL
and MAINARDI 1997, KILBAS et al. 2006, PODLUBNY 1999):

α
DRL
(t)

dn
= n
dt

[

t

∫

]

1
(t – τ)n–α–1c(τ)dτ ,
Γ(n – α)
0

n – 1 < α < n.

(4)

In combination with the balance equation for mass, Eq. (3) leads to the
time-fractional advection diffusion equation

∂ αc
= a Dc – v · grad c,
∂ tα

(5)

with the Caputo fractional derivative of the order α (GORENFLO and MAINARDI
1997, KILBAS et al. 2006, PODLUBNY 1999):
t

∫

1
∂ αc
dnc(τ)
(t – τ)n–α–1
dτ ,
α =
∂t
Γ(n – α)
dτ n

n – 1 < α < n.

(6)

0
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In the literature there are only several papers in which the analytical
solutions of Eq. (5) were obtained; equation with one spatial variable was
considered in (HUANG and LIU 2005, LIU et al. 2003, POVSTENKO and KLEKOT
2014), while equation with two spatial variables was studied in (POVSTENKO
2014, 2015a, 2015b). A comprehensive survey of different approaches to
solving the fractional advection diffusion equation as well as of the numerical
methods used for its solving can be found in (POVSTENKO 2014). In the present
paper, we study Eq. (5) in a layer 0 < x < l , – ∞ < y < ∞. The fundamental
solution to the Cauchy problem is obtained using the integral transform
technique. The logarithmic singularity term is separated from the solution.
Expressions amenable for numerical treatment are derived. The numerical
results are illustrated graphically.
The paper is organized as follows. In the succeeding section, the initialboundary-value for the time-fractional advection diffusion equation is formulated and the new sought-for function is introduced to eliminate the
gradient term from the equation. Next, the considered problem is solved using
the Laplace and Fourier integral transforms. Concluding remarks are presented in the last section.

Statement of the problem
We investigate the time-fractional advection diffusion equation in a layer

∂c
∂c
∂ αc
∂ 2c
∂ 2c
+ 2 –ν
–ν ,
α = a
2
∂t
∂x
∂y
∂x
∂y

(

)

x ∈ (0, l), y ∈ (– ∞, + ∞), t > 0;

(7)

with a > 0, ν > 0, α ∈ (0,1).
Equation (7) is considered under zero Dirichlet boundary conditions at the
surfaces of a layer
c(0, y, t) = 0,

y ∈ (– ∞, + ∞), t > 0;

(8)

c(l, y, t) = 0,

y ∈ (– ∞, + ∞), t > 0;

(9)

and the initial condition
c(x, y, 0) = f(x, y),

(x, y) ∈ (0, l) × (– ∞, + ∞).

(10)

As usually, the zero condition at infinity is also assumed:
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x ∈ [0, l], t > 0.

lim c(x, y, t) = 0,

y→±∞

(11)

The solution of the considered problem can be written as
∞l

c(x, y, t) = ∫ ∫ f(ζ, σ) G(x, y – σ, ζ, t) dζ dσ,

(12)

–∞0

where:
G(x, y, ζ, t) is the fundamental solution of (7)–(11) corresponding to the initial
condition
c(x, y, 0) = G(x, y, ζ, 0) = p0 δ (x – ζ ) δ (y),

0 < ζ < l.

(13)

Here δ (x) is the Dirac delta function. In Eq. (13), we have introduced the
constant multiplier p0 to obtain the nondimensional quantity displayed in
Figures (see Eq. (33)). The initial-boundary-value problem (7)–(11) is wellposed in the Banach space C of continuous functions vanishing at infinity,
endowed with the sup norm (HANYGA 2002a, 2002b).
Now we introduce the new sought-for function u(x, y, ζ, t):

G(x, y, ζ, t) = exp

ν (x + y)
u(x, y, ζ, t),
2a

[

]

(14)

which allows us to eliminate the gradient terms from (7) and to reformulate
the initial-boundary-value problem (7)–(11) as

∂ αu
∂ 2u
∂ 2u
ν2
+
–
u,
α = a
2
2
∂t
∂x
∂y
2a

(

)

x ∈ (0,l), y ∈ (– ∞, + ∞), t > 0;

(15)

u(0, y, ζ, t) = 0,

y ∈ (– ∞, + ∞), t > 0;

(16)

u(l, y, ζ, t) = 0,

y ∈ (– ∞, + ∞), t > 0;

(17)

νζ
δ (x – ζ )δ (y), (x, y) ∈ (0, l) × (– ∞, + ∞); (18)
2a

( )

u(x, y, ζ, t) = p0 exp –

lim u(x, y, ζ, t) = 0,

y→±∞
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In Eq. (18), we have used the relation f(x)δ (x – ζ) = f(ζ)δ (x – ζ) understood in
terms of distributions.

Solution of the problem
To solve the problem (15)–(19), the integral transform technique will be
used. Recall that the Caputo fractional derivative for the Laplace transform
rule requires the knowledge of the initial values of the function and its integer
derivatives of the order k = 1, 2, ..., n – 1 (GORENFLO and MAINARDI 1997,
KILBAS et al. 2006, PODLUBNY 1999):

L

n–1
dα f(t)
= sα f*(s) – Σ f (k)(0+)sα–1–k,
α
dt
k=0

{

}

n – 1 < α < n,

(20)

where the asterisk denotes the Laplace transform, s is the transform variable.
The exponential Fourier transform with respect to the spatial coordinate y
(denoted by the tilde) has the following form (SNEDDON 1972):

F{f(y)} = f̃(η) =

F –1{f̃ (η)} = f(y) =

1

√2π
1

√2π

∞

∫ f(y)e

iyη

dy,

(21)

–∞

∞

∫ f̃ (η)e

dη ,

–iyη

(22)

–∞

and

F

{

}

d2 f(y)
= – η2 f̃ (η)
dy2

(23)

The finite sin-Fourier transform with respect to the spatial coordinate is
marked by the hat and is expressed as (SNEDDON 1972).
L

F{f (x)} = fˆ (ξ k) =

∫ f (x) sin (xξ )dx,
k

(24)

0
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2 ∞
F –1{fˆ (ξ k)} = f(x) = Σ fˆ (ξ k) sin (xξ k),
l k=1

(25)

where

ξk =

kπ
,
l

k = 1,2,3,...

(26)

This transform is used in the case of the Dirichlet boundary conditions as
for the second derivative of a function we have

F

{

}

d2 f(x)
= –ξ 2k fˆ (ξ k) + ξ k [f (0) – (–1)k f(l)].
dx2

(27)

Applying the integral transforms to Eqs. (15)–(19), we get
p0
sα–1
νζ
exp –
sin (ζξ k)
ũˆ * (ξ k,η,ζ,s) =
2a
ν2
√2π
sα + a (ξ 2k + η 2) +
2a

( )

(28)

The inverse integral transforms give
u(x,y,ζ,t) =

∫E

α

–∞

( )Σ
∞

sin (xξ k) sin (ζξ k)

k=1

(29)

∞

×

p0
νζ
exp –
πl
2a

ν2 α
–a ξ 2k + η2 +
t cos (yη)dη,
2a2

[ (

)]

where Eα (z) is the Mittag-Leffler function in one parameter α (GORENFLO et al.
2014)
∞

Eα (z) =

zn

, α > 0, z ∈ C,
Σ
n=0 Γ(α n + 1)

(30)

and the following formula

L– 1

{

sα–1
= Eα (– btα)
sα + b

}

(31)

has been used.
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Hence, for the fundamental solution G(x,y,ζ,t) we have the expression:
G(x,y,ζ,t) =

p0
ν (x + y – ζ)
exp
πL
2a

[

∞

sin (xξ k) sin (ζξ k)

k=1

(32)

∞

×

]Σ

∫E

α

–∞

ν2 α
–a ξ + η +
t cos (yη)dη.
2a2

[ (

2
k

)]

2

For ν = 0, the fundamental solution (32) coincides with the corresponding
solution to the time-fractional diffusion-wave equation obtained in (POVSTENKO 2015c).
In calculations we will use the following nondimensional quantities

c̄ =

√a tα/2l G,

x
x̄ = ,
l

p0

ȳ =

ζ
ζ̄ = ,
l

y,
l

ν̄ =

lν
,
a

τ=

atα
. (33)
l2

In the case of the standard advection diffusion equation corresponding to
α = 1, taking into account that E1 (z) = ez and evaluating the following integral
(PRUDNIKOV et al. 1986a)
∞

∫

2x2

e–p

cos (qx)dx =

0

√π exp – q2 ,
2

(

2p

4p

)

p > 0,

(34)

we get

G(x,y,ζ,t) =

×

p0

√π at l
∞

Σ sin (xξ

k=1

ν

[ (

exp

2a

x–ζ–

νt
2

)] [

exp –

(y – ν t)2
4at

]
(35)

