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A b s t r a c t

This paper discusses the method used to identify the process involving fatigue cracking of
samples on the basis of selected vibration signal characteristics. Acceleration of vibrations has been
chosen as a diagnostic signal in the analysis of sample cross section. Signal characteristics in form of
change in vibration amplitudes and corresponding changes in FFT spectrum have been indicated for
the acceleration. The tests were performed on a designed setup, where destruction process was
caused by the force of inertia of the sample. Based on the conducted tests, it was found that the
demonstrated sample structure change identification method may be applied to identify the technical
condition of the structure in the aspect of loss of its continuity and its properties (e.g.: mechanical and
fatigue cracks). The vibration analysis results have been verified by penetration and visual methods,
using a scanning electron microscope.

Introduction

Brackets are among the most frequently used structural elements in
engineering. They are commonly used, from simple structures like pressure
gauge connections in pipelines, to more sophisticated components, such as
aircraft wings or airscrew vanes. Methods applied to monitor these objects in
order to identify and forecast their technical condition have now become an
important area of research. It is possible to prevent the damage to structures
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and machine components by early detection of fatigue cracks, carried out using
various non-destructive testing methods. The following conventional non-
destructive test methods: penetrant testing, magnetic methods, ultrasonic
testing, etc., have their constraints and are often expensive and ambiguous in
evaluation of the condition. Alternative methods based on identification of the
form and parameters of vibrations may constitute an effective, quick and
convenient diagnostic tool for the detection of fatigue cracks in machine
components and structural systems.

In the literature, structure cracks are identified in two ways: linearly and
non-linearly. In the linear method, vibrations are examined in the objects,
where changes of modal parameters in relation to the initial model are taken
into account, whereas in the non-linear model, a crack is identified through the
analysis of frequency characteristics (ANDREAUS, BARAGATTI 2011, ANDREAUS

2012, ANDREAUS, CASINI 2016, ANDREAUS et al. 2005, ANDREAUS et al. 2007,
ANDREAUS, BARAGATTI 2012, BRODA et.al. 2014b, LIU et al. 2015, MENDROK

2014, PREIBISCH et al. 2009, RADKOWSKI, SZCZUROWSKI 2012, SUDINTAS 2015).
In the linear approach, a crack is always considered as open, and it is

modelled as a local flexibility (GUDMUNSON 1998). Crack size and location are
examined and characterised through changes of modal parameters including:
natural frequency (OSTACHOWICZ, KRAWCZUK 1991), damping factor (PANTE-

LIOU et al. 2001) or modulus of rigidity (GIBSON 2000, KAŹMIERCZAK et al.
2013). However, this approach has two primary constraints. First, a change in
natural frequency is significant only for large crack sizes (CHENG et al. 1996),
and second, a measured natural frequency shift cannot be unequivocally
attributed to cracking itself, since it may be also generated by other factors, as
wear, relaxation, etc. (ANDREAUS, BARAGATTI 2009, ANDREAUS et al. 2016,
BIAŁKOWSKI, KRĘŻEL 2015).

In the non-linear model it is generally recognised that vibration theory is
correlated with modal parameters of a system, that is: natural frequency,
damping, and forms of vibrations. In other words, it is a physical system
consisting of physical structure properties (mass, rigidity and damping). These
model parameters are homogeneous systems described by differential equa-
tions of the model physical motion expressed with reference to its mass,
damping and rigidity, acceleration, speed and displacement. As a result of this,
all changes in modal parameters are directly proportional to the change in
physical property of the modelled object due to damage (ANDREAUS, CASINI

2016).
The problem of identifying structural damage on the basis of vibrations

was raised by numerous authors (BRODA et al. 2014a, OH et al. 2015, JASSIM et
al. 2013, KLEPKA et al. 2014, TAO et al. 2014, TROCHIDIS et al. 2014, TROJNIAR et
al. 2014, XU 2014, ZHOU 2006). Object vibration parameters are defined in this
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approach, and structural damage identification is the function of change in
object structural properties, such as rigidity and mass. The presence of damage
affects both vibration signal response and dynamic properties of a given
structure. Dynamic properties of the structure include: natural frequencies,
shapes and damping mode indicators. These properties are used as indicators
of damage in the structure being tested. Early detection of structural damage
allows for timely maintenance and repairs, extending the system service life.

In order to ensure safety and structural reliability it is necessary to perform
long-term, medium-term and short-term monitoring of the structure technical
condition in the operating process. One of the basic dynamic properties is
rigidity, which may lead to changes in the shape and frequency reduction
mode, and to damping coefficient increase.

The paper presents an attempt to use vibration signal analysis to detect the
loss in sample structure continuity.

Measurement setup

Laboratory tests were carried out using the measurement setup shown in
Figure 1. The setup consists of a reciprocating motion generator (crank gear),
to which a clamp holding the samples is fixed.

The setup allows for the generation of sample oscillatory motion at specific
frequency (f) and constant displacement amplitude. Due to the oscillatory
motion and one-side fixing of a sample, generated forces of inertia cause its
elastic strains.

The following sensors were employed to identify dynamic parameters of the
system: two piezoelectric sensors for vibration accelerations (ICP-100) and
a rotational speed sensor for the shaft of inverter-controlled driving motor.
A multi-channel KSD-400 recorder based on the NI 6343 card supported by
LabVIEW was used for the purposes of acquired data recording, visualisation
and analysis.

Visual assessment was carried out in two stages. Initial process involved
identification of cracks through penetrant testing according to the PN EN ISO
3452-1:2013-08E and PN EN ISO 3059:2013-06Estandards. The second stage
of surface evaluation for selected samples was performed with a JEOL JSM
5310LV type scanning electron microscope, working in a digital configuration.

No sample surface polishing was applied, so as to maintain surface condi-
tion of sheet metal used for structural components and to show the impact of
surface condition on the occurrence of cracks.
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Fig. 1. The structure of setup for experimental tests and general view of test sample

The tested object

The tested object was a flat rectangular sample shown in Figure 1. A notch
in the form of a hole was made in the sample, where stresses were accumulat-
ing during the tests due to the smallest cross-section of the whole sample. The
used samples were made of 1.4301 stainless steel and S235JR steel. The sample
surface was left untreated following manufacturing process. The surface
roughness was assessed using the Hommel Tester T1000E, profile measure-
ment gauge, according to the ISO 4287/1 standard.