) sin (ζξ k) exp (– atξ ).

k

2
k

The solution (35) is shown in Fig. 1 and Fig. 2 for different values of the
drift parameter ν̄.
Unfortunately, for α ≠ 1 Eq. (32) is not amenable for numerical treatment
as it has singularity at the point x = ζ, y = 0. The type of singularity is the same
as in the case of an infinite plane, and for numerical calculations it is
convenient to separate the singularity term from Eq. (32). For this purpose, we
recall the fundamental solution (POVSTENKO 2014) to the Cauchy problem for
the time-fractional advection diffusion equation in a plane:
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∂ G∞
∂ G∞
∂ α G∞
∂ 2 G∞ ∂ 2 G∞
–ν
–ν
,
α = a
2 +
2
∂t
∂x
∂y
∂x
∂y

(

)

x ∈ (– ∞, +∞), y ∈ (– ∞, +∞), t > 0;
(36)

G∞ (x,y,ζ,0) = p0 δ (x – ζ) δ (y), x ∈ (– ∞, +∞), y ∈ (– ∞, +∞)

(37)

Fig. 1. Fundamental solution to the advection diffusion equation; a = 1, τ = 0.1, ζ̄ = 1/2, ν̄ = 1

Fig. 2. Fundamental solution to the advection diffusion equation α = 1, τ = 0.1, ζ̄ = 1/2, ν̄ = 5
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For the auxiliary function u∞ (x,y,ζ,t) (14) after applying the Laplace
transform with respect to the time t and the double exponential Fourier
transform with respect to the spatial coordinates x and y we obtain
p0
νζ
exp –
exp (iζξ )
ũ˜∞* (ξ ,η,ζ,s) =
2a
2π

( )

sα–1
sα + a (ξ 2 + η 2) +

ν2
2a

(38)

dξ ,

(39)

and
∞

p0
νζ
ũ (x ,η,ζ,s) =
exp –
(2π)3/2
2a – ∞

cos [(x – ζ )ξ ]sα–1

( )∫

*
∞

p0
νζ
u∞ (x ,η,ζ,t) =
exp – 2
2a
(2π)2

ν2
s + a (ξ + η ) +
2a
α

– ∞ –∞

cos [(x – ζ )ξ ] cos (yη),

ν2 α
–a ξ + η +
t dξ d η .
2a2

[ (

2

2

∞∞

( )∫∫

× Eα

2

)]

2

(40)

After introducing the polar coordinates in the (ξ,η)-plane, we get (for
details, see (POVSTENKO 2014)):

G∞(x,y,ζ,t) =

p0
ν (x + y – ζ )
exp
2a
2π

[

∞

]∫E

α

0

[(

– ar 2 +

ν2 α
t J0 [ρ √(x – ζ)2 + y2]ρdρ,
2a

)]

(41)
where J0(r) is the Bessel function.
For large values of the negative argument, the Mittag-Leffler function
Eα (–x) has the asymptotic
Eα (–x) ~

1
,
Γ(1 – α)x

(42)

and for α ≠ 1 the integral in (41) is divergent at the point x = ζ, y = 0. To
separate the singularity, we rewrite (41) as
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p0
ν (x+y–ζ )
G∞(x,y,ζ,t)= 2π exp
2a

[

]

〈{
∞

∫

[(

0

∞

× J0 [ρ √(x – ζ) + y ]ρdρ +
2

2

ν2 α
t –
2a

)]

Eα – ar 2 +

∫

0

1

[ (

J0 [ρ √(x – ζ)2 + y2]

ν2 α
Γ(1 – α) 1+ aρ +
t
2a

[ (

}

ν2 α
t
Γ(1 – α) 1+ ar2+
2a
(43)

)]

2

)]

〉

ρd ρ .

The first integral in (43) has no singularity, the second one can be
evaluated analytically taking that (PRUDNIKOV et al. 1986b)
∞

∫

0

x
J0 (qx)dx = K0(pq),
x2+p2

p > 0, q > 0,

(44)

where K0(x) is the modified Bessel function having the logarithmic singularity
at the origin. Hence
G∞(x,y,ζ,t) = (regular term) +
+

] [√

p0
ν (x + y – ζ)
K0
α exp
2a
2π Γ(1 – α)at

[

1+

√

ν 2tα (x – ζ )2 + y2
.
2a
a tα

]

(45)

Now we reformulate the considered problem for a layer 0 < x < l, –∞ < y ∞. Let
u(x,y,ζ,t) = u∞(x,y,ζ,t) + g(x,y,ζ,t),

(46)

and
G(x,y,ζ,t) = G∞(x,y,ζ,t) + exp

ν (x + y)
g(x,y,ζ,t)
2a

[

]

(47)

where G∞ is the solution of the corresponding Cauchy problem in an infinite
plane. In such a way, we get

∂ αg
∂ 2g
∂ 2g
ν2
+ 2 –
g, x ∈ (0,l), y ∈ (– ∞, + ∞), t > 0;
α = a
2
∂t
∂x
∂y
2a

(48)

g(0,y,ζ,t) = –u∞(0,y,ζ,t), y ∈ (– ∞, + ∞), t > 0;

(49)

(
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g(l,y,ζ,t) = –u∞(l,y,ζ,t), y ∈ (– ∞, + ∞), t > 0;

(50)

g(x,y,ζ,0) = 0, x ∈ (0,l), y ∈ (– ∞, + ∞).

(51)

From (48)–(51), we have

αξ k [ũ*∞ (0,η,ζ,s) – (–1)kũ*∞ (l,η,ζ,s)]
g̃ˆ* (ξ k,η,ζ,s) = –
ν2
sα + a (ξ 2k + η 2) +
2a

(52)

The values ũ*∞ (0,η,ζ,s) and ũ*∞ (l,η,ζ,s) can be found from (39). Hence,
∞

α p0ξ k
νζ α–1 cos(ζξ ) – (– 1)k cos[(l – ζ)ξ]
g̃ˆ* (ξ k,η,ζ,s) = –
exp
–
s
d ξ,
2a
Δ(ξ,ξk,η,s)
(2π)3/2
–∞
(53)
where

( )

[

Δ(ξ,ξk,η,s) = sα + a(ξ 2k + η2) +

∫

ν2
2a

][

sα + a(ξ 2 + η2) +

ν2
.
2a

]

(54)

Fig. 3. Fundamental solution to the time-fractional advection diffusion equation; α = 0.5, τ = 0.1,
ζ̄ = 1/2, ν̄ = 1
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Fig. 4. Fundamental solution to the time-fractional advection diffusion equation; α = 0.5, τ = 0.1,
ζ̄ = 1/2, ν̄ = 5

After decomposition of 1/Δ(ξ,ξ k,η,s) into partial fractions we obtain

p0ξ k
νζ
g̃ˆ* (ξ k,η,ζ,s) = –
exp –
2a
(2π)3/2

(

∞

) ∫ cos(ζξ) – (–ξ 1)– ξcos[(l – ζ)ξ],
k

2

–∞

2
k

(55)

×

[

sα–1
sα + a (ξ 2k + η 2) +

ν2
2a

–

sα–1
sα + a (ξ 2 + η 2) +

ν2
2a

]

dξ .

The inversion of all the integral transforms gives the final result:
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G(x,y,ζ,t) = G∞(x,y,ζ,t) +
×

{ [ (

[

]

∞ ∞

∞

Σξ
k=1

p0
ν(x + y – ζ )
exp
2π 2l
2a

k

cos(ζξ) – (– 1)k cos[(l – ζ)ξ]
cos(yη)
ξ 2 – ξ 2k
– ∞– ∞

sin (xξk)

× Eα –a ξ 2 + η2 +

∫∫

ν2 α
ν2 α
t – Eα –a ξ 2k + η2 +
t
2
2a 2
2a

)] [ (

) ]}

(56)

dξ d η .

Figs. 3 and 4 show the fundamental solution to the Cauchy problem to the
time-fractional advection diffusion equation c̄ = √atα/2lp0–1G for α = 0.5 and
different values of the drift quantity ν̄.

Conclusions
We have considered the time-fractional advection diffusion equation with
the Caputo fractional derivative in a domain 0 < x < l, –∞ < y < ∞. The Laplace
transform with respect to time t, the finite sin-Fourier transform with respect
to the spatial coordinate x, and the exponential Fourier transform with respect
to the spatial coordinate y have been used. The fundamental solution to the
Cauchy problem has been obtained. The results of numerical calculations are
displayed in Figures for different values of the nondimensional spatial variables x̄ and ȳ, the drift parameter ν̄, and the order of the time-fractional
derivative α. To evaluate the Mittag-Leffler function Eα (– x) we have used the
algorithm suggested in (GORENFLO et al. 2002).
In the case of the standard diffusion equation with the order of time
derivative α = 1, the fundamental solution has no singularity, and the increase
in the quantity ν̄ causes a drift of the maximum value of the solution and
a decrease in this value (see Figs. 1 and 2). In the case of time-fractional
advection diffusion equation with the order of time derivative 0 < α < 1, the
fundamental solution to the Cauchy problem has no singularity only in the
case of one spatial variable, whereas in the case of two spatial variables the
fundamental solution has the logarithmic singularity, and the influence of the
drift parameter ν̄ is less noticeable (Figs. 3 and 4). Increase in the drift
parameter ν̄ only presses the plot to the singularity point.
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Abstract
Dynamic loads of drive of suspended timbertransporting rope system with an electric motor are
investigated. Developed a dynamic model of the electromechanical drive considering the changing of
the electric motor’s moment during start-up and the resistance force moment. The changing of the
resistance force moment is expressed through the changes in tension force of the pull-bearing rope
systems in various manufacturing operations. In determining the moment of inertia of the drive
drum is accounted multi-winding of rope. Research on dynamic load of system elements are made
with the taking into account the influence of torsional stiffness of system parts and lifting capacity of
the suspended timbertransporting rope system.

Introduction
The suspended timbertransporting rope systems have a number of advantages for the primary transportation of timber in mountainous areas compared
with tractor skidding. Such as: much lower amount of roads building, the use
in any weather and at any soils, waste reduction at cutting areas, the
possibility of exploration of forests in inaccessible places for other equipment,
reducing energy costs and protecting the environment (ADAMOVSKY et al. 1997,
BELAYA, PROHORENKO 1964, KORZHOV, CUDRA 2010). These systems are equipCorrespondence: Vasyl Baryliak, Ukrainian National Forestry University, Lviv, Ukraine, e-mail:
barylyakw@gmail.com
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Fig. 1. Schematic diagram of one-drum drive of the timbertransporting rope system: 1 – electric
motor; 2 – coupling; 3 – mechanical transmission; 4 – drive drum of power stroke; 5 – pull-hoisting
rope; 6 – load; 7 – load carriage; 8 – carrier rope; – span length of the rope system; x(t) – coordinate of
load carriage in the span; lA – length of the reserve rope

ped with electric motor drives or an internal combustion engine (ZANEHYN et
al. 2004). The characteristic features of the system drive’s work are variable
tension force of pull-hoisting rope by various manufacturing operations and
multi-winding of rope on the drum. The change of the pull-hoisting rope’s
tension causes the change of force resistance moment at different stages of the
system’s process (MALASHHENKO et al. 2013). The multi-winding of the drum
drive rope increases its diameter with the wound rope. It causes the changing
of the inertia moment of the drive drum. The presence of the drive electric
motor causes bigger dynamic loads on system elements when the system is
turning on (CZABAN 2008, CZABAN, LIS 2012, KHARCHENKO, SOBKOWSKI 2005).
The suspended timbertransporting rope systems are characterized by a low
level of unification schemes and constructions. Therefore, the proposed model
needs detailing of considering operational and structural features.
The objective is the mathematical modeling of dynamic processes of the
suspended timbertransporting rope system’s drive with taking into account
the changing of the electric motor’s moment during start-up and the resistance
moment during a steady-state operation mode of the system and studying the
impact of structural and operational parameters on the value of dynamic loads
in the drive.
To achieve this goal it is necessary to develop a dynamic model of the rope
system’s drive and take into account, in addition to inertial, elastic and
dissipative characteristics of parts, multi-layer winding rope and the real
nature of changes in external loads.
Technical Sciences
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Theoretical research
One-drum drive of the timbertransporting rope system is simulated as the
equivalent reduced tri-mass dynamic system with three degrees of freedom
(Fig. 2). The motor shaft is used as a section of reduction.
Differential equations of drive’s motion write down using the principle of
d’Alembert in the normal form of Cauchy:

ì
ï
ï
í
ï
ï
î

dϕ 1
= ω1
dt
dϕ 2
= ω2
dt
dϕ 3
= ω3
dt
1
dϕ 1
=
· [ME – ν1(ω 1 – ω 2) – c1(ϕ1 – ϕ 2)]
dt
I1
1
dϕ 2
=
· [ν1(ω1 + ω 2) – c1(ϕ1 – ϕ 2) – ν2(ω 2 + ω 3) – c2(ϕ2 – ϕ 3)]
dt
I2
1
dϕ 3
ω 3 d[I3(t)]
=
· –MS(t) –
+ ν 2(ω 2 + ω 3) – c2(ϕ2 – ϕ 3)
dt
I3(t)
2
dt

[

(1)

]

where:
ω 1, ω 2, ω 3 – angular velocity of corresponding reduced rotating masses, t – time.

Fig. 2. Estimated diagram of the one-drum drive of the timbertransporting rope system
The notation used on Fig. 2: 1 – rotating mass of motor’s rotor and coupling; 2 – reduced rotating
mass of drive’s mechanical transmission; 3 – reduced rotating mass of drive’s drum, pull-hoisting
rope and transported load with the load carriage; ME – electromagnetic moment of motor;
MS(t) – resistance force moment of the drum drive with traction rope reduced to the motor shaft;
I1 – inertia moment of the rotating masses of motor and coupling; I2 – inertia moment of the drive’s
mechanical transmission reduced to the motor shaft; I3(t) – inertia moment of the rotating mass is
equivalent to the masses of drive drum, pull-hoisting rope, load with the load carriage and reduced to
the motor shaft; c1, c2 – reduced coefficients of torsion stiffness of elastic sections; ν1, ν2 – reduced
coefficients of elastic sections’ viscous resistance; ϕ1, ϕ2, ϕ3 – generalized coordinates of drive’s
rotating masses.
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The transient electromagnetic processes in the drive asynchronous electric
motor with a shortcircuited rotor (squirrel cage motor) is described briefly
based on Park-Gorev equations (PARK 1929, PARK 1933, GOREV 1950). Electromagnetic moment of motor ME is calculated using the formula (KHARCHENKO, SOBKOWSKI 2005, JOSWIG 2014):

ME =

2
1
p0 (iRxiSy – iRyiSx)
3 τ

(2)

where:
p0 – the number of pairs of magnetic poles; iRx,iSy,iRy,iSx – the projections of
currents in the windings of the motor’s stator and rotor on the coordinate axes
x, y ; τ – the value, which is determined from the magnetization curve.
Subscript indicates the value of belonging to the rotor winding, a S – indicates
the value of belonging to the stator winding.
The projections of currents iRx,iSy,iRy,iSx are determined from differential
equations of the electromagnetic state of machines (CZABAN 2007, CZABAN, LIS
2012, JOSWIG 2014, KHARCHENKO, SOBKOWSKI 2005), that are written down in
matrix form:
diS
= AS(uS + ΩSψS – RSiS)+ BS(ΩRψR – RRiR)
dt
diR
= AR(ΩRψR – RRiR) + BR(uS + ΩSψS – RSiS)
dt

(3)

where:
iS, iR, uS – matrices column of currents and voltages; AS, BS, AR, BR – square
matrices of communication; ΩS, ΩR – frequency rotation matrices; ψS, ψR
– matrices-column of full flows clutches; RS, RR – active resistance.
The reduced resistance force moment MS(t) determine, taking into account
the variable of tension force of pull- hoisting rope S(t) and variable radius rH(t)
and variable radius of the drum with wounded rope:

MS(t) =

1
S(t) · rH(t)
u

(4)

where:
u – general gear ratio of drive’s mechanical transmission.
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To determine the tension force S(t) the technological cycle of work of
suspended timbertransporting rope system will be examined. It is divided into
the following four stages:
– selection of rope’s weaknesses (characterized by a progressive increase of
tension force of the rope to a value equal to the weight of cargo);
– lifting cargo;
– locking cargo with the load carriage;
– transferring cargo with the load carriage along the rope.
The pull-tension power of hoisting rope is determined considering the
location coordinates of load carriage, rope system’s process parameters and the
duration of each of the stages according to the steps of technological cycle
(ADAMOVSKY et al. 1997, ZANEHYN et al. 2004):
CK · ν

Q[L – xK(t0)]

ì 0 ≤ t ≤ C · ν ⇒ S (t) = L – x (t ) · t
ï Q[L C– x· (tν )] < t ≤ν1 (Q[L C– x (t )] + H ) ⇒ S (t)
ï 1 Q[L – x (t )] + H < t ≤ 1 Q[L – x (t )] + H + t ⇒S (t) (5)
S(t) = í [ν (
) ν( C
) ]
C
ï t > ν1 (Q[L C– x (t )] + H ) + t
ï t ≤ 1 Q[L – x (t )] +H +L–x (t )+(gq ) · (L–x (t )) cosβ +t ⇒S (t)
) cosβ 24 · H
)
î ν( C
0