The surface roughness is considered as an important factor influencing
fatigue strength. Many researchers have carried out much work to evaluate
the effects of the surface roughness on fatigue (ALANG et al. 2011, KYRRE

et al. 2008). In those works mostly Ra is used as a roughness parameter.
Due to the fact that in the study of fatigue resistance local changes of surface
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topography are important, it was decided to include the Rz parameter, to
characterize surface of the samples. Sample roughness parameters are speci-
fied in Table 1.

Table 1
Surface roughness parameters for the tested samples

Material
Roughness parameters [μm]

Ra RzI

1.4301 0.17 1.9

S235JR 0.87 6.22

The progress and results of tests

The experimental research was carried out for the frequency ranging
from 20 Hz to 50 Hz. However, the paper shows the results of research for the
frequency of 30 Hz only. The reason of that was that an excitation frequency
of 30 Hz was the resonance frequency for applied sample. This excitation
frequency guaranteed quick progress of the sample destruction process
within approx. 4,000 s.

Acceleration amplitude and the form of vibrations in frequency domain
(the FFT analysis) were used to identify the sample section destruction
process.

All the test results presented below were obtained for the following test
parameters:

– vibration excitation frequency 30 Hz;
– sample holder displacement amplitude A = 1 mm (the size of displace-

ment is coused by the crank throw);
– mass of sensor (125 g) mounted on upper end of a sample.
For selected samples the tests were interrupted at the moment of pin-

pointing the beginning of the sample damage process identified in the
diagnostic signal trajectory. All the samples were put through penetrant
testing, and those for which penetrant testing did not show any cracks, were
subject to microscopic examinations.

Figure 2 shows a sample cascade amplitude-frequency trajectory of the
test sample response process for an excitation frequency of 30 Hz, recorded
by the acceleration sensor fitted on the sample upper end – Up (see Fig. 1).

It was observed that the progress of the sample section damage process is
implemented in the following way:

– as regards initial sample condition, its vibration displacement ampli-
tude for excitation frequency (f0) is constant, shown as area A in Figure 2, and
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Fig. 2. Cascade view of test sample amplitude – frequency trajectory, signal recording source
– acceleration sensor – Up. The red line indicates the beginning of crack in sample section notch

structure. Assembly mass with acceleration sensor (125 g)

at the same time there are harmonic frequencies of higher orders visible
(3f0 = 90, 4f0 = 120 Hz, etc.) with equally constant amplitude values,

– the occurrence of a change in the condition of the sample notch section
is indicated by systematic decrease of vibration acceleration amplitude for
excitation frequency (shown as area B in Fig. 2) and observed increase of
vibration amplitude for the second harmonic frequency (area C) – until then
not identified in the vibration spectrum,

– initiation of crack in the sample notch section corresponds to the
highest value of vibration acceleration amplitude for harmonic frequency (f0).
As a result of further excitation of the sample vibration, we observe a drop in
the displacement amplitude compared to the nominal condition of the
sample. Due to the purpose of tests, the process of further sample destruction
was not identified.

The sample section destruction process progressed much the same for all
tested samples, regardless of the excitation frequency, and the only difference
was in the initiation time of the process of sample surface or section
mechanical damage.

Visual analysis of sample damage process

The purpose of microscopic examination was to verify whether the
observed changes in the amplitude of the sample vibrations are connected
with cracks on the surface of the sample. Observations of the sample were
carried out on the notched weakened area.
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Figure 3 shows the notch zone for a sample made of S235JR steel. The
sample penetrant testing did not show occurrence of any cracks. Microscopic
examination of the notch area surface made it possible to observe a numerous
cracks – lengths ranging from 24 to 40 fm, running perpendicular to the axis
of the sample.

Fig. 3. View of surface – sample made of S235JR steel – cracks are marked

These cracks developed in narrowed area of the sample. The main crack
was observed on both sides of the notch, starting on its edge (ca. 125 μm and
121 μm). These cracks are shown in Figures 4 and 5. The surface condition
(roughness parameters was Ra = 0.87 and Rz = 6.22 μm) may have caused
the initiation of other cracks in spots away from the notch.

Fig. 4. The surface of a sample made of S235GJ steel with visible crack at the edge of the hole
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Fig. 5. The surface of a sample made of S235GJ steel with visible crack at the edge of the hole

Fig. 6. Crack visible on the surface of a sample made of 1.4301 steel

Fig. 7. Crack in cross-section of a sample made of 1.4301 steel
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Fig. 8. Crack on the surface of sample made of 1.4301 steel
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There is one crack (1 mm in length) visible on the surface of a sample
made of 1.4301 stainless steel, developing from the edge of the hole (Fig. 6). In
this case, the crack was visible after penetrant testing. Microscopic examin-
ations of the surface did not show occurrence of any additional cracks
accompanying the observed one.

The observed crack visible from the side of the hole is shown in Figure 7.
The picture shows the crack developing inside the hole, deep into the material
on both sides of the sample.

A larger zoom of the view of the whole crack is shown in Figure 8. It seems
that the roughness surfaces was decisive on occurrence of cracks away from
the notch edge. The microscopic observations showed that changes in the
vibration amplitude of the sample are associated with the appearance of the
cracks on its surface.

Conclusions

Based on the completed tests and simulations the following conclusions
may be formulated:

– it is not possible to identify through penetrant testing the beginnings of
the mechanical destruction processes for samples determined on the basis of
distinguished signal characteristics;

– sample section destruction time is affected by the volume of mechanical
work the sample section is subjected to – in other words, energy needed to
destroy the sample may be defined as the area under the sample section
stress curve;

– regardless of the shape and localization of the notch, the sample
destruction process runs in much the same way; the only differences may
occur as changes of vibration amplitude values;

– obtained test results and their further verification lets assume the
suitability of the discussed vibro-acoustic method to detect material structure
micro-cracks interpreted as modal parameters of the examined object.