K

K

K

0

K

0

0

G

K

1

K

K

0

K

0
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ï
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ï
ï
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K
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K

0

K

0
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0

3

ì
ï
ï
í
ï
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î

3

where:
S0(t), S1(t), S2(t), S3(t) – pull-tension power of hoisting rope when choosing
rope’s weaknesses, lifting cargo, locking cargo with the cargo carriage and
transporting of cargo carriage by carrier rope (ADAMOVSKY et al. 1997,
ZANEHYN et al. 2004), Q – cargo weight; xK (t0) – coordinate of cargo carriage at
the initial time t0; HG – height of lifting cargo; ν – velocity of winding of rope on
the drum; β – angle between the span’s chord and the horizon; CK – longitudinal stiffness of pull-hoisting rope; – horizontal component of the tension force
of the rope (ADAMOVSKY et al. 1997, BELAYA, PROHORENKO 1964, ZANEHYN et al.
2004); tC – time of cargo’s locking (ADAMOVSKY et al. 1997); qK – mass per unit
length of the rope.
The expression for determining the radius of the drum with wounded rope
in the random time moment writes down as follows:
rH(t) =

dB3
+ dK · (n/(t) – 0,5),
2

(6)

where:
dB3 – diameter of the drum without a rope, dK – rope’s diameter, n/(t) – the
number of wound rope’s layers.
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To determine n/(t), express estimated number of wound rope’s layers
through the angular rotation velocity of the drum drive:

n(t) = n0 +

ωB3(t) · dK · t
,
2πLB3

(7)

where:
n(t) – angular velocity of the drum drive with rope; n0 – the number of wound
rope’s layers at the initial time moment t0; LB3 – length of the working surface
of the drum. To get the value of n/(t) round the value of n(t) to the upper whole
number.
To determine the value of n0 is used known dependency for the length of
wound rope on the drum (GOROKHOVSKI, LIVSHITS 1991):

l0 = π ·

LB3
· n0 · [dB3 + Cy dK · (n0 – 1)]
dK

(8)

where:
Cy – the ratio of wound rope’s density.
The length of wound rope at the initial time moment is determined because
total capacity of the rope of the drum drive and coordinate’s placement of cargo
carriage in flight are set. Taking into account the rope’s sagging by a parabola
(ADAMOVSKY et al. 1997, BELAYA, PROHORENKO 1964) and the available rope’s
reserve (GOROKHOVSKI, LIVSHITS 1991, KORZHOV, CUDRA, 2010) this length is
equal to:

l0 = lA +

xK(t0)
q2 · xK(t0)3
+ K
cosβ
24H2
cosβ

(9)

Equating (8) and (9), we obtain an expression for determining the number of
wound rope’s layers at the initial time t0:

Cy dK – dB3 +
n0 =

√

(dB3 – Cy dK)2 +

4Cy dK2l0
π · LB3

(10)

2Cy dK
Thus, the radius of the drum with wounded rope at a random moment of
time is calculated by the relation (6) using (7) – (10).
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To determine the variable reduced moment of I3(t)specified stages of the
rope system’s cycle of work must be taken into account. The inertia moment of
of the drive drum, the mass of cargo and area of rolling rope are forming
factors for I3(t) at the stage of lifting and locking loads. The expression for
determining the reduced moment of inertia at this stage is:

I3(t) =

(

(

)

)

1
qK L – xK(t0)
q2 · (L – xK(t0))3
Q
IB3(t) +
+ K
cosβ r2H(t) + r2H(t)
2
u
3
cosβ
24H2
g
(11)

where:
u – general gear ratio of drive’s transmissions; IB3 – inertia moment of the drive
of the drum.
To determine the reduced moment I3(t) the moving mass of cargo carriage
is taken to account at the stage of displacement:

I3(t) =

(

(

)

)

1
qK L – xK(t0)
q2K · (L – xK(t0))3
Q+G 2
I
(t)
+
+
cosβ r2H(t) +
rH(t)
B3
2
2
u
3
cosβ
24H
g
(12)

where:
G – weight of cargo carriage.
The drive drum’s moment of inertia depends on the drum’s weight with the
wound rope and the distribution of mass in the drum (ADAMOVSKY et al. 1997,
MALASHHENKO et al. 2013):
IB3(t) = kM · [mB3 + lT(t) · qK] · r2H(t),

(13)

where:
kM – coefficient of mass distribution in the drum (kM = 0,7); mB – mass of drive
drum without a rope; mK(t), lT(t) - mass and length of wound rope.
The length of wound rope at the initial time moment is is determined by
taking into account (7):

lT(t) = π ·

LB3
ωB3(t)· dK · t
ωB3(t) · dK · t
· n0 +
· dB3 + Cy · dK · n0 +
–1 .
2πLB3
2πLB3
dK
(14)
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Taking into account (13), (14) the expression (11), (12) can calculate
a reduced moment of inertia I3(t).

Results and discussion
Since all the drum’s elements are fixed at the time of motor’s start-up, all the
angles of rotation ϕ i and angular velocity ω i of reduced masses are equal to zero.
The value of the currents in the windings of the motor at the initial start-up
time are equal to zero, and therefore the projection of these currents on the
coordinate axes are also equal to zero. Thus, there are zero initial conditions at
the initial time t0:
t0 = 0, iSx(t0) = 0, iSy(t0) = 0, iRx(t0) = 0, iRy(t0) = 0, ϕ1(t0) = 0, ϕ2(t0) = 0, ϕ3(t0) = 0,
ω1(t0) = 0, ω2(t0) = 0, ω3(t0) = 0.
The differential equations (1) and (3) with given initial conditions form
a closed system that describes the dynamic state of the electromechanical
drive. It is solved by Euler’s numerical method with recalculation. At each step,
common numerical integration of differential equations (1) and (3) determine
the drive’s variables:
– electromagnetic moment of the motor ME;
– reduced moment of the force resistance on the drive drum MS(t);
– increasing of the dynamic moment due to increasing the moment
d[I3(t)]
.
of inertia of the drum drive
dt
The solution of systems of differential equations (1) and (3) allows determining the parameters of the motion of drive’s mechanical part such as
rotating angles and angular velocities of reduced rotating masses. In addition
to the motion parameters of the mechanical part, you can also define the
electromagnetic moment and angular velocity of the motor’s rotor. The time
dependencies of reduced dynamic moments in the parts of drive’s dynamic
model can be build using determined motion parameters.
The reduced dynamic moments in the drive’s coupling and mechanical
transmissions are calculated as follows:
– the reduced dynamic moments in the drive’s coupling:
Md1 = c1[ϕ1 – ϕ2] + ν1[ω1 – ω 2]

(15)

– the reduced dynamic moments in the drive’s mechanical transmissions:
Md2 = c2[ϕ2 – ϕ3] + ν1[ω 2 – ω 3]
Technical Sciences
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Fig. 3. The time dependence of the angular velocity drive’s shaft (a) of the electric motor’s moment (b)
and reduced dynamic moment in drive’s transmissions (c).

The example of calculating the angular velocity and dynamic moments in
one-drum drive equipped with an electric motor and elastic coupling shown in
Fig. 3-4 in graphs. The calculation is performed using the following inputs:
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electric motor 4A180M4 (RS = 0,134 Om; RR = 0,117 Om; LS = 0,8 · 10 H;
LR = 0,82 · 10–3H; Lm = 4,9 · 10–2H; Um = 310,5 W; α1 = 4,714 · 10–2 Wb/A;
α2 = –2,094 · 10–5 Wb/A3; α3 = 6,003 · 10–9 Wb/A5; imk = 15,0 A; ω 0 = 157 rad/s;
p0 = 2); J1 = 23,5 kg/m2; J2 = 0,02 kg/m2; c1 = 35*103N*m/rad;
ct = 40*103N*m/rad; ν1 = 15N*m*s/rad; ν2 = 2,96*10–3N*m*s/rad; L = 400m;
xK(t) = 80 m; Q = 16 kH; G = 240 N; u = 20; HG = 4 m; mB3 = 30 kg; LB3 = 0,6 m;
dB3 = 0,3 m; dK = 9,7 · 10–3 m; β = 30o.
The analysis of graphs has shown that acceleration of drive system is less
than 0.2 s (Fig. 3a). The initial phase of acceleration accompanied by intense
electromagnetic fluctuations of the electric motor (800) with a frequency of
power line 50 Hz (Fig. 3b). This small acceleration time due to the lack of
technological load at the time of start and a gradual linear increase of tension
force of pull- hoisting rope at the initial of the technological cycle from zero to
a value of . The amplitude and intensity fluctuations of reduced dynamic
moment in transferring (Fig 3c) during start-up is much lower (up to 40N*m).
Low values of amplitude and intensity fluctuations of dynamic moments in
transmissions drive during acceleration is also due to the linear nature of the
increasing process of load and reducing the influence of fluctuations of the
electric motor to the transmission due to the elastic properties of the coupling.
During the separation of load bearing surface (5.5–6.5 second of work) and
docking with the cargo load carriage (9.5 seconds of work) observed synchronous oscillation of angular velocities of the drive shaft of the electric motor
and the drive drum (Fig. 3a). The amplitude of oscillation of the angular
velocity of the motor shaft is higher than during start-up. The dynamic
moment in the line of drive’s transmissions (Fig. 3b) also reaches maximum
values (up to 230) during the separation of load bearing surface and with
locking the cargo freight carriage.
Therefore, the start-up and acceleration stage of transmissions drive are
less dangerous compared to locking cargo and cargo separation from the
bearing surface.
To evaluate the dynamic loads of the drive the coefficient of dynamics kd is
used:
kd =

Md max
Mn

(17)

where:
Md max – maximum value of reduced dynamic moment in mechanical transmissions drive, calculated by the formula (16); Mn – elevated moment at the
nominal load. The value of cargo is used as the nominal load. Reduced to the
motor shaft moment from the nominal load is calculated as follows:
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Q · rH/ (t)
u

255

(18)

where:
rH/ (t) – radius of the drive drum with wound rope at the time of action of
maximum dynamic load in the transmissions drive.
The reduced coefficient of torsion stiffness is an important generalized
indicator that considers both the geometric dimensions and mechanical characteristics of the material of the drive parts and kinematic characteristics (the
gear ratio of drive mechanical transmission). Therefore, the limits for the
selection of values of reduced torsion stiffness coefficient, when the dynamic
load factor will be of the smallest values are substantiated in the article. The
calculation of dynamic coefficient performed for different values of cargo
weight and reduced torsion stiffness coefficients of drive’s units (Fig. 4).

Fig. 4. Graphs of the dependence of dynamic coefficient on reduced coefficient of torsion stiffness
transmissions of the one-drum drive of the timbertransporting rope system.

Conclusions
1. Studies have shown the most potentially dangerous operating modes of
timbertransporting rope system are periods of separation of cargo’s bearing
surface and locking of cargo with cargo carriage. At higher values of cargo
weight (Q = 32..64 kN) the more dangerous mode is a time of separation of
cargo from bearing surface, and at lower values of cargo weight (Q = 8..16 kN)
– the process of locking cargo with cargo carriage.
2. The dynamic load is minimal and close to a constant value in the
range of reduced coefficients of the torsion stiffness of transmissions of
100 ... 125 N*m/rad. Therefore, geometric and kinematic parameters of
mechanical transmissions and shaft drive of timbertransporting rope systems
are recommended to have its reduced torsional stiffness transmissions coefficient between indicated limits.
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Abstract
The paper contains results of studies on the formation of oxide layers on 13CrMo4-5 steel
long-term operated at an elevated temperature. The material studied comprised specimens of
13CrMo4-5 steel operated at the temperature of 455oC during 130,000 hours (steel 1) and 540oC
during 120,000 hours (steel 2). The oxide layer was studied on a surface and a cross-section at the
outer surface of the tube wall. The paper contains results of studies of porosity in the oxide layer. The
oxide layer formed on the studied steel 1 is ~146 μm thick, while on the steel 2 ~248 μm. It has been
found that steel 2 has higher porosity.

Introduction
At present the huge development in materials engineering has taken place,
especially in surface engineering (JAGIELSKA-WIADEREK 2012, KULESZA and
BRAMOWICZ 2014, LABISZ 2014, PRISS et al. 2014, SZAFARSKA and IWASZKO
2012). In the previous years a lot of articles were devoted to the topic of steel
oxidation (BISCHOFF et al. 2013, CHABICˇ OVSKÝ et al. 2015, FRANGINI et al. 2014,
GRUBER et al. 2015), especially the steel used in power industry. The subject
area is connected with oxidation and steel corrosion used in power industry.
Correspondence: Monika Gwoździk, Czestochowa University of Technology, 19 Armii Krajowej Av.,
42-200 Częstochowa, Poland, e-mail: gwozdzik@wip.pcz.pl

258

Monika Gwoździk

This topic is widely discussed by a lot of scientific centers in our country and in
the world. The research is carried out i.e. on steel such as: 13CrMo4-5,
10CrMo9-10, 16Mo3 and X10CrMoVNb9-1 (ABANG et al. 2011, BANKIEWICZ
et al. 2013, GRUBER et al. 2015, GWOŹDZIK 2015, PRISS et al. 2014). The problem
of this corrosion, so-called high temperature corrosion is still up to date, i.e.
because of modernization and prolonging operation time of existing energetic
units. The growth of the oxide layer is accompanied by the growth of numerous
defects such as: pores, fissures, flaking. Abang and others in paper (ABANG et
al. 2011) conducted the examination i.e. connected with steel oxidation:
16Mo3, 13CrMo4-5 and 10CrMo9-10 during 1100 hours. The researchers
showed that dominating oxides are hematite (Fe2O3) and magnetite (Fe3O4) for
these three steels. The researches showed that the created oxide layer is
characterized by porosity for these three steels. However, depending on
oxidation conditions (air or oxyfuel) and also from oxidation side, porosity is
less or more intensified.
Chemical compounds in the flue gas have a strong influence on the formed
oxide layers. The service life of components operating in the power industry is
highly affected by aggressive components of the flue gases and ashes. Such
components cause corrosion of external surfaces of tubes and their corrosion
damage. Under normal conditions oxide layers form on the steel surface at the
presence of oxygen, making a natural passive layer of steel and a barrier to
other gaseous components of the flue gas. However, the situation changes
drastically under conditions of oxygen deficiency and at the moment of
accumulation of thick deposit layers on the tube surface. This happens because
physicochemical parameters under the deposits substantially differ from those
existing in the flowing flue gas stream and then – depending on the chemical
composition of the formed deposits and on their morphology – to a varying
extent they can aggressively influence the steel and protective layers. The
high-temperature corrosion threat may be higher or smaller, depending on the
fuel type. Acc. to authors (GAWRON and KLEPACKI 2012) the high-temperature
corrosion threat to boiler heatable surfaces increases under conditions of
low-emission combustion with a share of alternative fuels.
The aim of the paper was conducting the examination connected with the
structure studies of porous oxide layers created on 13CrMo4-5 steel operated in
different temperature-time conditions.

Material and Experimental Methods
The material studied comprised specimens of 13CrMo4-5 (15HM) steels
long-term operated at an elevated temperature:
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– steel 1, T = 455oC, t = 130,000 h,
– steel 2, T = 540oC, t = 120,000 h.
The oxide layer was studied on a surface and a cross-section at the outer
surface of the tube wall (Fig. 1).

Fig. 1. Place of samples taking for tests

Thorough examinations of the oxide layer carried out on the outer surface
wall of tube wall comprised:
– the analysis of steel chemical composition was carried out using spark
emission spectroscopy on a Spectro spectrometer (Table 1),
– macroscopic and microscopic examinations of the oxide layer were performed using an Olympus SZ61, GX41 optical microscope and Jeol JSM6610LV scanning electron microscope (SEM),
– thickness measurements of formed oxide layers,
– chemical composition analysis of deposits/oxides using a Jeol JSM6610LV scanning electron microscope (SEM) working with an Oxford EDS
electron microprobe X-ray analyser,
– X-ray (XRD) measurements; the layer was subject to measurements
using a Seifert 3003T/T X-ray diffractometer and the radiation originating
from a tube with a cobalt anode (λCo = 0.17902 nm). A computer software and
the DHN PDS, PDF4+2009 crystallographic database were used for the phase
identification.
Table 1
Chemical composition of examined steel, wt %
Acc.
Analysis (steel 1)

Chemical composition, wt %
C

Si

Mn

P

S

Cr

Mo

0.16

0.30

0.57

0.019

0.009

0.90

0.54

0.47

0.014

0.007

0.91

Analysis (steel 2)

0.09

0.31

PN-EN 10028-2

0.08-0.18

max. 0.35
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Results of examinations
Steels 1 and 2 have the same structure, which is ferrite, perlite and bainite
(Fig. 2). For steel 1 it was observed that the size of the grain is diversified and
the elements of the structure are unequally placed. In addition, in this steel
there are sporadic sulphide precipitates which occur both inside and on the
grain boundaries (Fig. 2a). The structure of steel 2 is characterized by a large
amount of carbide precipitates both inside and on the grain boundaries. The
carbides which occur on the grain boundaries create so-called “chains”
(Fig. 2b).