– high surface roughness of the sample made of S235JR steel, promotes
the initiation of cracks in a away from the edge of the notch. In the sample
characterizing with lower roughness (1.4301 stainless steel) only one crack
starting from the edge of the notch was observed.
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A b s t r a c t

In the paper, functions describing different porosity-tortuosity relations were collected, and then
the tortuosity values were calculated for a one granular bed consisting of spherical particles with
normal distribution of diameters. Information about the bed porosity and particle sizes was obtained
from measurements conducted for an artificial granular bed, consisting of glass marbles. The results
of calculations were compared with the results of two other methods of tortuosity determination,
performed for the same case (details are not described in this paper): the first of them uses the Path
Tracking Method, the second one – information about the velocity components in a creeping flow (the
Lattice-Boltzmann Method was applied to obtain the velocity field in the flow). The main aim of our
article was to test whether the functions linking tortuosity with porosity, which are available in the
literature, give similar results as the methods described above. To achieve this aim, the relative errors
between results of calculations for the collected formulas and values from the both previous
mentioned methods were calculated.

Introduction

Tortuosity is one of the most important parameters describing the porous
beds. Tortuosity τ [m/m] is defined as the ratio of the actual path length inside
pore channels Lp [m] to the thickness of the porous medium L0 [m] (BEAR 1972,
DIAS et al. 2006).

τ =
Lp (1)
L0
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The tortuosity term became widespread among others by Kozeny (KOZENY

1927, SOBIESKI 2014), who corrected the value of the hydraulic drop occurring
during fluid flow through a porous body by using this parameter.

A popular relationship between tortuosity and velocity, was presented by
Carman as a correction of the Kozeny formula (CARMAN 1937, SOBIESKI 2014).
In a general case, the path length Lp in the formula (1) may be understood as
a geometrical quantity (geometric tortuosity) or as a flow property (hydraulic
tortuosity) – see Figure 1.

Fig. 1. The visualization of the tortuosity definition: a – geometric, b – hydraulic

The geometric tortuosity may be obtained in three different ways. The
most common method is the use of a function linking it with other parameters
characterizing geometry of the porous body. In this approach, it is usually
assumed that the geometric tortuosity is a direct function of the porosity. In
the literature, many functions may be found (derived empirically or analyti-
cally), where relationships between these quantities are proposed (YU, LI 2004,
VALLABH 2009, AHMADI et al. 2014, ALLAN, SUN 2014, KONG et al. 2015). The
second method involves the use of an experiment. Here, the computed tomog-
raphy and image analysis (CT\IA) (WU et al. 2006, GOMMES et al. 2009, EBNER

et al. 2013), acoustic methods (JOHNSON et al. 1982, KOCHAŃSKI et al. 2000, LI

et al. 2010), optical methods (NWAIZU, ZHANG 2012), as well as the other
methods (GAO et al. 2012) are used. In the third approach, the so-called Path
Tracking Method (PTM) is used. In this method, the direction or shape of the
porous space is tracked with the help of appropriate numerical algorithms
(NAKASHIMA, KAMIYA 2007, STARLY et al. 2007, SOBIESKI et al. 2009). To reach
it, firstly the geometry of the pore part is determined, and then its arrange-
ment in the space is traced. When the path length Lp is known, the tortuosity
may be finally calculated (SOBIESKI 2009, SOBIESKI, LIPIŃSKI 2013, SOBIESKI et
al. 2016a, b).
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The hydraulic tortuosity can be computed from fluid velocity fields. These
fields may be obtained by means of the Computational Fluid Dynamics (CFD)
method. The Lattice-Boltzmann Method (LBM) is the most popular (FENG et
al. 2007, NABOVATI, SOUSA 2007, MATYKA et al. 2008, WANG 2014). Another
possibility is the application of the Finite Volume Method (FVM) or the
Immersed Boundary Method (IBM).

Our article is a direct continuation of the studies described in a monograph
of SOBIESKI et al. (2016). In these studies, different experimental, analytical, as
well as numerical tests (e.g. the Lattice Boltzmann Method and the Immersed
Boundary Method) related to the same porous bed, consisting of glass marbles,
were performed.

Review of the functions linking porosity with tortuosity

Table 1 shows a review of the functions which describe the porosity and
tortuosity relation. Two main groups of correlation functions may be distin-
guished. The first group is intended for systems containing squares (in 2D

Table 1
Review of formulas for calculating the tortuosity

Source Application Formula

1 2 3

MAXWELL (1881)
[ALLAN, SUN (2014)]

array of spheres in 3D,
dilute suspension τ = 1 +

1
(1 – e)2

RAYLEIGH (1892),
[ALLAN, SUN (2014)]

array of cylinders in 2D τ = 2 – e

BARTELL, OSTERHOF (1928)
[LANFREY et al. (2010),
AHMADI et al. (2014)]

packed beds τ = 0.5 π

CARMAN (1937)
[LANFREY et al. (2010),
AHMADI et al. (2014)]

packed beds τ = √2

MACKIE, MEARES (1955)
[ALLAN, SUN (2014)

diffusion of electrolytes
in membrane τ = (2 – e)

2

e
WEISSBERG (1963)
[AHMADI et al. (2014),
ALLAN, SUN (2014)]

bed of uniform spheres τ = 1 – 0.49 ln e
(applicable to overlapping,

non-uniform spheres)

BEAR (1972)
[DIAS et al. (2006, AHMADI et al.
(2014), ALLAN, SUN (2014)]

granular beds
τ =

1
, where C is a constant

eC

KIM et al (1987)
[ALLAN, SUN (2014)]

isotropic systems, τ = e–0.4

0 < e < 0.5
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cont. Table 1

1 2 3

DU PLESSIS, MASLIYAH (1988),
[AHMADI et al. (2014),
ALLAN, SUN (2014)]

isotropic granular media τ =
e

1 – (l – e)2/3

COMITI, RENAUD (1989)
[TANG et al. (2012), AHMADI et al.
(2014), ALLAN, SUN (2014)]

beds packed with spherical τ = 1 – C lne,
and cubic particles, where C is a constant

(0.63 in TANG et al. (2012)
for cubic particles, 0.41
in LANFREY et al. (2010)

for packed beds)