Fig. 2. Microstructure of 13CrMo4-5 steel, LM, 1000x: a – steel 1, b – steel 2

The macroscopic observation of the examined surfaces (Fig. 3) showed that
in both cases the significant development level of the surfaces and the outer
layer damages occur.
Observations of the oxide layer surface by means of scanning electron
microscopy have shown that in the case of steel 1 there are oxide areas without
damage, presented in Fig. 4a. In turn, Fig. 4b presents a damaged oxide layer
from the same steel. Damaged areas of the layer, which are crystalline in
nature, are visible. Figs. 4c and d present the oxide surface formed on steel 2.
A significant surface development may be observed on this steel. Also deposits
exist, apart from the oxide layer, confirmed by the EDS analysis (Fig. 5).
Performed XRD measurements (Fig. 6) have shown that in both cases (steel
1 and 2) the oxide layer is built of hematite (Fe2O3) and magnetite (Fe3O4).
Moreover, the EDS analysis in both cases have shown the existence of Si and
additionally – for steel 2 – of Al. These elements form such compounds as SiO2
and Al2O3, which are components of hard coal ashes.
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Fig. 3. Oxides formed on 13CrMo4-5 steel, outer surface, LM: a – steel 1, 15x, b – steel 1, 45x,
c – steel 2, 15x, d – steel 2, 45x

Observations of metallographic microsections made on a cross-section have
shown that for steel 1 the oxide layer was ~ 146 μm thick (Fig. 7a), while for steel
2 it was 100 μm thicker and was ~ 248 μm (Fig. 7b).
In the case of steel 1 (Fig. 8) the amount of defects in the formed layer is much
smaller than for steel 2 (Fig. 9). The oxide layer formed on steel 1 shows local
damage in the form of numerous cracks, which locally create a network on the
entire layer cross-section (Fig. 8a, b). Large fissures originate in places and fine
porosity exists locally. In turn steel 2 features a great degradation (Fig. 9). In some
places the oxide layer is entirely separated from the substrate, which is shown in
Fig. 9a. Also huge fissures occur, reaching the depth of 70 μm (Fig. 9b). The oxide
layer on steel 2 is mostly torn off and cracked (Fig. 9c). In addition, in steel
2 directly on the steel side there is major corrosion along grain boundaries, reaching
the depth of 15 μm (Fig. 10). Abang and others in paper (ABANG et al. 2011) showed
that, under both operating conditions the surface layer was characterised by loosely
attached formations of ash that were partially flaked. The outer layer of
corrosion was covered with many tiny pores. Apart from the tiny pores under
oxyfuel conditions, the inner layer of corrosion also had a few large pores.
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Fig. 4. Oxides formed on 13CrMo4-5 steel, outer surface, SEM: a, b – steel 1, 500x, c – steel 2, 100x,
d – steel 2, 500x

Fig. 5. SEM / EDS: a – steel 1, b – steel 2
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Fig. 6. X-ray diffraction patterns from the oxides layer obtained by means of XRD technique

Fig. 7. The thickness of oxide layer formed on the steel examined, LM, 200x: a – steel 1, b – steel 2
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Fig. 8. Defects of oxides layer existing on steel 1
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Fig. 9. Defects of oxides layer existing on steel 2

Fig. 10. Corrosion on the grain boundaries at the outside surface, 500x
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Summary
The obtained results of studies have shown that porosity exists in the oxide
layer formed on both steels. When observing a continuous oxide layer (without
spalling) it is possible to notice that the porosity is situated mainly on the flue
gas inflow side. Much larger pores were observed for steel 2 than for steel 1,
which is visible in Fig. 7. Instead, photographs of areas covered by major
degradation show numerous cracks and spalling cases of the oxide layer,
resulting from such defects of the structure as numerous pores, which then
transform into fissures. Areas of spalling covering in places the entire crosssection of the oxide layer thickness were observed for steel 2. The results of
studies for steel 13CrMo4-5 have shown that during a component operation at
a higher temperature the oxide layer is degraded to a greater degree.
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Abstract
The aim of the present study is to simulate concurrent gas and liquid flow through packed bed in
the gas continuous flow regime (GCF) and continuity shock waves regime (CSW) using computational
fluid dynamics (CFD). The application of multiple gas-liquid-solid model requires the knowledge of
relationships determining interactions between phases. The exchange coefficients of these forces
were defined by means of equations suggested by ATTOU et al. (1999). As a result of the computational
simulation the following data were obtained: gas pressure drop in the bed, volume fraction
distribution of a given phase (liquid and gas holdups) along the packing and its mean value in the
reactor. The comparison of the values of the hydrodynamic parameters, both calculated and obtained
experimentally in a column packed with 3 mm glass spheres, indicates that CFD model can be applied
to model the hydrodynamics of concurrent gas and liquid flows through a packed bed because a good
compatibility of the compared parameters was obtained.
Symbols

(√ )

3 1
– dp – minimum equivalent diameter of the area [m]
π 2
– particle diameter [m]
dp
E1, E2 – Ergun constants
f
– wetting efficiency of the bed
Fjk
– momentum exchange coefficients between phases j and k [kgm–3s–1]
g
– acceleration due to gravity [ms–2]
– zero th order Bessel function
J0
– drag between phases j and k [Nm–3]
Kk
dmin =
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ū
w
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–
–
–
–
–
–

pressure [Pa]
radial coordinate [m]
radius of column [m]
time [s]
interstitial velocity [ms–1]
superficial velocity [ms–1]

Greek letters
α
– volume fraction
ε
– porosity of the bed
εL
– liquid holdup
η
– dynamic viscosity [Pas]
ρ
– ensity [kg m–3]
σ
– surface tension [Nm–1]
τ
– stress tensor [Nm–2]
Subscripts
av
– denotes
b
– denotes
c
– denotes
d
– denotes
g
– denotes
ip
– denotes
j
– denotes
k
– denotes
L
– denotes
S
– denotes
α
– L, g

average
base
capillary
dynamic
gas phase
impulse
phase other than k
kth phase
liquid phase
solid phase

Introduction
Three-phase reactors in which the liquid and gas phases flow down a fixed
catalytic bed are termed tickle-bed reactors (TBR). This type of reactor is
employed on an industrial scale in the processes of selective hydrogenation of
various petroleum fractions, as well as in the oxidation of organic pollutants in
waste waters and flue gases via reactions occurring over a bed of immobilized
bacteria. Depending on the flow rates of the two phases, their physicochemical
properties and geometry and size of the packing, various flow patterns can be
observed of which two are of considerable industrial importance: the gas
– continuous flow regime (GCF) and the pulsing flow regime (PF). The pulsing
flow regime is especially attractive in the processes of mass and heat transfer
as the experimental values of the transfer coefficients are by far larger than
those in the GCF regime; moreover, perfect wetting of of the packing is
observed. However, carrying out the processes in the PF regime requires
supplying the reactor with large streams of gas and liquid which results in
a very short residence times of reagents in a bed and this, in turn, has an
unfavourable influence on their conversion. Taking the above into considerTechnical Sciences
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ation, the idea of carrying out processes in TBRs at periodically changing
feeding the bed with liquid was created (BELHOUWER et al. (1999)). Unsteady
state (periodic) operations can be realized either by means of temporary
stopping the stream of liquid (ON-OFF method) or by periodic change in the
liquid velocity between low, but not equal zero, and high value of this
parameter (BASE-IMPULSE method). Taking into account the liquid velocity
in an impulse, the process can be carried out as continuity shock wave flow
(CSW) or liquid induced pulsing flow (LIPF).
Periodic operations can be also grouped with respect to the criterion of
duration of particular liquid cycles. Thus the processes can be carried out by
means of slow or fast changing cycles of liquid modulation (SLOW MODE or
FAST MODE).
In the present study, the subject of analysis is the hydrodynamics of TBR
operating at GCF and CSW regimes. The key hydrodynamic parameters are
pressure drop and liquid holdup. These parameters are inseparable connected
and occur simultaneously in balance equations of both fluids. In the literature,
a large number of papers can be found, that present, for various experimental
systems, the results of experiments in which mentioned above parameters
have been determined (CLEMENTS and SCHMIDT (1980), ELLMAN et al. (1990),
LARACHI et al. (1991), MIDOUX et al. (1976), RAO et al. (1983), RAO and
DRINKENBURG (1983), SAI and VARMA (1987), SPECCHIA and BALDI (1977),
WAMMES i wsp. (1991)). The analysis of correlation equations which were
developed on the basis of experimental data showed considerable differences
between calculated values. Therefore, it was necessary to formulate a mathematical model describing the hydrodynamics of TBRs. A few one-dimensional
models describing concurrent gas and liquid flow through packed bed of TBR
operating in GCF regime can be found in literature. They are both phenomenological microscopic models (single canals in packing are taking into account) (AL-DAHHAN et al. (1998), HOLUB et al. (1992, 1993), ILIUTA and
LARACHI (1999), ILIUTA et al. (2000)) and macroscopic models by SAEZ and
CARBONELL (1985), GROSSER et al. (1988) or ATTOU et al. (1999), based on
volume averaged balances of mass and momentum of both phases flowing
concurrently through packing. Unfortunately, in the empirical equations and
models uniform porosity and velocity of fluids in the bed has been assumed and
the phenomena concerning complex flow, mixing and wetting of the bed are
usually expressed jointly by some empirical parameters. Therefore, recently
fast development of the Computational Fluid Dynamic (CFD) model, which is
a quantitative formulation of the momentum balance (Navier-Stokes equations) caused a more frequent application of the CFD to simulate the dynamic
phenomena in the TBR. The application of the CFD method to simulate the
operation of trickle-bed reactors is much more difficult than to simulate the
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processes in two-phase systems (KHAN et al. (2014), KEIR and JEGATHEESAN
(2014), KUIPERS and VAN SWAAIJ (1997), SAJJADI et al. (2012), SHAIKH and
AL-DAHHAN (2013), WANG et al. (2007), WANG et al. (2010)) which, among
others, is due to difficulties connected with a proper description of the
structure of the bed of solid particles, interaction forces between the flowing
phases and the wetting efficiency of the surface of the packing (JAWORSKI
(2005), JIANG et al. (2001), WANG et al. (2013)).
The aim of the present study was the simulation of concurrent flow of gas
and liquid through a packed bed in GCF and CSW regimes using the CFD
model. The simulations was carried out using commercial FLUENT 6.1.22
software. As the pressure gradient and average holdup are two main hydrodynamic parameters, these quantities have been chosen for comparison.
The mean relative error and standard deviation of experimental and computed
values of the parameters mentioned above were used as the validation criteria
of the model.