IVERSEN, JØRGENSEN (1993)
[AHMADI et al. (2014), ALLAN,
SUN (2014)]

sandy marine sediments, τ = √1 + 2(l – e)
0.4 < e < 0.9

BOUDREAU (1996)
[LANFREY et al. (2010),
AHMADI et al. (2014),
ALLAN, SUN (2014)]

packed beds τ = √1 – ln(e2)

KOPONEN et al. (1996)
[TANG et al. (2012), AHMADI et al.
(2014), ALLAN, SUN (2014)]

2D random overlapping τ = 1 + 0.8(l – e)
mono-sized squares,

0.5 < e < 1

KOPONEN et al. (1997)
[TANG et al. (2012), ALLAN, SUN

(2014)]

2D random overlapping
mono-sized squares,

0.4 < e < 0.9

τ = 1 + 0.65
1 – e

(e – 0.33)0.19

YU, LI (2004)
YU, LI (2004), TANG et al. (2012)]

2D square particles

τ =
1 [1 +

α
+ α

α 4√( 1
– 1)

2

+
1 ]2 2 1 – α

where α = √l – e

MATYKA et al. (2008)
[KONG et al. (2015)]

2D random overlapping τ = 1 – 0.77 ln (e)
mono-sized squares

LANFREY et al. (2010)
[LANFREY et al. (2010),
ALLAN, SUN (2014)]

bed of spheres
τ = 1.23

(1 – e)4/3

eφ 2

where φ is a shape factor

DUDA et al. (2011)
[ALLAN, SUN (2014)

2D freely overlapping τ = 1 + ( 1 – e)1/2

squares

PISANI (2011)
[TANG et al. (2012), ALLAN,
SUN (2014)]

random, partial
overlapping shapes

τ =
1

,1 – φ (1 – e)
where φ is a shape factor
(0.73 in TANG et al. (2012)

for cubic particles)

TANG et al. (2012)
[TANG et al. (2012)

cubic particles
τ =

3
+

1 √1 +
1 1 – e

+
4 8 4 2 – e – 2α

+
1 √ 1 +

1 – e
+

1
√1 – e

8 2 – e – 2α 4

LIU, KITANIDIS (2013)
[ALLAN, SUN (2014)]

isotropic grain (spherical),
staggered, 0.25 < e < 0.5

τ = e0.28 + 0.15

Wojciech Sobieski, Seweryn Lipiński78

Technical Sciences 20(1) 2017



space), the second group applies to different granular beds (in 3D space).
Formulas that may concern other cases are very rare. It is worth noting that
besides the porosity, in some formulas, other quantities appear: a model
constant or a factor related to the particle shape. In some cases, one equation
may be used in both groups.

Determining the porosity of an artificial porous bed

Glass marbles (shown in Fig. 2a) were used in our investigations. An example
of a granular bed consisting of such input material is shown in Figure 2b.
The porosity of the bed was measured by using two graduated measuring
cylinders with the volume of 250 ml. The first cylinder contained a bed sample;
the second was filled with the distilled water. During the experiment, the water
was slowly poured into the bed sample and the volume of pores was measured.
The measurement was repeated 15 times, and in each case, the first cylinder
was filled with new dry marbles. The obtained average porosity of the bed (a
fraction of the volume of voids over the total volume) turned out to be equal to
0.41 ± 0.008 [-]. Obtained value is typical for loose random packing beds, which
is 0.40-0.41 (RIBEIRO et al. 2010). It is worth mentioning that the obtained
value is very close to the theoretical porosity (which is equal to 0.3954) of an
orthorhombic system consisting of uniform spheres (COOKE, ROWE 1999).

Fig. 2. The sample of glass marbles (a) and the exemplary granular bed (b)
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The difference is caused by the fact that diameters in the artificial bed are not
equal and the arrangement of the particles in the space is not regular.

In the next stage, 100 marbles were randomly chosen. The diameter of each
marble in two random directions (perpendicular to each other) was measured
with a micrometre screw with an accuracy of 0.01 mm. The average diameter of
marbles was equal to 6.072 mm, with the standard deviation of 0.051 mm. The
distribution of particle diameter is shown in Figure 3.

Fig. 3. The distribution of the particle diameter in the granular bed

Comparison

In the next stage of investigations, the tortuosity values for formulas
collected in Table 1 and for porosity obtained in the experiment were cal-
culated. Results of calculations are shown in Table 2. This table summarizes all
results for comparison aims, although not all formulas are intended for granular
beds. We can find some formulas give incorrect values. The formula (5) gives too
high value of tortuosity while the formula (21) gives a non-physical result.

As it was mentioned above, the same porous bed as in our experiment, was
earlier used for calculation of the geometric tortuosity with the Path Tracking
Method (SOBIESKI 2009, SOBIESKI et al. 2012, Pathfinder Project 2013,
SOBIESKI, LIPIŃSKI 2013, DUDDA, SOBIESKI 2014, SOBIESKI et al. 2016a,
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Table 2
Results of calculations

No Formula Tortuosity Application
in the example

1 MAXWELL (1881) 1.2950 weak

2 RAYLEIGH (1892) 1.5900 not applicable

3 BARTELL, OSTERHOF (1928) 1.5708 strong

4 CARMAN (1937) 1.4142 strong

5 MACKIE, MEARES (1955) 15.0393 not applicable

6 WEISSBERG (1963) 1.4369 strong

7 BEAR (1972) – –

8 KIM et al (1987) 1.4285 unknown

9 DU PLESSIS, MASLIYAH (1988) 1.3826 strong

10 COMITI, RENAUD (1989) 1.3656 for C = 0.41 strong

11 IVERSEN, JØRGENSEN (1993) 1.4765 weak

12 BOUDREAU (1996) 1.6683 strong

13 KOPONEN et al. (1996) 1.4720 not applicable

14 KOPONEN et al. (1997) 1.6197 not applicable

15 YU, LI (2004) 1.6594 not applicable

16 MATYKA et al. (2008) 1.6865 not applicable

17 LANFREY et al. (2010) 1.4845 for φ = 1 strong

18 DUDA et al (2011) 1.7681 not applicable

19 PISANI (2011) 1.4184 for φ = 1 unknown

20 TANG et al. (2012) 1.2586 for C = 0.5 not applicable

21 LIU, KITANIDIS (2013) 0.9291 strong

Table 3
Relative errors

Formula number τ τ g τ h δ g [%] δ g [%]

3 1.5708 1.205 1.24 30.36 26.68

4 1.4142 1.205 1.24 17.36 14.05

6 1.4369 1.205 1.24 19.24 15.88

9 1.3826 1.205 1.24 14.74 11.50

10 1.3656 1.205 1.24 13.33 10.13

12 1.6683 1.205 1.24 38.45 34.54

17 1.4845 1.205 1.24 23.20 19.72

b) as well as for calculation of the hydraulic tortuosity by application of the
Lattice-Boltzmann Method. In the first method, the tortuosity value was equal
to 1.205, whereas in the second method to 1.24. Both values are smaller than
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all values presented in the Table 2 (besides the 21). The relative errors δ are
shown in the Table 3. Geometric tortuosity τ g and hydraulic tortuosity τ h

obtained in the former investigations were used as the reference values.
It can be assumed that the difference between the results obtained from the

collected set of formulas and results of previous investigations may be caused
by deviation of the particle diameters. The example presented above shows
that the particles have normal distribution, but the variance is comparatively
small. In many artificial beds, the diversity of particle sizes is much larger.
Therefore, the formulas collected in Table 1 (obtained empirically in many
cases) give higher values of tortuosity. In our opinion, this is due to the reasons
described below.

When particles have different diameters, the shape of the pore space
between them is more complicated. In consequence, sometimes the path may
find a shorter way, but sometimes in turn it must omit the larger particles (as
shown in Fig. 4). There is no doubt that it leads to a greater deviation of
tortuosity values, but it is difficult to state at the current stage, which
mechanism is the dominant one and so, whether the increase of the deviation
of particles diameters is associated with an increase or a decrease in the
average value of tortuosity in the bed. The problem of influence of the particle
distribution on the path length is open and further studies are needed in this
field.

Fig. 4. Influence of the particle distribution on the path length for constant diameters (a) and diverse
diameters (b)

Taking into account the fact that particle sizes in an artificial bed may be
different, the porosity-tortuosity relations should have a more general form

τ = f(e) · f(μ,σ2) (2)

or

τ = f(e,μ,σ2) (3)
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where:
f(e) – a function linking porosity and tortuosity for a bed consisting of

particles with constant diameter,
f(μ,σ2) – a correction function dependent on the average value and on its

variance.

Summary and conclusions

The following conclusions can be formulated based on the above-discussed
topics:

– Different mathematical formulas for determining the tortuosity may be
found in the literature, but they give different results for the same data. Only
for formulas designed for granular beds, the tortuosity value is within the
range from 1.3654 to 1.6683. The relative error between these results is almost
20%, what is quite significant.

– In practice, it is impossible to indicate which equation in the Table 1
should be used in a specific case. Finding the next formulas does not solve this
problem.

– Differences between tortuosity values obtained earlier (using the Path
Tracking Method and the Lattice Boltzmann Method) and porosity-tortuosity
functions available in the literature occur probably because the particle
diameters in a artificial bed are not constant but they have a specific distribu-
tion.

– It can be assumed that tortuosity is probably higher in beds with higher
deviation, than in beds where the particle diameters are constant.

– If the particle sizes in a granular bed are different, the porosity-tortuos-
ity correlation functions should be corrected, for example by using a function
dependent on the mean value and its variance. In this field, next investigations
are needed.
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A b s t r a c t

In the present work, we have studied an unsteady, two-dimensional boundary layer flow of
a magnetohydrodynamics (MHD) Oldroyd-B fluid over an oscillatory stretching surface. The problem
is modeled by using constitutive equations. The number of independent variables in the governing
equations are reduced by using appropriate dimensionless variables. The analytical solution is
computed by using homotopy analysis method. The influences of various physical parameters such as
Deborah numbers, ratio of angular frequency to stretching rate parameter and Hartmann number on
time-series of velocity and transverse velocity profiles at different time instants are investigated and
discussed quantitatively with the help of various graphs. It is observed that amplitude of velocity
increases by increasing ratio of oscillating frequency to stretching rate parameter while decreases by
increasing Hartmann number. It is further observed that the magnitude of velocity decreases by
increasing Hartmann number and Deborah numbers in the terms of relaxation time parameter.

Introduction

The analysis of boundary layer flow caused by moving stretching surface
has promising applications in many industrial and technological processes.
These applications include metal spinning, metal extrusion, glass blowing,
artificial fibers, filaments and wires and many more. Several authors have
investigated the boundary layer flow of viscous fluids over stretching surfaces.
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CRANE (1970) computed an exact analytic solution of a viscous fluid over
a linearly stretching surface. POP et al. (1996) investigated the unsteady
boundary layer flow of viscous fluid over stretching surface. VARSHNEY (1979)
discussed the fluctuating flow of viscous fluid over a saturated porous plate.
WANG (1988) analyzed the boundary layer flow of viscous fluid over an
oscillatory stretching surface by using perturbation technique. MUKHOPAD-

HYAY et al. (2013) computed numerical solution of boundary layer flow of
a Maxwell fluid over a stretching permeable surface in the presence of thermal
radiation. ABBAS et al. (2009) discussed the two-dimensional boundary layer
flow of a viscous fluid over an oscillatory stretching surface. ELSHEHAWEY et al.
(2003) studied the effects of inclined magnetic field on the magneto fluid flow
through a porous medium between two inclined wavy porous plates.

The study of hydromagnetic flow has engaged the attention of scientists
and engineering due to its promising applications in the hydrodynamic pro-
cesses and in the field of chemistry, physics, polymer industry and metallurgy.
The electrically conducting fluid under the influence of magnetic field has
prime importance in the cooling process to control the rate of cooling. Having
such salient features in mind, many authors studied the MHD flows in
different flow configurations (HAYAT et al. 2015, RAJU et al. 2015, ABBAS 2008).