Mathematical model
The Eulerian multi-fluid model was used to simulate the fluid flow through
the bed of solid particles. The model treats each phase as continuous fluid
having various velocities, volume fractions and physicochemical properties.
The volume averaged equations of mass and momentum balances expressed by
means of volume fractions occupied by each phase and their local velocities can
be written as:

∂
→
(α k ρ k) + ∇ · (α k ρ k uk) = 0;
∂t

k = L, g

(1)

→
∂
→
=
→
→ →
(α k ρ k uk) + ∇ · (α k ρ k uk uk) = –αk∇P + ∇ · τk + αk ρk gk + Kk; k = L, g (2)
∂t

where the viscous stress tensor is expressed by the dependency:
=

τk = αk ηk (∇ū + ∇ūT)

(3)

The effect of pre-wetting of packing was also taken into consideration in
the model. JIANG et al. (2002a) introduced the empirical coefficient f, characterizing the wetting efficiency of the bed, into the capillary pressure relation:
Pg – PL = (1 – f)Pc
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For pre-wetted bed f is set equal to one implying a zero capillary pressure
and for non-wetted bed f is set to zero. Capillary pressure was described by
means a function suggested in the work of ATTOU and FERSCHNEIDER (2000):

Pg – PL = 2σ

αs
1 – αg

(

0.333

) (

1
1
ρg
+
1 + 8.1
dp
dmin
ρL

)(

)

(5)

Capillary pressure gradient, described by relationship (5), should be introduced into the balance equation of the liquid phase in case of an incomplete
wetting of the bed by means of the User Defined Function (UDF).
The application of the multiple gas-liquid-solid model requires a knowledge
of relationships determining the interactions between phases. It is very
significant element of uncertainty in the modelling of the processes in TBR.
These forces are considerable and dominate →in the momentum balance equations. The last term of this equation (2), Kk, represents interaction forces
between phases in the form of:
→

Kk =

n

ΣF
j=1

→

jk

→

(uj – uk)

(6)

Since uS = 0 and Fjk = Fkj (FLUENT (2006)), then the above relationship is
reduced to the form of:
– for the gas phase:
→

→

→

→

Kg = –FgL(ug – uL) – FgS ug

(7)

– for the liquid phase:
→

→

→

→

KL = FgL(ug – uL) – FLS uL

(8)

The coefficients of momentum exchange between phases (Fjk) occurring in
these equations were analysed in the work by JANECKI et al. (2016). They can
be derived from one-dimensional models (slit model of HOLUB et al. (1992),
permeability model of SAEZ and CARBONELL (1985)) as well as from two-phase
model of interphase actions of ATTOU et al. (1999). The first two models neglect
interaction forces between the gas and liquid phases due to their decay in the
GCF regime (SOUADNIA et al. (2005)). However, experimental research (ALDAHHAN and DUDUKOVIC (1994), AL-DAHHAN et al. (1997), LARACHI et al.
(1991a)) shows that gas flow has a significant influence on the hydrodynamics
of TBRs, especially at elevated pressure. The exchange coefficients Fjk descriTechnical Sciences
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bing interactions between phases in a three-phase system (gas-liquid-solid) can
be derived only from the ATTOU et al. (1999) model. They have the form similar
to the Ergun relations:
– for gas-liquid momentum exchange coefficient:

FgL = Ag

(

αS
1 – αg

2/3

)

+ Bg

αS
1 – αg

(

1/3

)

|ug – uL |

(9)

– for gas-solid momentum exchange coefficient :

FgS = Ag

αS
1 – αg

(

2/3

)

+ Bg

αS
1 – αg

(

1/3

)

|ug |

(10)

– for liquid-solid momentum exchange coefficient:
FLS = (1 – αS)(AL + BL|uL|)

(11)

Coefficients Ag, AL, Bg i BL present in the above equations are expressed by
the following formulas:
(1 – α g)2
αg dp2

(12)

1 – αg
dp

(13)

AL = E1 μL

α S2
αL dp

(14)

BL = E2 ρL

αS
αL dp

(15)

Ag = E1 μg

Bg = E2 ρg

In the presented relationships there are parameters which determine the
values of interaction forces. They are Ergun’s constants (E1 and E2). Since by
changing the values of E1 and E2 one can control the values the interaction
forces, doubts keep appearing which values of Ergun’s constants to use
in the calculations. The values determined experimentally or suggested by
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MACDONALD et al. (1979) (E1= 180; E2= 1.8) are most commonly applied in
literature.

Description of the fixed bed structure in trickle-bed reactors
Numerous experiments showed (BENENATI and BROSILOW (1962), GOODet al. (1983), MUELLER (1992)) that randomly packed beds exhibit greater
porosity in the vicinity of the column wall (in the region equaling to the width
of 4–6 diameters of solid particles). In this region porosity exhibit strong
fluctuations which are attenuated at greater distances from the wall. It makes
the radial profile of bed porosity at the wall undergo strong changes which may
significantly influence mean liquid holdup and gas pressure drop in the bed,
especially in a reactor whose ratio of the column diameter to the particle
diameter is low (laboratory reactors). Porosity values in the core of the bed
show significantly lower differences and reach values close to the mean values
of the parameter.
A proper description of a bed structure in a reactor should include the
following elements (GUNJAL et al. (2005), JIANG et al. (2002a), LI et al. (2006)):
– the overall mean porosity,
– the axial porosity profile,
– the axially averaged radial porosity profile.
In literature one can find various correlation equations describing porosity
distribution along the radius of the apparatus. Those that can be applied to
model TBR were set in works by WANG et al. (2013) and VAN ANTWERPEN et al.
(2010). These relationships can be divided into two groups. The first one is
represented by the oscillatory correlations (MARTIN (1978), COHEN and METZNER (1981), MUELLER (1992), BEY and EINGENBERGER (1997), DE KLERK
(2003)) and the other one is represented by the exponential correlations
(VORTMEYER and SHUSTER (1983), HUNT and TIEN (1990) and SUN et al.
(2000)). The chosen relationships describing the radial porosity profiles were
analysed in detail in the work by JANECKI et al. (2014).
LING

Experimental set-up and procedure
The experiments, being the comparative base for computational simulations, were carried out in an installation which main part was cylindrical
column of 0.057 m I.D. packed with 3 mm glass spheres (ε = 0.38, a = 1240 m–1)
to a height of 1.35 m. The column operated at concurrent down-flow of gas
(nitrogen) and liquid phases. In order to investigate the influence of the
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physicochemical properties of the liquid phase on the experimental results
water, two aqueous solutions of glycerol (with the viscosity of 2.5 · 10–3 and
3 · 10–3 Pas) and methanol solution with viscosity of 1.64 · 10–3 Pas and surface
tension 45.8 · 10–3 Nm–1 have been used.
The experiments were carried out at constant temperature and pressure
(30oC, ~ 105 Pa) for a wide range of flow rates of both phases (fully in GCF and
CSW regimes). The operation of the system both in GCF and CSW regimes was
discussed in detail elsewhere (BARTELMUS and JANECKI (2003), BARTELMUS et
al. (2006)).
The electrochemical method was used to measure the liquid hold-up. The
basic value determined during the experiments were the variations in conductivity of the two-phase gas-liquid mixture flowing through the void volume of
the bed. The conductance cells placed in the bed were used to measure the
conductivity of the solution; the changes in conductivity reflect the changes
in the amount of gas and liquid in the mixture. Detailed description of the
experimental procedure was presented elsewhere (BARTELMUS, JANECKI
(2003).
Gas pressure drop in the packing was measured by means of piezoelectric
gauges (Cole-Palmer); the pressure signal, converted into electric signal, was
fed into computer memory. The values of pressure drop used in calculations
are the values averaged in time.
The results of experiments are discussed in detail in the earlier studies
(BARTELMUS, JANECKI (2003), GANCARCZYK et al. (2014)).