In past few years, the study of non-Newtonian fluids has received much
attention of engineers and scientists because of their practical applications in
chemical and nuclear industries, polymer solutions, bioengineering engineer-
ing etc. It is well established fact that nonlinear fluids obey nonlinear
relationship between shear stress and rate of deformation. Among these
nonlinear fluids, Oldroyd-B fluid is the class of fluids that attracted the
attentions of researchers in recent times. Oldroyd-B fluid model is one of the
models which exhibit the relaxation and retardation time effects. The litera-
ture survey shows that much attention is given on steady flow of Oldroyd-B
fluid over a stretching sheet. We highlight some of them. RAJAGOPAL and
BHATNAGAR (1995) studied the flow of an Oldroyd-B fluid over an infinite
porous plate by computing asymptotically decaying solution. SAJID et al. (2010)
presented the numerical solution for two-dimensional boundary flow of an
incompressible Oldroyd-B fluid over a stretching surface. Later on, HAYAT et
al. (2014) investigated the three dimensional flow and heat transfer of an
Oldroyd-B fluid over a bidirectional stretching surface. In another paper,
HAYAT et al. (2015) used homotopy analysis method to discuss the mixed
convection flow of an Oldroyd-B fluid in a doubly stratified surface. ZHENG et
al. (2011) computed exact solution of generalized Oldroyd-B over accelerating
infinite plate.

In all above mentioned studies, the authors studied the steady flow of
Oldroyd-B fluid in the given geometries. The aim of present work is to
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investigate an unsteady boundary layer flow of an Oldroyd-B fluid in presence
of uniform magnetic field. The flow is induced by an oscillatory stretching
sheet which stretched and oscillates periodically in its own plane. The consider-
ation unsteady flow of Oldroyd-B fluid and magnetic field effects makes the
study quite versatile and general. The results of important studies carried out
previously (WANG 1988, ABBAS et al. 2008, HAYAT et al. 2010, TURKYILMAZOGLU

2013, ZHENG et al. 2013, ALI 2015, SHEIKH, ABBAS 2015, ALI et al. 2016) and can
be found from this study. The dimensionless partial differential equations are
solved analytically by using well known homotopy analysis method (LIAO 2004,
ABBASBANDY 2007, TURKYILMAZOGLU 2009, 2012). Graphical results illustra-
ting the behavior of velocity is shown and discussed in detail.

Mathematical Model

The flow analysis is based on the following laws.

Law of conservation of mass:

divV = 0 (1)

Law of conservation of momentum:

ρ dV
= divT + J · B (2)

dt

where V is the velocity vector, J is the current density, B is the magnetic flux
vector, ρ is the density of the fluid, T is the Cauchy stress tensor, d/dt
represents the material derivative. We define Cauchy stress tensor

T = –pI + S (3)

where S is the extra stress tensor which satisfies the following relation (HAYAT

2015):

S + λ1
DS

= μ (A + λ2
DA) (4)

Dt Dt
where

DS
=

dS
– SL – L*S, for a second order tensor (5)

Dt dt
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In above equations λ1 is the relaxation time, λ2 is the retardation time, μ is
the dynamic viscosity, * denotes the matrix transpose and A1 is the first
Rivlin-Ericksen tensor which isdefined as

A1 = ∇V + ∇V* (6)

The current density J appeared in Eq. (2) is defined as

J = σ (V · B) (7)

in which σ is the electrical conductivity.

Flow Analysis

We consider a two-dimensional and incompressible flow of electrically
conducting Oldroyd-B fluid over an oscillatory stretching surface (at ȳ = 0) and
fluid occupy the space ȳ > 0. We choose a cartesian coordinate system (x̄, ȳ). It is
assumed that the sheet is stretched with velocity uw = bx̄ sin ω t (b is the
stretching rate and ω is the angular frequency) in x̄ – direction under the action
of two equal and opposite forces. Further, external magnetic field of constant
magnitude B0 is imposed in ȳ direction and effects of induced magnetic field are
neglected under the assumption of very large magnetic diffusivity.

For flow under consideration, the appropriate velocity field is

V = [u(x̄,ȳ,t), v(x̄,ȳ,t), 0] (8)

where u and v represents the velocity components along x̄ and ȳ directions,
respectively. Inserting Eq. (8) in Eqs. (1)–(7) and employing boundary layer
approximations, we get the following equations

∂ u
+

∂ v
= 0 (9)

∂ x̄ ∂ ȳ

∂ u
+ u

∂ u
+ v

∂ u
+ λ1 (∂ 2u

+ 2u
∂ 2u

+ 2v
∂ 2u

+ u2 ∂ 2u
+ v2∂ 2u

+ 2uv
∂ 2u ) =

∂ t ∂ x̄ ∂ ȳ ∂ t2 ∂ t∂ x̄ ∂ t∂ ȳ ∂ x̄2 ∂ ȳ2 ∂ x̄∂ ȳ

v
∂ 2u

+ vλ2( ∂ 3u
+ u

∂ 3u
+ v

∂ 3u
–

∂ u ∂ 2u
–

∂ u ∂ 2v) –
σ B2

0 (u + λ1
∂ u

+ vλ1
∂ u)∂ ȳ ∂ t∂ ȳ2 ∂ x̄∂ ȳ2 ∂ ȳ3 ∂ x̄ ∂ ȳ2 ∂ ȳ ∂ ȳ2 ρ ∂ t ∂ ȳ
(10)
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where v represents the kinematic viscosity. Eq. (10) is subjecte to the following
boundary conditions

u = uω = bx̄ sin ω t, v = 0, at ȳ = 0, t > 0 (11)

u → 0,
∂ u

→ 0 as ȳ → ∞ (12)
∂ ȳ

We introduce following dimensionless variables (WANG 1988)

y = √ b
ȳ, τ = tω, u = bx̄fy (y,τ), v = –√vb f(y,τ) (13)

v

The continuity Eq. (9) is identically satisfied and Eq. (10) reduces to

fyyy + (1 + Mβ1) ffyy – S(1 + β1M) fyτ – Mfy – fy
2

(14)
–β1(S2fyττ + 2S(fyfyτ – ffyyτ) + f 2fyyy – 2ffyfyy) + β 2(Sfyyyτ + f 2

yy – ffyyyy) = 0

The boundary conditions in dimensionless form are

fy(0,τ) = sin τ, f (0,τ) = 0 (15)

fy(∞, τ) → 0, fyy(∞, τ) → 0 (16)

where β1 = λ1b and β2 = λ2b are the dimensionless Deborah numbers in the
terms of relaxation and retardation times, respectively, S = ω / b is the ratio of
oscillating frequency to stretching rate parameter and M = √σ B2

0 / ρ b is the
Hartmann number.

Series solution by homotopy analysis method

To start our simulation via the homotopy analysis method, we suggest the
following initial guess for velocity profile

f0(y,τ) = sin τ (1 – exp(–y)) (17)
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with linear operator

£ f =
∂ 3

–
∂

(18)
∂ y3 ∂ y

with property

£ f [C1 + C2 exp(y) + C3 exp(–y)] = 0 (19)

where Ci (i = 1,2,3) are arbitrary constants.

Zeroth-order deformation problems

The zeroth-order deformation for given problem is constructed as

(1 – p) £ f [f̂ (y,τ; p) – f0(y,τ)] = phf Nf [f̂ (y,τ; p)] (20)

f̂ (0,τ; p) = 0,
∂ f̂ (y,τ; p)

= sin τ,
∂ f̂ (y,τ; p)

= 0,
∂ 2 f̂ (y,τ; p)

= 0
∂ y ∂ y ∂ y2y=0 y=0 y=∞

(21)

where p ∈ [0,1] is an embedding parameter. The associated nonlinear operator
Nf is

Nf [ f̂ (y,τ; p)] =
∂ 3f̂ (y,τ; p)

– S(1 + β1M)
∂ 2f̂ (y,τ; p)

+
∂ y3 ∂ y∂τ

+ S(1 + β1M) f̂ (y,τ; p)
∂ 2f̂ (y,τ; p)

∂ y2

– M
∂ f̂ (y,τ; p)

– (∂ f̂ (y,τ; p))2

∂ y ∂ y
(22)

S2 ∂ 3f̂ (y,τ; p)
+ 2S (∂ f̂ (y,τ; p) ∂ 2f̂ (y,τ; p)

– f
∂ 3f̂ (y,τ; p))∂ τ 2∂ y ∂ y ∂ y∂ τ ∂ y2∂τ

–β1 ( )+ f̂ 2 (y,τ; p)
∂ 3f̂ (y,τ; p)

– 2 f̂ (y,τ; p)
∂ f̂ (y,τ; p) ∂ 2f̂ (y,τ; p)

∂ y3 ∂ y ∂ y

+β2 (S ∂ 4f̂ (y,τ; p)
+ (∂ 2f̂ (y,τ; p))

2

– f̂ (y,τ; p)
∂ 4f̂ (y,τ; p))∂ y3∂ τ ∂ y2 ∂ y4

Sami Ullah Khan, Nasir Ali92

Technical Sciences 20(1) 2017



The zeroth-order deformation problems defined above have the following
solutions corresponding to p = 0 and p = 1

f̂ (y,τ; 0) = f0(y,τ), f̂ (y,τ; 1) = f (y,τ) (23)

Using Taylor’s series expansion, we can write

∞
f̂ (y,τ; p) = f0(y,τ) + Σ fm(y,τ) =

1 ∂ m f̂ (y,τ; p) (24)
m=1 m! ∂ pm p=0

The convergence of above series solution depends upon hf. We assume that
h̄f is selected so that Eq. (24) converges at p = 1. Therefore

∞
f (y,τ) = f0(y,τ) + Σ fm(y,τ) (25)

m=1

mth-order deformation problems

£ f [fm(y,τ) – χmfm–1(y,τ)] = hf R
f
m(y,τ) (26)

fm(0,τ) = 0,
∂ fm(0,τ)

0,
∂ fm(∞,τ)

= 0,
∂ 2 fm(∞,τ)

= 0 (27)
∂ y ∂ y ∂ y2

m–1
Rf

m(y,τ) =
∂ fm–1 – S(1 + Mβ1)

∂ 2fm–1 – M
∂ fm–1 + (1 + Mβ1) Σ (fm–1–k

∂ 2fk)∂ y3 ∂ y∂ τ ∂ y ∂ y2
k=0

m–1

– β1S2 ∂ 3fm–1 + β2S
∂ 4fm–1 – 2Sβ1 Σ (∂ fm–1–k ∂ 2fk – fm–1–k

∂ 3fk )∂ y∂τ2 ∂ y3∂τ ∂ y ∂ y∂τ ∂ y2∂τk=0

(28)
m–1 m–1 m–1 m–1 m–1

– β1 Σ fm–1–k Σ fk–1
∂ 3fl + 2β1 Σ fm–1–k Σ ∂ fk–l ∂ 2fl + β2 Σ ∂ fm–l–k ∂ 2fk

∂ y3 ∂ y ∂ y2 ∂ y2 ∂ y2
k=0 l=0 k=0 l=0 m=0

m=1

– β2 Σ fm–1–k
∂ 4fk

∂y4
k=0

Here χ m is defined as

χm = {0, m ≤ 1,
1, m > 1.
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The general solution at mth-order deformation Eq. (26) can be defined as

fm(y,τ) = f *
m(y,τ) + C1 + C2 exp(y) + C3 exp(–y) (29)

where f *
m(y,τ) represent the special solution.

Convergence of HAM Solution

The proper choice of the auxiliary parameters hf is important for conver-
gence of the HAM solution. For a particular set of parameters, the conver-
gence region can be obtained by plotting the so-called h-curves. Figure
1 presents the regions for plausible values of hf for a given set of parameter.
Form figure, it is clear that convergent solution can be obtained when
–1.5 ≤ hf ≤ 0. Tables 1 and 2 show a comparison of numerical values of f *

m(0,τ)
with the already reported values in refs. TURKYILMAZOGLU (2013), HAYAT

et al. (2010), ZHENG et al. (2013), ABBAS et al. (2008). It is observed that our
results are in excellent agreement with the already available results. This
testifies the validity of our solution and the graphical results presented in the
subsequent section.