Computational calculations
In order to obtain reliable results of numerical computations it is essential
to select optimum grid in the system considered. It was selected as a result of
numerical simulations in which the number and sizes of the cells were changed
both in the core of the bed and in the layer at the wall. The way of the selection
of the optimum grid was presented in detail in the work by JANECKI et al.
(2014). The optimum grid, finally used in the computations, was composed of
7700 cells, out of which 4400 cells were the size of 3mm x 5mm (the core of the
bed) and 3300 cells forming the layer at the wall were the size of 1mm x 5 mm.
The grid was created by means of GAMBIT preprocessor.
The following boundary conditions were attributed to the generated grid:
in the axis of the reactor – symmetry, at the wall – lack of slip, at the inlet – flat
velocity profile, at the outlet – zero velocity gradient.
As it has been mentioned earlier, a proper description of bed structure
should include: overall mean porosity, variance of porosity in axial direction
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and axially averaged radial porosity distribution. In the present study the
overall mean porosity of bed was determined experimentally and it was 0.38.
The algorithm of generating random numbers of the normal distribution,
for a given mean value and standard deviation (5%) was used to determine the
changes in porosity in the axial direction. Experimentally determined value of
bed porosity (ε = 0.38) was used as a mean value of the parameter.
The relationships describing momentum exchange coefficients (Fjk), occurring in interaction forces between phases (Eqns 9–11), were implemented into
a commercial Fluent software by means of the User Definition Function (UDF)
and were used to calculate gas pressure drop in bed and mean liquid holdup.
To qualify the procedure of computational calculations and at the same
time decrease the differences between calculated and experimental values the
parametric sensitivity of CFD model was checked in the study by JANECKI et al.
(2014). The following parameters, which have the greatest influence on the
computed values, were analysed: relations defining the interphase momentum
exchange coefficients and different radial porosity profiles.
In the present study, as a result of parametric sensitivity analysis, the
classical equations of ATTOU et al. (1999) defining the friction factors (Fjk),
with Ergun’s constants calculated from neuron nets (ILIUTA et al. (1998))
(E1 = 235.53; E2 = 1.59) were applied in the CFD model. The radial porosity
profiles were calculated from MARTIN’S (1978) correlations:

ε(x) = εmin + (1 – εmin)x2

ε(x) = ε + (εmin – ε) exp

for

( ) (
–x
cos
4

–1 ≤ x ≤ 0

πx
0.876

)

for

(16)

x≥ 0

(17)

where:
x=2

R–r
– 1; εmin = 0.2
dp

A flat velocity profiles of the liquid phase was assumed at the inlet into the
column because a distributor of liquid, distributing liquid evenly on the surface
of the bed, was used during the experiments. The following initial conditions
were used for a reactor operating in the GCF regime: experimental values of
gas (wg) and liquid (wL) velocities as well as mean volume fraction of the liquid
phase (αL).
However, the initial conditions for a reactor operating in the CSW regime
were the following: experimental values of liquid holdup (εL), gas velocity (wg),
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liquid velocity in the base (wLb) and in the impulse (wLip), base and impulse
durations (tb and tip, respectively). Velocity of the solid phase was assumed to
be zero. A unsteady state simulations with a time step of t = 0.01 s was used in
the calculations.

Findings of the simulations
As a result of the computational simulations one can obtain gas pressure
drop in bed, volume fraction distribution of a given phase (liquid holdup and
gas holdup) along the bed and its mean value in the reactor. The comparative
base for the simulations was our own data base obtained in experiments
carrying out for varying flow rates of both phases and for systems of various
physicochemical properties.
Experimental data as well as results of CFD simulations performer for
reactor operating at constant feeding the bed with liquid and for GCF regime
were illustrated, as an example, in Fig. 1. Good compatibility between calculated and obtained experimentally values of hydrodynamic parameters was
obtained; the mean relative error (eY) for liquid holdup was 3.95% and for
pressure drop was 9.4%.
The results of simulations performed for periodically changing feeding the
bed with liquid phase were shown in Figs 2 and 3. They quite faithfully
reproduce the changes in both hydrodynamic parameters with the changes in
gas phase velocity (Fig. 2), mean liquid phase velocity and duration of base and
impulse (Fig. 3). While comparing calculated and experimental values of gas
pressure drop in bed and mean values of liquid holdup it has to be stated that
the differences between the calculated and measured values of both parameters do not exceed a few per cent.
Fig. 4 shows a computational simulation of changes of liquid holdup in the
whole column for nitrogen – 24% methanol solution system. Such result were
obtained for fast changing cycles (FAST MODE) and reactor operating in CSW
regime. For such low alternate liquid velocities, the impulses seen at the top of
the column decay during migration down the bed, forming continuous stream
of liquid (GCF regime).
A few impulses can always be seen in the column operating at fast changing
cycles, however, for slow changing cycles (SLOW MODE) the duration of base
and impulse may be so long that they will not be seen in the column. In such
a case, there is a GCF regime in the whole column for a very short time. The
results of simulation of a slow changing cycles for a water-nitrogen system and
the duration of cycles of tb = 20 s and tip = 3 s are presented, as an example, in
Fig. 5. For conventional time of 0 s (the moment of switching the cycle) liquid
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Fig. 1. Dependences of the gas pressure drop ΔP (a) and liquid holdup (b) as function of the liquid
velocity wL and phases’ properties (square: water – nitrogen, circle: glycerol solution (30 wt.%)
– nitrogen, triangle: glycerol solution (35 wt.%) – nitrogen); wg = 0.13 m/s; GCF regime
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Fig. 2. Dependences of the gas pressure drop ΔP (a) and liquid holdup (b) on the gas velocity wg;
nitrogen-water system, full symbols – experimental data, open symbols – CFD model; wLav = 0.006
m · s–1, tb/tip= 3/1; CSW regime
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Fig. 3. Dependences of the gas pressure drop ΔP (a) and liquid hold-up (b) on the average liquid
velocity wLav (or duration of the base and impulse) at various Ergun constants, nitrogen-water
system, wg = 0.143 m · s–1, wLb = 0.0048 m · s–1; CSW regime
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Fig. 4. Time dependences of liquid holdup along the column; nitrogen – 24% methanol solution
system, wg = 0.1m/s; wb = 0.0025 m/s, wimp = 0.0049 m/s; tb = 3 s, tip = 1 s

flows with a constant velocity (wLb ). The front of impulse, which was created
after 4 seconds, reaches the column bottom after about 20 s. After that time the
GCF regime is again observed in the column.

Conclusions
A simulation of concurrent flow of gas and liquid through fixed bed of the
column operating in GCF and CSW regimes were performed using computational fluid dynamics (CFD) model. As a result of the simulations the following
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Fig. 5. Liquid hold-up variation with time along the column; nitrogen – water system; wg = 0.14 m/s,
wb = 0.0048 m/s, wLip = 0.0082 m/s; tb = 20 s, tip = 3 s

hydrodynamic parameters were obtained: gas pressure drop in the bed, volume
fraction distribution of a given phase (liquid holdup and gas holdup) along
packing and its mean value in the reactor. The results of the calculations
reflect well both quantitative and qualitative changes of hydrodynamic parameters with the changes of: flow rates of both phases, duration of base and
impulse and physicochemical properties of the liquid phase. The comparison of
liquid holdup values and gas pressure drop in bed calculated and experimentally obtained shows that the CFD model applied in the present study may be
used to model the hydrodynamics of concurrent flows of gas and liquid through
a fixed bed, since a good compatibility of the compared hydrodynamic parameters was obtained.
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should be avoided, but if essential they must be defined at their first mention in the
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6 keywords avoiding general, plural terms and multiple concepts (avoid, for example,
‘and’, ‘of’). Author/authors should be sparing with abbreviations: only abbreviations
firmly established in the field may be eligible.
Abbreviations
Author/authors should define abbreviations that are not standard in this field.
Abbreviations must be defined at their first mention there. Author/authors should
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Material and Methods
Author/authors should provide sufficient details to allow the work to be reproduced
by other researchers. Methods already published should be indicated by a reference.
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