Fig. 1. h-curve for velocity profile at 8th order of approximation with M = 0.1, S = 0.2, β1, β2 = 0.1,
τ = 0.5π
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Table 1
A comparison of values of f *(0,τ) with the existing ones reported in Refs

ZHENG et al. (2013), ABBAS et al. (2008)

S M τ ZHENG et al. (2013) ABBAS et al. (2008) Present results
β1 = β2 = 0

1.0 12 1.5π 11.678565 11.678656 11.678565

5.5π 11.678706 11.678707 11.678706

9.5π 11.678656 11.678656 11.678656

Table 2
A comparison of values of f *(0, τ) for different values of M with the existing ones reported in Refs

TURKYILMAZOGLU (2013), HAYAT (2010)

M HAYAT (2010) TURKYILMAZOGLU (2013) Present results
β1 = β2 = S = 0, τ = π / 2

0 – 1.000000 –1.00000000 –1.000000

0.5 –1.224747 –1.22474487 –1.224747

1.0 –1.414217 –1.41421356 –1.414217

1.5 –1.581147 –1.58113883 –1.581147

2.0 –1.732057 –1.73205081 –1.732057

Results and discussion

The analytical procedure explained in the previous section is adopted for
the solution of the Eq. (14) with boundary conditions (15) and (16). The aim
of this section is to present the graphical results and their interpretation. For
this purpose, the effects of various parameters like Deborah numbers β1 and
β2 ratio of angular frequency to stretching rate S and Hartmann number
M on velocity profile are shown graphically.

Figure 2a-d presents the effects of Deborah numbers (β1, β2), Hartmann
number M and ratio of angular frequency to stretching rate S on time-series
of the velocity profile f’ The effects of Deborah number β1 on the time-series
of velocity profile f’ is shown in Figure 2a. It is observed that the amplitude of
the velocity decreases with increasing Deborah number β1 It is due to the fact
that β2 contains relaxation time which provides the resistance to the flow due
to viscoelastic properties of the fluid. The variation of the time-series of the
velocity profile with time τ for various values of β2 is presented in Figure 2b.
As expected, opposite behavior is observed as compared with Figure 2a i.e.,
the velocity decreases with increasing β2. Figure 2c illustrates the effects of
ratio of angular frequency to stretching rate S on the time-series of the
velocity by keeping M = 0.5, β1 = 1, β2 = 0.5. It is observed that an increase in
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S results in a pronounced phase shift and rise in the amplitude of oscillations.
Figure 2d displays the effects of Hartmann number on time-series of velocity
profile. It is observed that the amplitude of velocity decreases with increasing
Hartmann number. Such effects are expected because the fact that magnetic
force produces a Lorentz force which act as resistance to amplitude of flow
velocity.

Figure 3a, b displays the effect of Deborah number β1 on the transverse
profile of the velocity at two different time instants τ = 8.5π and τ = 9.5π.
Figure 2a reveals that at time instant τ = 8.5π the velocity decreases from
unity to zero inside the boundary layer. The suppression of amplitude is
a direct consequence of the elastic nature of fluid. Moreover, an increase in β1

results in decrease in the momentum boundary layer thickness. Figure 3b
shows the influence of β1 at time instant τ = 9.5π. Due to increase in β1 the
velocity of the fluid decreases and ultimately decreases the momentum
boundary layer thickness.

The variation of transverse profile of velocity for various values of β2 at
two different time instants τ = 8.5π and τ = 9.5π is shown in Figure 4a, b. The
transverse profiles of velocity illustrating the effects of β2 at time instant
τ = 8.5π are plotted in Figure 4a. It is observed that the magnitude of the
velocity increases by increases β2. It can be justified physically as β2 is
associated with retardation time which increases with increase of β2. This
increase in retardation time is responsible to increase the velocity of the fluid.
Similarly at time instant τ = 9.5π the velocity increases from at the wall to
zero far away from the surface. The momentum boundary layer thickness
also increases at this time instant.

Figure 5a and b demonstrates the effect of Hartmann number on the
velocity profile at τ = 8.5π and τ = 9.5π, respectively. It is found that an
increase in the Hartmann number M results in decrease in the velocity profile
at both time instants. In fact the application of magnetic force produces
a resistive force known as Lorentz force which has tendency to oppose the
amplitude of the velocity. The effects of ratio of oscillating frequency to
stretching rate parameter S on transverse profile of velocity at two different
time instants τ = 8.5π and τ = 9.5π are shown in Figure 6a and b. From
Figure 6a, it is clear at time instant τ = 8.5π the velocity profile increases with
increasing ratio of oscillating frequency to stretching rate parameter S The
momentum boundary layer thickness also increases with increasing S. In
contrast, Figure 6b shows a decrease in the amplitude of flow velocity with
the ratio of oscillating frequency to stretching rate parameter S at time
instant τ = 9.5π.
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Concluding remarks

We have investigated an unsteady two-dimensional boundary layer flow
of Oldroyd-B fluid over an oscillatory stretching sheet by using boundary
layer approximations. A well known analytic technique namely homotopy
analysis method is used to compute the series solution. Study reveals that the
time-series of amplitude of the velocity increases by increasing ratio of
angular frequency to stretching parameter S and retardation time parameter β2,
The effects of material parameters β1 and β2 on the velocity profile are quite
opposite. It is also observed that the amplitude of velocity decreases by
increasing Hartmann number.

Fig. 2. Time-series of velocity profile for different values of: a – β1 with S = 0.2, M = 0.2, β1 = 1.5,
b – β2 with M = 1.5, S = 0.1, β1 = 2.6, c – S with M = 0.5, β1 = 1, β2 = 0.5, d – M with S = 0.5, β1 = 1, β2

= 0.5
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Fig. 3. Velocity profile for different values of β1 with M = 2, S = 0.7, β2 = 0.5

Fig. 4. Velocity profile for different values of β2 with M = 0.2, S = 0.1, β1 = 1

Fig. 5. Velocity profile for different values of M with S = 0.1, β1 = 3 β2 = 1
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Fig. 6. Velocity profile for different values of S with M = 0.1, β1 = 3, β2 = 1
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